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PREFACE. 


This  book  is  written  primarily  for  students  entering  upon  their 
second  collegiate  year.  Their  knowledge  of  mechanics  is  limited  to 
what  was  gained  during  their  study  of  physics  and  from  practice  in 
laboratory  and  shop;  hence  no  apology  is  needed  for  making  matters 
plain  and  easy  in  the  first  chapters  of  a  work  which  later  on  leads  up 
to  the  Theory  of  Structures,  Internal  Stress,  Motion  under  Complicated 
Conditions,  Forms  of  Energy,  and  higher  Graphics. 

It  is  assumed  that  at  every  stage  of  progress  the  student  can  by 
reasonable  effort  read  the  book  understandingly  by  himself  (always 
with  pencil  and  paper  at  hand),  so  as  to  be  ready  to  grasp  the  condi- 
tions of  concrete  or  ideal  problems  brought  up  in  class,  and  follow  state- 
ments made  in  the  language  of  mathematics  and  mechanics.  In  other 
words,  he  must  here  learn  to  translate  the  laws  of  the  world  of  matter, 
motion,  and  force  into  mathematical  terms. 

There  is  here  no  attempt  to  embrace  the  special  work  of  any  one 
branch  of  Engineering  or  Architecture ;  but  the  aim  has  been  to  make 
an  opening  into  every  field  and  to  make  it  possible  for  the  student  in  any 
technical  branch  to  intelligently  read  and  use  carefully  prepared  pro- 
fessional Papers  and  Manuals,  and  to  solve  new  problems  as  they  arise. 
Some  readers  may  think  that  I  have  ventured  into  too  many  fields,  but 
not  far  enough  in  some.  I  shall  not  have  wholly  failed,  if  the  student  says 
as  he  finishes  a  Chapter, — ^**I  wish  the  Author  had  gone  further  in  this 
interesting  subject. ' '  The  Author  has  been  a  Teacher,  and  his  effort  now, 
as  always,  has  been  to  guide,  and  help  his  young  companions  to  climb 
alone;  and  when  he  thinks  he  has  helped  them  sufficiently,  he  has  turned 
to  another  group. 

Accordingly,  Chapter  XI  is  devoted  to  Elementary  Graphical 
Statics,  and  incidentally,  some  of  the  laws  which  obtain  in  Framed 
Structures  are  presented;  while  the  subject  of  Redundant  Members 
in  Frames  is  deferred  to  Chapter  XXIII,  and  even  there,  the  treat- 
ment is  purely  elementary,  inasmuch  as  a  thoro  discussion  of  Inde- 
terminate Problems  belongs  in  an  advanced  professional  course.  In 
the  same  way  Hydraulics  and  Thermodynamics  are  introduced  in 
Chapters  XXVI  and  XXVII. 

It  was  a  most  important  step  in  the  development  of  Applied 
Mechanics,  when  Internal  Stress  and  the  theory  of  Elasticity  were 
introduced  into  the  study  of  solids  which  had  previously  been  regarded 
as  rigid.  The  Theory  of  Structures  is  impossible  without  the  Moduli 
of  Elasticity  and  the  Distribution  of  Stress.  The  behavior  of  a  loaded 
beam  with  a  fixed  end  is  quite  beyond  the  scope  of  many  books  on 
Mechanics :  Hence  these  matters  are  introduced  as  strictly  appropri- 
ate and  even  essential. 
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PREFACE  VU 

The  Author  hastens  to  acknowledge  his  great  obligation  to  Professor 
Bankine,  the  eminent  Scotch  engineer  and  author,  the  perfect  master 
of  Mechanical  Analysis.  His  profound  insight  into  the  conditions  of 
a  problem,  and  his  ready  command  of  the  methods  of  Mathematics  made 
difficult  things  seem  so  easy  to  him,  that  he  failed  to  see  the  pits  into 
which  his  students  fell.  His  reasoning  was  almost  sub-conscious,  and 
he  was  given  to  writing  down  the  second  equation  first,  and  then  deriv- 
ing the  first  from  the  second.  Hence  it  was  always  a  great  achieve- 
ment, when  a  student  could  truthfully  say  that  he  could  ''read 
Bankine." 

Newton  explained  his  superiority  to  other  men  as  due  to  his  ability 
to  hold  his  attention  steadily  upon  the  details  of  a  problem  without  a 
waver  for  a  longer  time  than  other  men.  Rankine  seemed  to  see  as 
by  a  flash  of  lightning. 

In  the  book  which  follows,  the  reader  will  find  no  lightning  flashes ; 
but  it  is  hoped  that  he  will  find  some  evidence  of  a  steady  light,  and 
a  series  of  logical  steps  which  a  strict  attention  to  business  will  enable 
him  to  surmount.  In  the  first  few  chapters  the  steps  are  short  and 
easy,  and  the  exposition  full.  In  the  later  chapters  the  steps  are  longer 
and  higher,  as  the  climber  is  supposed  to  have  greater  reach,  and 
stronger  mathematical  legs. 

Thruout  the  book  the  aim  has  been  to  be  rational,  to  make  every 
step  reasonable,  and  every  demonstration  intelligible.  The  secret  of 
a  lucid  analysis  is,  like  that  of  untangling  a  snarl  of  yarn,  viz :  to  get 
hold  of  the  right  end  of  the  thread. 

It  is  often  necessary  to  repeat  what  has  been  said  before,  and  to 
call  special  attention  to  a  new  application  of  a  principle  which  may 
have  been  forgotten.  The  Theory  of  Couples  will  be  found  as  service- 
able as  the  Parallelogram  of  Forces. 

No  attempt  is  made  in  this  book  to  deal  with  commercial  matters. 
Prices  like  fashions  change,  and  markets  rise  and  fall,  but  the  funda- 
mental laws  of  mechanics  are  eternal;  and  once  they  are  fairly  mas- 
tered, the  engineer  should  never  be  at  loss  under  new  conditions.     He 
.  must  at  times  partly  make,  and  wholly  utilize,  a  new  environment. 

The  Author  has  not  cared  to  multiply  problems.  To  go  beyond 
clear  illustrations  of  general  principles  and  useful  methods  of  analysis, 
is  to  waste  time  and  opportunity.  To  ring  endless  changes  upon  bodies 
falling  in  a  vacuum,  and  projectiles  flying  thru  empty  space,  is  to  kill 
time  and  *'keep  students  busy."  No  problems  are  more  interesting 
and  useful  than  those  one  finds  in  the  shops,  yards  and  mills  of  his 
own  neighborhood,  if  he  has  eyes  to  see  and  lives  near  a  busy  com- 
munity. A  personally  conducted  tour  of  a  few  hours,  should  fill  a 
note  book  with  problems. 

In  occasional  numerical  problems  the  Author  has  steadily  refused 
to  split  hairs  while  dealing  with  gross  weights  and  constants  given  in 
round  numbers.  In  these  days  of  slide-rules,  and  Moduli  given  to  the 
nearest  million,  it  is  ridiculous  to  insist  upon  six-place  logarithms 
and  to  thousandths  of  a  foot  or  a  fraction  of  an  ounce.  Accordingly,  a 
Four-Place  Table  of  Logarithms  is  given  in  the  Appendix,  and  quite 
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generally  the  value  of  w  is  given  as     -z-      (which  is  more  accurate 

than  3.14,  and,  considering  both  latitude  and  elevation,  the  value 
32  for  g  is  used  as  sufficiently  accurate. 

The  Author  is  under  many  obligatio!ns  to  his  former  student, 
Samuel  A.  Burgess,  Esq.,  for  having  read  with  care  the  greater  part 
of  the  proof  sheets.  Errors  still  remaining  in  the  book  will  be  cor- 
rected in  the  second  edition,  if  readers  will  kindly  point  them  out. 

A  WORD  TO  TEACHERS :  The  order  in  which  subjects  are 
taken  up  was  adopted  to  meet  the  needs  of  engineering  students  who 
early  in  their  professional  study  take  up  frames  and  structures.  The 
subjects  of  motion  and  deformation  usually  come  later. 

If  a  class  is  greatly  interested  in  Stability,  Chapters  XXIV  and 
XXV  may  well  follow  Chapter  XI. 

If  a  class  wishes  to  stu<Jy  Motion,  and  to  postpone  Strength  and 
Elasticity,  it  may  skip  for  a  time  Chapters  IX,  X,  XI,  and  XII. 

A  class  not  ready  to  use  the  Integral  Calculus,  should  for  a  while 
pass  over  Chapters  VII,  VIII,  IX  and  X. 

The  Author  hopes  that  no  student  will  be  allowed  to  wholly  omit 
Chapter  XI,  or  to  make  use  of  the  Moment  of  Inertia  of  Surfaces  with- 
out first  mastering  Chapters  IX  and  X. 

Chapters  XXVI  and  XXVII  may  well  follow  Chapter  XVIII. 

Finally,  it  is  hoped  that  no  teacher  will  attempt  to  rush  a  class 
of  Undergraduates  thru  the  book  in  forty  weeks. 

o*  T    I    T     i  iai«  Calvin  M.  Woodward. 

St.  LoniB,  Jan.  1,  1913 


APPLIED  MECHANICS. 

CHAPTER  I. 

Introductory. 

1.  Force  is  an  action  between  two  bodies.  It  is  not  a  tendency, 
it  is  a  real  thing  as  experience  readily  shows.  A  pushes  or  pulls  B, 
and  at  the  same  time  B  pushes  or  pulls  A;  there  are  two  bodies  and  one 
action  or  force.  There  can  be  no  force  unless  there  be  at  least  two 
bodies.  The  bodies  may  be  at  rest  or  they  may  move.  There  may 
be  an  action,  a  push  or  pressure,  between  two  bricks  in  a  wall  which 
does  not  move.  There  may  be  a  pull  or  tension  between  two  cars 
which  are  in  motion. 

1.  In  Applied  Mechanics  the  general  surface  of  the  earth  is  assumed 
to  be  at  rest.  In  Celestial  Mechanics  full  account  is  taken  of  the 
motions  of  the  earth  and  of  other  heavenly  bodies. 

All  forces  are  more  or  less  distributed,  either  over  surfaces  or  thru 
volumes.  The  pressure  between  one's  foot  and  the  floor,  or  between 
steam  and  a  piston,  is  distributed  over  the  surface  of  contact;  in  one 
case  unevenly,  in  the  other  uniformly;  in  one  case  without  motion, 
in  the  other  with  motion.  The  earth,  in  a  most  mysterious  way, 
pulls  upon  every  particle  of  matter: — an  apple  hanging  on  a  tree,  a 
brick  in  a  wall,  and  an  iron  ball  flying  thru  the  air;  and  of  necessity 
the  apple,  the  brick,  and  the  ball  pull  the  earth.  This  is  called  the 
**force  of  gravitation.'*  Of  all  the  forces  with  which  mechanics 
deals,  gravitation  is  the  most  con?mon,  and  the  most  inexplicable. 
We  know,  however,  that  nothing  can  escape  it,  and  that  it  is  not 
sensibly  affected  by  such  distances  as  are  generally  considered  in  this 
book,  or  by  intervening  objects. 

2.  It  is  highly  important  that  the  student  regards  the  force  of 
gravitation  as  a  pull,  distributed  thruout  the  whole  volume  of  a  body. 
Moreover  the  action  (or  pull)  of  gravitation  upon  a  body  must  not 
be  confused  with  the  action  between  the  body  and  the  platform 
or  foundation  upon  which  the  body  may  rest.  When  a  body  like  a 
block  of  stone  rests  upon  the  ground,  there  are  two  actions  between 
the  stone  and  the  earth,  viz:  a  pull  down  and  a  push  up,  which 
exactly  balance,  one  action  being  distributed  thru  volumes,  the  other 
being  distributed  over  the  surface  of  contact. 

8.  The  plural  word  "volumes"  is  used  advisedly.  One  volume 
is  that  of  the  stone  which  is  made  up  of  an  infinite  number  of  particles; 
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the  other  volume  is  that  of  the  earth  which  also  consists  of  an  infinite 
number  of  particles;  and  there  is  an  action  between  every  particle 
in  the  stone  and  every  particle  in  the  earth.  What  we  call  the  weight 
of  a  body  is  the  reauUant  of  all  the  separate  pulls,  and  its  direction 
is  towards  and  away  from  the  earth's  center.  The  stone  pulls  the 
earth  just  as  much  as  the  earth  pulls  the  stone.  See  "Attraction" 
in  a  later  Chapter. 

2.  When  Sir  Isaac  Newton,  the  master  mind  in  Mechanics,  stated 
as  a  fundamental  law  that  action  and  reaction  were  equal  and  opposite, 
he  meant  only  this:  That  when  there  is  an  action  between  A  and  J3, 
the  measure  of  ^'s  action  on  B  is  exactly  equal  to  the  measure  of  £'s 
action  on  A,  and  in  the  opposite  direction.  This  sounds  as  though 
there  were  two  forces  for  one  action,  but  such  is  not  the  case.  There 
is  only  one  force,  but  its  action  may  be  viewed  from  the  standpoint 
of  -4,  or  from  the  standpoint  of  B.  That  is,  if  we  are  considering  the 
condition  or  behavior  of  ^  as  regards  rest  or  motion,  we  only  take 
into  account  the  action  of  B  upon  it,  and  we  give  that  action  its 
proper  direction;  if,  however,  we  are  considering  the  status  of  B, 
we  take  account  only  of  ^'s  action  upon  it. 

1.  This  law  of  Newton  does  not  explain  the  stability  of  the  block 
of  stone  which  rests  on  the  ground  in  a  former  illustration.  In  that 
case  there  were  two  actions  between  the  earth  and  the  stone,  a  pull 
and  a  push,  that  is,  an  attraction  and  a  pressure;  and  the  pull  and 
push  balanced. 

It  is  true  in  the  case  considered,  that  if  there  were  no  pull,  there 
would  be  no  push,  because  we  have  assumed  that  the  stone  was  at 
rest,  and  hence  the  two  actions  must  balance.  If  there  was  but  one 
action,  the  stone  would  not  be  at  rest;  this  must  be  made  clear. 

2.  Suppose  a  stone  to  be  suspended 
by  a  derrick,  and  to  be  at  rest.  There 
is  now  an  action  between  the  stone 
and  the  earth;  the  earth  is  pulling 
down  on  the  stone  and  the  stone  is 
pulling  up  on  the  earth;  that  is  one 
case  of  action.  In  the  next  place  there 
is  an  action  between  the  stone  and 
the  derrick;  the  stone  is  pulling  down 
on  the  derrick,  and  the  derrick  is  pulling  up  on  the  stone — this  is  a 
second  case  of  action.  Thus  we  see  that  the  stone  is  acted  upon 
by  two  bodies:  the  earth  which  pulls  down  and  the  derrick  which 
pulls  up,  and  as  the  stone  is  at  rest  we  know  that  these  two  pulls  are 
equal  in  magnitude  and  exactly  opposite. 
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Now  suppose  the  rope  or  chain  thru  which  the  derrick  acts,  is  cut 
or  breaks.  The  action  between  the  stone  and  the  derrick  ceases,  and  only 
the  action  between  the  stone  and  the  earth  remains.  Hence  it  cannot 
be  at  rest;  and  the  stone  and  the  earth  begin  at  once  to  approach  each 
other.  However,  the  earth's  motion  is  so  immeasurably  small  that  we 
leave  it  wholly  out  of  account,  and  merely  say:  "the  stone /aZZ«." 

8.  Stress.  Thus  far  we  have  thought  of  A  and  B  as  two  separate 
bodies,  but  it  is  evident  that  they  may  be  separate  parts  of  the  same 
body  like  adjacent  strata  in  the  earth,  adjacent  leaves  in  a  book, 
adjacent  links  in  a  chain,  adjacent  particles  in  a  steel  rod  or  a  con- 
crete post.  When  A  and  B  are  adjacent  parts  of  a  continuous  body, 
their  mutual  action,  no  matter  what  its  character  may  be,  is  called 
Stress.  If  it  be  a  pull  it  is  called  tensile  stress^  and  the  continuous 
body,  rope,  wire,  rod  or  bar  is  said  to  be  in  tension.  If  the  adjacent 
layers  press  against  or  upon  each  other  in  a  post,  strut,  block  or  wall, 
the  post,  strut,  block  or  wall  is  in  compression,  and  the  stress  is 
called  compressive  stress. 

The  link  of  a  chain  illustrates  fairly  well  adjacent  parts  of  a  con- 
tinuous body.  Suppose  in  Fig.  (1)  that  the  stone  is  suspended  to 
the  derrick  boom  by  means  of  a  chain.  The  chain  is  in  tension  and 
every  link  is  acted  upon  by  two  forces  (independently  of  the  earth's 
pull  or  attraction  upon  the  material  in  the  link)  the  downward  pull 
of  the  link  below  it,  and  the  upward  pull  of  the  link  above  it.  Further- 
more, it  is  evident  that  the  upward  pull  of  the  topmost  link  must 
equal  in  magnitude  the  downward  pull  of  the  lowest  link,  plus  the 
pull,  or  attraction,  of  the  earth  upon  all  the  material  in  the  inter- 
mediate links. 

4.  Magnitade  of  forces.  Units.  We  are  immediately  conscious 
that  forces  or  actions  have  magnitude;  one  pull  or  attraction  is  greater 
or  less  than  another;  one  push,  pressure  or  repulsion  is  greater  or  less 
than  another.  In  order  to  express  magnitude  with  precision  we  must 
have  a  well  known  unit  of  force  with  which  all  other  forces  may  be 
compared  numerically.  A  certain  pull  or  push  shall  be  called  one^ 
and  like  other  units  in  common  use,  it  shall  have  a  name.  The  unit 
of  time  in  mechanics  the  world  over  is  a  second  (or  a  multiple  of  a 
second);  the  unit  of  length  or  distance  most  commonly  used  in  the 
Anglo-Saxon  countries  is  a  foot  (or  a  multiple  thereof),  though  the 
meter,  a  French  unit,  is  in  common  use  in  physical  text-books  and 
laboratories.  The  unit  of  value  in  North  America  is  a  dollar.  In 
all  these  cases  we  know  by  observation,  experience  and  frequent 
use  just  what  these  units  are,  and  what  a  given  number  of  seconds, 
feet,  meters  or  dollars  means. 
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S.  Units  of  force.  When,  however,  we  come  to  the  unit  of  force 
and  its  name,  we  find  great  diversity  in  the  text  books,  lecture  rooms, 
and  laboratories  of  every  engineering  school  in  the  land,  in  spite  of 
all  efforts  of  the  users  to  bring  about  the  adoption  and  general  use  of 
a  common  unit. 

1.  The  first  and  most  common  is  the  avoirdupois  pound  by  which 
we  measure  the  weights  of  all  sorts  of  things,  building  materials, 
foods,  crops,  ores,  manufactured  articles,  etc.  (i.  6.,  the  pull  of  the 
earth  upon  them),  the  tensions  in  ropes,  cords,  chains,  drawbars, 
rods  and  eye-bars;  and  the  pressures  of  gases  (air,  steam,  etc.)»  and 
of  liquids  (water,  oils,  etc.). 

2.  The  second  unit  of  force  is  the  pounded.  This  unit  of  force 
is  about  one-thirty-second  of  an  avoirdupois  pound,  or  half  an  ounce. 
Its  use  is  somewhat  limited,  but  is  not  unfrequcntly  found  in  works 
on  applied  electricity,  where  it  measures  the  electrical  forces  of  attrac- 
tion and  repulsion. 

8.  The  third  unit  of  force  is  a  kilogram^  or  its  one-thousandth  part 
called  the  gram.  This  unit  of  force  is  of  French  origin,  but  its  use, 
like  that  of  the  meter,  is  world-wide  in  physics,  chemistry  and  engi- 
neering.    In  magnitude  the  Kilogram  is  about  S.S  pounds. 

0.  The  meter  (which  was  intended  to  be  one  ten-millionth  of  a 
quadrant  of  the  earth's  meridian,  and  which  is  approximately  so), 
is  really  the  distance  between  two  engraved  marks  on  a  platinum- 
iridium  bar,  carefully  preserved  at  Paris.  An  accurate  copy  of  this 
bar  is  in  the  archives  at  Washington.  The  meter  bar  was  received 
by  the  President  of  the  United  States  in  1890;  the  entire  metric  system 
is  now  legalized  in  all  the  territory  under  our  flag.  The  foot,  con- 
sisting of  12  inches,  is  defined  as  a  certain  part  of  a  meter ,  shown  by 
the  relation  that  meter  =  39  37  inches 

1.  At  the  same  time  in  1890  a  standard  block  of  metal  (platinum- 
iridium)  was  received  and  deposited  at  Washington,  which,  at  the 
level  of  the  sea,  and  at  45®  north  latitude  was  declared  to  weigh  one 
kilogram  (kg.).  Another  block,  under  the  same  conditions,  is  declared 
to  weigh  one  pound  (lb.).     The  relation  is  very  exactly 

One  kilogram  =  2.20462  lbs. 

2.  The  relation  of  the  kilogram  to  the  meter  is  shown  by  this: 
A  kilogram  is  the  weight,  at  the  level  of  the  sea,  latitude  45*^,  of  one 
one-thousandth  part  of  a  cubic  meter  of  distilled  water  at  a  tempera- 
ture of  0°  centegrade,  or  32°  Fahrenheit.  Accordingly,  a  cubic  meter 
of  water  weighs  1,000  kgs.  under  standard  conditions. 
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3.     It  will  be  well  for  the  student  to  fix  these  standard  relations 
well  in  his  mind  as  he  must  think  readily  in  terms  of  each. 
1  meter  =  39.37  inches. 

1  foot  =  0.3048  meter.  2«54  centimeters  =  1  inch. 
1,000  meters  =  1  kilo-meter  =  f  mile,  nearly  =  3281  feet. 
1  kilogram  =  about  2.2  lbs.  453.6  grams  =  1  lb. 
1  ton  =  2,000  lbs.  =  907.2  kgs. 
For  greater  precision  (rarely  necessary)  see  an  encyclopedia. 

7.  Units  of  mass  and  time.  There  are  in  every  system  of  units 
a  unit  of  time  and  a  unit  of  mass^  which  will  be  fully  explained  when 
we  come  to  expound  the  laws  of  motion  and  moving  bodies. 

Meanwhile,  the  student  must  not  be  confused  or  disturbed  by  the 
use  in  text  books  and  scientific  journals  of  such  expressions  as  *'a 
mass  of  so  many  pounds,'*  or  **a  mass  of  so  many  kilograms*';  the 
meaning  merely  is: — a  quantity  of  material  upon  which  the  earth's 
attraction  is  so  many  pounds  weight,  or  so  many  kilograms.  The 
simplest  way  to  find  the  magnitude  of  the  earth's  pull  or  attraction 
upon  a  given  quantity  or  mass  of  material  is  to  weigh  it  by  a  spring 
balance,  a  process  which  need  not  be  explained.  The  essential  thing 
is  to  bear  constantly  in  mind  that  the  earth's  pull  upon  a  mass  is 
always  a/orc^,  and  that  that  force  should  never  be  confused  with  the 
material  pulled  or  acted  upon. 

S.  Mechanical  problems.  1.  Problems  in  mechanics  are  always 
given  under  conditions  which  are  more  or  less  ideal,  t.  e.,  not  real. 
For  instance,  in  the  case  of  the  stone  hanging  upon  the  boom  of  a 
derrick,  it  was  assumed  that  the  action  of  the  air  upon  the  stone 
was  either  nothing  at  all,  or  that  its  action  was  self-balanced,  and 
yet  we  know  that  such  could  not  be  the  fact.  We  know  that  the 
pressure  of  the  air  upon  every  square  foot  of  the  surface  of  the  stone 
is  about  a  ton.  We  also  know  that  the  upward  pressure  of  the  air 
upon  the  bottom  or  lower  surface  is  a  little  greater  than  the  down- 
ward pressure  upon  the  top  or  upper  surface;  consequently  the  total 
up-and-down  action  of  the  air  is  not  self-balanced.  The  diflference 
or  buoyancy  is,  however,  so  small  compared  with  the  other  forces 
acting  (the  pull  of  the  earth  and  the  pull  of  the  rope  or  chain),  that 
it  was  neglected,  and  the  magnitude  of  the  earth's  pull  was  assumed 
to  be  equal  to  the  pull  of  the  rope. 

2.  Again,  there  are  always  air  currents,  which  are  ignored,  unless 
those  currents  are  very  strong,  as  in  the  case  of  high  winds.  In  like 
manner  we  shall  often  assume  that  solids  and  gases  are  of  uniform 
density  tho  we  know  that  they  always  vary  more  or  less.  We 
shall  at  times  suppose  that  the  surfaces  of  solid  bodies  are  smooth. 
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tho  we  know  none  that  are  perfectly  smooth;  and  that  the  earth's 
pull  on  a  body  when  a  few  feet  above  the  sea  level,  or  a  few  feet  below 
it,  is  just  the  same  as  it  is  at  sea  level;  and  that  change  of  latitude  has 
no  effect  upon  the  earth's  attraction,  tho  it  is  well  known  that  strictly 
speaking  such  is  not  the  case.  Sometimes  we  shall  assume  that  bodies 
are  perfectly  rigid  tho  we  are  positive  that  no  bodies  are  strictly  rigid. 
3.  Such  false  assumptions  do  not  render  the  problems  and  their 
solutions  useless.  The  solutions  are  just  as  accurate  as  are  the  as- 
sumptions. If  the  latter  were  su£Sciently  accurate,  or  "near  enough," 
then  the  solution  is  near  enough.  Both  the  student  and  the  teacher, 
however,  are  warned  against  the  danger  of  ignoring  conditions  which 
are  so  far  from  real  conditions,  that  the  results  of  solutions  are  very 
misleading  and  mischievous.  It  is  rarely  wise  to  ignore  friction, 
internal  stresses  and  elasticity.  Even  with  the  best  assumed  con- 
ditions, problems  are  still  somewhat  ideal.  In  the  problems  which 
are  solved  or  given  for  solution  in  this  book,  care  will  be  taken  to  have 
the  assumed  conditions  approximate  closely  real  conditions,  so  that 
the  conclusions  reached  may  have  value,  and  serve  as  guides  for 
future  conduct  and  use. 

9.  The  reco^tion  of  forces.  Fig.  2  should  represent  a  heavy 
block  resting  on  a  table.  This  block  supports  a  smaller  block  and  a 
man  who  holds  a  loaded  basket  on  his 
head.  Partial  support  is  given  to  the 
large  block  by  a  "flexible  and  weight- 
less" rope  passing  round  the  large  block 
at  the  lower  end  and  after  going  over  a 
"smooth"  peg,  sustains  a  weight  of  40 
lbs.  at  the  upper  end.  The  student  is 
to  give  the  number,  character,  "sense"  and 
magnitude  of  the  forces  or  actions  upon 
each  individual  body:  A,  B,  C,  D,  E  and 
P.  Character  shows  whether  it  is  a  push 
or  a  pull,  and  how  it  is  distributed. 
"Sense"  tells  the  direction  of  the  action 
of  a  force  on  the  body  just  then  under 
consideration. 

For  example,  the    Man   is   acted  upon 
by  three  forces: 
-**  «,,  ■  ^  1.     The  downward  pull  of  the  earth's 

attraction  of  150  lbs.,  which  is  distributed 
thru  the  volume  of  his  entire  person, 

2.     A  downward  pressure  of  20  lbs.  from  the  loaded  basket  distributed 
over  the  UDOer  surface  of  his  head. 
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8.  An  upward  pressure  of  170  lbs.  from  the  large  block  distributed 
under  the  soles  of  his  shoes. 

The  student  should  write  out  similar  statements  for  the  other 
bodies  in  the  problem,  paying  special  attention  to  his  language  as  well 
as  to  his  thought. 

10.  Ideal  conditions.  Several  matters  will  be  noticed  which  re- 
quire mention.  We  have  assumed  several  conditions  which  are  more 
or  less  erroneous. 

1.     We  have  left  the  air  entirely  out  of  consideration  whatever  its 

action  may  be. 

IS.  We  have  assumed  that  the  peg  over  which  the  rope  passes  is 
perfectly  smooth. 

8.  That  the  rope  itself,  tho  strong,  is  perfectly  flexible  and  im- 
ponderable, so  that  the  tension  in  it  is  the  same  (viz. :  40  lbs.)  from 

end    to   end. 

In  so-called  practical  problems,  it  is  generally  said  that  such  trifles 
are  unimportant,  but  it  is  easy  to  see  that  they  might  not  be  trifling 
or  unimportant. 

4.  Finally,  we  must  infer  some  things  which  the  statement  of  the 
problem  does  not  give.  This  inference  is  the  result  of  a  process  of 
reasoning  of  which  one  is  hardly  conscious.  How  did  we  know  that 
the  large  block  pressed  or  lifted  up  against  the  man's  shoes  with  a 
force  of  170  lbs.?  Had  both  man  and  block  been  either  descending  or 
ascending  faster  and  faster,  the  action  between  shoes  and  block  would 
not  have  been  170  lbs.,  but  since  both  were  standing  still,  we  know 
that  the  forces  acting  on  the  man  must  balance.  Hence  the  only 
upward  force  must  alone  be  equal  to  the  sum  of  the  two  downward 

forces. 

5.  Such  reasoning  we  call  "Common  Sense,"  but  it  is  strictly  in 
accordance  with  the  axioms  or  laws  of  mechanics.  It  will  be  seen 
later  on  that  the  range  of  common  sense  can  be  greatly  increased  as 
the  laws  and  conditions  which  obtain  in  the  interaction  of  bodies,  at 
rest  and  in  motion,  are  known  and  understood. 

11.  The  transmission  of  forces.  In  the  case  of  a  chain  under 
tension,  it  is  easy  to  see  how  a  pull  upon  the  link  at  one  end  is  trans- 
mitted, or  passed  along, 
thru  all  the  links  to  the 
other  end.  "        ««.  s 

Accordingly,  we  say  that 
there  is  an  action   between  A  and  B  by  means  of  the  chain  C.     Still 
more  simply,  we  may  say,  when  we  are  considering  the  status  of  J5, 
**il  is  pulling  fi."     It  is  evident  that  the  length  of  the  chain  is  not 
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of  any  account  so  long  as  the  chain,  like  the  rope  in  the  problem,  is 
without  weight,  and  therefore  straight. 

In  like  manner  a  body  A  may  act  upon  or  push  a  body  B,  by 
means  of  a  strut,  post,  brace  or  leg.  We  shall  see  later  that  a  force  can 
be  transferred  or  transmitted  sideways  (laterally)  thru  solid  bodies. 

12.  Forces  acting  at  point.  In  the  statement  and  solutions  of 
ideal  problems  in  mechanics,  perhaps  the  most  striking  assumption 
is,  that  finite  forces  act  at  points.  Now  all  forces  in  reality  act  at 
surfaces  or  thru  volumes,  yet  a  point  has  neither  volume  nor  surface. 
Nevertheless  the  notion  of  concentrating  a  distributed  action  or  force 
is  most  natural  and  very  convenient.  Common  experience,  and 
therefore  common  sense,  convinces  us  that  a  trap  door,  a  platform,  or 
a  warehouse  floor,  if  suflSciently  rigid,  could  be  supported  by  a  single 
prop  or  post,  provided  it  be  put  in  the  proper  place. 

Imagine   a   stiff    plank,    loaded 

nnnnn'nnnnn       ^'^^^    bricks,    balanced    upon    the 

"'  is  easily  done  in  fact,  and  still  more 

easily  imagined.  Now  the  earth's 
attraction  upon  plank  and  bricks 
must  be  exactly  balanced  by  the 
lift  of  the  post;  hence  the  total 
Pig.  4  downward   action  must    somehow 

be  concentrated,  or  transmitted,. 
to  a  point  or  small  area  just  above  top  of  the  post.  Similarly,  the 
upward  action  of  the  post  may  be  centered  within  a  small  area  im- 
mediately in  contact  with  the  surface  of  action  of  the  plank.  These 
two  areas  may  ideally  be  made  as  small  as  we  please,  t.  e.,  each  may 
be  called  a  ^'physical  point'*  and  the  two  total  actions  may  be 
thought  of  as  acting  at  a  common  point. 

1 3.  The  graphical  representation  of  a  force.  It  will  now  be  easy 
to  represent  an  action  upon  a  body  (from  any  source  whatever)  by  a 
straight  line  or  arrow,  the  direction  in  which  the  arrow  points  show- 
ing the  "sense"  or  direction  of  the  action;  the  length  of  the  line  drawn 
to  scale  (so  many  pounds  or  tons  to  the  foot,  or  so  many  kilograms  to 
the  meter),  showing  the  magnitude  of  the  force  or  action;  and  the 
position  of  the  line  showing  the  **line  of  action,"  any  point  of  w^hich, 
in  or  on  the  body  acted  upon,  may  be  taken  as  the  physical  "point 
of  action"  of  the  acting  body.  In  figure  4,  the  upper  arrow  shows 
the  direction,  magnitude  and  position  of  the  earth's  total  attraction 
on  the  plank  and  bricks;  and  the  lower  arrow  shows  the  direction, 
magnitude  and  position  of  the  upward  action  of  the  post  upon  the  plank.. 
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14.  Abstract  forces.  Altho  no  force  can  exist,  except  as  an 
action  between  bodies,  it  will  be  convenient,  when  we  study  the  con- 
centration (composition  or  combination)  of  separate  or  distributed 
forces,  to  leave  the  description  of  the  bodies  whose  actions  we  are 
considering,  wholly  out  of  our  thought,  and  treat  the  forces  as  inde- 
pendent things;  that  is,  we  withdraw  (or  abstract)  the  forces  from  the 
bodies  creating  them,  and  reason  about  them  abstractly,  just  as  one 
might  add  six  dollars  to  eight  dollars,  thereby  producing  fourteen  dollars 
without  having  any  money  at  all.  So  we  may  say:  "Suppose  we  have 
a  force  fully  represented  by  the  arrow  line  AB^  and,  in  the  same  plane 
with  ABy  another  force  fully  represented  by  the  arrow  line  CD.  Our 
problem  is  now  to  find  a  single  force  XY  whose  action  shall  in  all 
essentials  represent,  or  be  equal  to,  the  combined  action  of  the  two 
given  forces." 

In  the  solution  of  this  problem,  we  take  no  thought  of  the  bodies 
producing  the  given  actions.  We  care  not  what  they  are,  just  where 
they  are,  nor  why  they  act,  except  that  we  must  know  their  relative 
positions.  Of  course,  we  assume  that  they  act  upon  the  same  rigid 
body,  but  we  do  not  care  in  this  problem  what  that  body  is.  In  other 
words  our  problem  is  purely  abstract. 

1.  Thruout  this  book  we  shall  mingle  abstract  problems  freely 
with  those  which  approximate  more  or  less  closely  real  ones.  With 
abstract  problems,  we  shall  aim  to  illustrate  general  methods,  estab- 
lish general  laws,  and  derive  general  formulas,  and  then  apply  them 
to  the  solutions  of  problems  derived  from  all  sorts  of  sources  and  con- 
ditions, of  a  practical  character.  The  number  of  possible  problems 
is  infinite;  many  are  fanciful  and  useless;  many  are  too  difilcult  for 
our  range  of  mathematics;  many  are  intensely  practical  and  admit  of 
easy  solutions.  In  our  analysis  we  shall  draw  freely  upon  the  student's 
knowledge  of  Algebra,  Geometry,  plane  and  solid,  and  Trigonometry; 
and  later  on  we  shall  assume  Analytic  Geometry  and  Calculus.  The 
more  thoroughly  these  have  been  mastered  the  better,  but  the  more 
difiBcult  operations  will  be  clearly  explained. 


PART    L 

STATICS- 
CHAPTER  II. 

The  Combination  and  Resolution  of  Forces. 

STATICS  is  that  department  of  Mechanics  in  which  all  the  bodies, 
acting  and  acted  upon,  are  at  rest  or  stationary.  A  body  at  rest 
under  the  action  of  two  or  more  other  bodies  is  said  to  be  in  Equilib- 
rium ;  and  the  forces  acting  upon  it  are  said  to  Balance. 

15.  Forces  having  a  common  line  of  action.  The  simplest 
possible  example  is  that  of  two  forces  which  exactly  balance  or  neutral- 
ize each  other.  It  is  evident  without  any  attempt  at  proof  that  they 
must  not  only  act  along  the  same  line,  but  they  must  have  equal 
magnitudes  and  opposite  directions.  Under  no  other  conditions  can 
two   forces   balance. 

1.  In  so  far  as  the  state  of  rest  or  motion  of  a  rigid  body  is  con- 
cerned, two  balancing  forces  may  be  left  out  of  account,  while  we  are 
considering  the  actions  of  other  forces  upon  the  same  body.  This 
•cancellation  of  two  balancing  forces,  is  analagous  to  the  striking  off 
of  equal  terms  in  the  members  of  an  algebraic  equation. 

£.  Conversely,  we  may  at  any  time,  to  facilitate  a  solution, 
introducetwo  balancing  forces,  representing  the  actions  of  two  imagin- 
ary bodies  upon  the  body  we  are  considering,  without  in  any  way 
.affecting  its  state  of  rest  or  motion. 

3.  When  several  forces,  of  different  magnitudes,  have  a  common 
line  of  action,  while  some  act  in  one  direction  and  some  in  the  other, 
they  are  readily  reduced  to  two  by  adding  those  which  have  a  common 
direction,  and  then  reducing  the  two  to  one  by  allowing  the  smaller 
to  cancel  or  neutralize  an  equally  large  part  of  the  other;  or  the  cancel- 
lation and  addition  may  be  carried  on  simultaneously.  All  this  is 
readily  expressed  in  the  language  of  algebra. 

Let  F  be  the  numerical  measure  of  the  magnitude  of  a  force,  and 
let  one  direction  along  the  common  line  of  action  be  considered  as 
positive,  and  the  other  direction  negative. 

2F  represents  a  process  of  algebraic  addition  of  as  many  numbers 
(of  units  of  force)  as  there  were  of  assumed  forces,  acting  upon  a 
v(real  or  imaginary)  body.  Finally,  if  we  represent  the  magnitude 
(10) 
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of  the  single  force  which  results  from  the  addition  by  the  letter  R,  we 
have  our  first  equation  in   mechanics. 

If  the  forces  under  consideration  actually  balance,  the  value  of  R 
is  zero,  and  the  equation  becomes 

2F  =  0  (2) 

16.  Conversely.  Since  forces  having  a  common  line  of  action  may 
be  combined  to  form  a  single  force,  so  a  force  may  be  resolved  or 
separated  into  any  number  of  component  forces  having  the  same  line 
of  action  and  preserving  the  algebraic  sum. 


FS  F$  Fl 

4 4 < 


Ft  Fi  Ft  FT  Ft 


liff.  0 


The  student  should  not  fail  to  see  the  full  meaning  of  these 
equations.  An  illustration  will  surely  be  of  value.  Fig.  5  is  to  rep- 
resent a  *'tug  of  war"  between  a  team  of  three  men  and  a  team  of 
five  boys.  The  three  men  have  hold  of  one  rope  and  are  pulling  to 
the  left.  The  boys  have  another  rope  and  they  pull  to  the  right. 
Both  ropes  are  attached  to  a  pin  carrying  a  flag.  Ropes,  pin  and 
flag  are  '"imponderable,"  i.  e.,  their  weight  is  not  taken  into  account. 
Of  course  the  effort  of  each  team  will  be  to  pull  the  pin  and  flag  its 
way.  As  soon  as  the  signal  is  given  to  *Tull!"  eight  bodies  (boys  and 
men)  act  (thru  the  mediation  of  the  ropes)  upon  the  body  (pin)  A. 
Let  us  assume  that  forces  acting  towards  the  right  are  positive  and 
those  to  the  left  are  negative,  and  that 


S06  H) 
%bb  lb 


/'8=+«00lb      f,=  +180lb      F4=+175lb      Fi=- 
F,= -284  1b      f6=+140lb      f2=+150lb      f^*- 

Now  in  this  case  2]F  means 

+180+140+200-284  +  175  +  150-S06-255 

and  since  the  algebraic  sum  is  zero, 

2f  =  0. 

Hence  the  forces  balance,  and  that  the  pin  A  stands  stilK 

If  on  a  second  pull  2F<0,  the  men  win;  if  2F>0,  the  boys  win. 

17.    An  actioii  in  Statics  does  not  produce  motion;  on  the  contrary 
an  action  prevents  motion.     A  brick  in  the  wall  is  acted  upon  by  the 
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Fig.  6 


brick  above  it,  and  the  brick  below  it,  and  by  the  earth  which  attracts 
it,  but  it  does  not  move,  because  the  forces  balance  each  other,  that 
is:  the  action  of  the  lowest  brick  is  equal  and  opposite  to  the  com- 
bined action  of  "gravitation"  and  the  uppermost  brick. 

1.  When  forces  do  not  balance,  and  motion  is  caused  or  modified, 
we  have  a  problem  in  Kinetics,  which  will  be  discussed  in  later  chapters. 

18.  Couples.  When  a  body  is  acted  upon  by  two  other  bodies 
in  such  a  manner  that  the  two  forces  have  equal  magnitudes,  different 
but  parallel  lines  of  action,  and  opposite  directions,  they  cannot 
balance,  neither  can  their  joint  actions  have  a  tendency  to  move  the 

body  up  or  down,  to  the  right  or  to  the 
left.  Their  sole  tendency  is  to  make  the 
body  turn^  or,  if  it  be  already  turning,  to 
modify  that  turning. 

1.  Suppose  a  piece  of  cork  to  be  float- 
ing upon  a  tub  of  water.  The  pull  of  the 
earth  upon  it  is  exactly  balanced  by  the 
upward  pressure  of  the  water  under  it  so 
that  it  is  at  rest,  and  we  may  ignore  these 
two  balanced  forces.  Now  suppose  that 
two  needles  are  prest  into  the  upper  sur- 
face of  the  cork  at  a  and  6,  Fig.  6,  and  that  two  parallel  threads 
are  stretched  to  the  edge  of  the  tub  in  a  plane  parallel  to  the  surface 
of  the  water,  as  shown.  Suppose  that  at  A  and  B  gentle  but  equal 
pulls  upon  the  threads  are  given  simultaneously.  Instantly  the  cork 
begins  to  turn  "right  handed."  These  two  new  forces  form  a  "right- 
hand  couple,"  whose  tendency  is  obvious. 
The  perpendicular  distance  between  the 
two  lines  of  action  is  called  the  arm  of  the 
couple. 

2.  Next  suppose  the  cork  at  rest  again 
and  that  two  more  needles  are  put  in  at  c 
and  d.  Fig.  7,  and  that  threads  are  carried 
across  and  fastened  at  C  and  Z),  so  that 
they  are  parallel  to  each  other  and  in  a 
plane  parallel  to  the  surface  of  the  water. 

If  now  the  equal  pulls  at  A  and  B  are 
again  applied,  the  cork  stands  still,  and  it  will  be  found  that  the 
threads  cC  and  dD  are  in  tension.  Moreover,  since  the  cork  does  not 
move  either  towards  C  or  towards  Z),  the  tension  in  cC  and  in  dD  are 
equal;  they  thus  form  a  "left-hand  couple."  We  consequently  have 
two  couples  which  balance  each  other.     It  is  evident  that  the  turning 
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efifect  or  tendency  of  a  couple  must  depend  partly  upon  the  common 

Tnagnitvde  of  the  two  forces,  and  partly  upon   the   distance  between  the 

itDO  lines  of  action.     In  short,  the  magnitude  of  a  couple's  influence  is 

measured  by  the  product  of  one  of  its  forces  by  its  arm.     This  product 

is  called  a  *'mom£nt"  and  it  will  be  represented  by  the  capital  letter 

JHf  so  that  ,-.     rii 

M  =  Fl 

This  will  be  proved  when  we  come  to  resolve  a  couple  into  Fl  unit 
couples;     20« 

8.  The  student  must  bear  in  mind  that  F  in  this  equation  is  the 
number  of  units  of  force  in  one  of  the  given  forces,  and  /  is  the  fiumber 
of  units  of  length  in  the  given  distance  (between  the  parallel  lines  of 
action),  and  that  therefore  M  is  the  number  of  units  of  moment. 

When  we  speak  of  **ihe  force  of  a  couple,"  we  shall  mean  the  common 
magnitude  F. 

19.  The  unit  moment  is  not  a  fundamental  unit,  but  it  is  derived 
from  two  which  are  fundamental:  the  foot  and  the  pound;  hence  a 
moment  is  read  as  so  many  "foot-pounds,  foot-tons,"  etc. 

The  word  ''foot-pound** b,s  here  used  must  not  be  mistaken  for  a 
later  use  of  the  same  word  as  the  unit  of  work.  The  moment  unit 
expresses  and  measures  the  turning  action  of  a  body,  but  its  action 
does  not  require  actual  motion.  An  unbalanced  moment  would 
turn  a  body;  but  in  all  problems  in  Statics,  moments  are  balanced 
and  no   motion   results. 

20.  The  Freedom  of  a  Balancing  Couple.  Referring  again  to  Fig. 
7,  it  is  evident  that  the  needles  c  and  d  could  have  been  placed  any- 
where on  the  cork,  and  that  the  threads  drawn  straight  from  them 
could  have  been  made  fast  anywhere  on  the  circumference  of  the  tub, 
provided  only  that  the  threads  were  separate  and  parallel,  and  that 
they  were  in  a  horizontal  plane,  so  as  to  be 
prepared  to  act  as  a  left-hand  couple.  It  is 
important  that  the  student  see  that  these 
conditions  are  suflScient  as  well  as  necessary. 

1.  Suppose  the  body  fi,  Fig.  8,  to  be  acted 
upon  by  the  two  forces  Fi  and  F2  forming  a 
right-hand  couple  with  the  arm  l.  It  is  evi- 
dent that  the  **point  of  application"  of  F  can 
be  anywhere  on  the  line  of  action,  in  each  ^^  ^ 
case. 

2.  The  direction  of  the  two  lines  of  force  can  be  any  direction  in 
the  horizontal  plane  of  the  couple.  For  suppose  new  points  of  attach- 
ment are  taken  and  a  new  direction  to  the  parallel  lines  be  chosen 
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as   shown    by    Fs    and    F4,  so  that   both    force  and    arm   remain 
numerically   the  same   (leaving  the   couple  still  right-handed)    the 

moment  must  still  be  M^FL 

3.  The  turning  eflFect  with  reference  to  any 
point  in  the  plane  of  the  couple  taken  as  an 
axis  is  always  the  same.  Let  a  vertical  at  0 
Fig.  9  be  taken  as  an  axis  about  which  the 
couple  M  (i.  e.,  the  two  forces  with  the  arm 
I)  has  a  tendency  to  turn  the  body  B.  The 
tendency  of  Fi  taken  alone  is  evidently  meas- 
y,^  ^  ured  by  +F(c+/),  and    the  tendency  of  F% 

is  obviously  —  Fc.     The  tendency  of  the  couple 
is  then  the  sum  of  the  tendencies  of  its  parts,  viz. : 

F(c+Z)-Fc  =  FZ. 

The  arbitrary  distance  c  has  disappeared  from  the  equation  and 
there  is  nothing  in  the  result  to  indicate  where  0  was  taken.  This 
means  that  whether  c  be  long  or  short,  positive  or  negative,  the 
result  is  the  same. 

21*  Hence  we  conclude,  that  a  couple  acting  upon  a  rigid  body  can 
he  shifted  at  will  in  its  own  plane  to  new  points  and  directions  without 
affecting  its  turning  tendency  provided  only  thai  its  moment  and  sign 
he  unchanged. 

Since  a  given  couple  can  be  balanced  by  one  of  any  number  of 
left-hand  couples  constituted  as  above  described,  these  left-hand 
couples  must  have  the  same  moment  and  be  equivalent  to  each  other. 

22*  We  therefore  conclude  in  general  that  two  couples  are  equiv- 
alent  which  have  the  same  moment,  which  lie  in  the  same  plane  and  have 
the  same  sign  (that  is  they  tend  to  turn  a  body  in  the  same  direction). 
It  follows  that  a  couple  Fdi  may  be  replaced  by  a  couple  ^2^  provided 
Fih^FiU,  as:  (10  lb)X(6  feet)  =  (4  lb) X (15  feet);  =  (20  lb)X(3feet). 

28.  The  moment  of  a  force*  If  the  axis  be  taken  in  the  line  of 
action  of  one  of  the  forces  of  a  couple,  the  moment  of  the  couple  is 
identical  with  the  product  of  the  other  force  by  its  distance  from  the 
axis. 

Definition.  The  product  of  a  force,  hy  its  distance  from  a  given 
point  (or  axis)  is  called  the  Moment  of  that  force  with  reference  to  that 
point  or  axis. 

24.  The  turning  effect  or  tendency  of  a  couple  is  not  changed  by 
a  shifting  of  it  to  a  parallel  plane. 

Proof.  Suppose  we  have  two  couples  Mi  and  Jf 2  equal  in  all  respects, 
but  acting  in  parallel  planes  H  and  K.     Suppose  in  the  plane  H,  a 
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Fig.  10 


third  couple  Mz  equal  to  Mi  in  all  respects  except  the  direction  of  its 
turning  tendency;  it  may  be  so  shifted  as  to  completely  neutralize 
Ml  and  hence  balance  it.  It  will  now  be  shown  that  it  can  equally 
well  balance  M%  in  the  parallel  plane  K.  Let  Mz  be  so  shifted  that  the 
arms  of  Mz  and  M%  are  parallel,  when  Mz  becomes  Mz'  as  shown  in 
Fig.  10.  It  is  now  easily 
seen  that  the  four  equal 
forces  Ft,  Fz,  F2',  Fz' 
balance,  for,  by  sym- 
metry, the  concentra- 
tion of  F%  and  Fz  is  a 
parallel  force  of  ^  F 
thru  0,  which  is  mid- 
way between  them.  In 
like  manner  the  concen- 
tration of  F2'  and  Fz' 
gives  a  parallel  force  of 
2  F'  thru  0,  in  the 
direction  opposite  to  2  F,  so  that  the  resultant  is  zero.  Hence  M2 
and  Mz  balance.  Now  since  Mi  and  Mi  can  separately  be  balanced  by 
the  same  couple,  they  must  be  equivalent. 

25.  Definitions  of  the  ^'axis  of  a  couple"  and  of  positive  and 
negative   couples. 

It  has  been  seen  that  the  point  0  (see  Fig.  9),  assumed  for  the  pur- 
pose of  computing  the  resulting  tendency  of  a  couple,  may  be  any- 
where in  the  plane  of  the  couple.  Now  through  0  imagine  a  line  drawn 
perpendicular  to  the  plane  of  the  couple;  it  will  be  perpendicular  to  all 
the  parallel  planes  to  which  the  couple  may  be  shifted.  Hence  0 
may  be  any  point  in  space,  and  the  perpendicular  line  will  be  called 
the  **axis  of  the  couple.'* 

1.  This  axis  is  a  purely  ideal  matter;  it  has  no  dynamic  function. 
In  Statics  since  the  forces  which  act  on  a  body  balance,  whether  they 
form  couples  or  not,  the  aocis  of  a  couple  is  not  a  restraining  device, 
for  it  does  not  react  upon  the  body  in  any  way.  It  is  merely  an  aid 
in  our  analysis. 

2.  Now  as  to  the  sign  of  a  couple.  When  we  stand  in  front  of  the 
dial  of  a  tower  clock,  the  hands  appear  to  us  to  move  "right-handed," 
or  "clock-wise."  To  a  person  in  the  tower,  however,  the  motion  of  the 
same  hands  appears  to  be  left-handed.  It  is  therefore  necessary  to 
determine  in  every  case  what  "right-handed"  means.  To  do  this, 
take  a  point  0  as  an  origin  on  the  assumed  axis,  and  let  one  end  of  the 
axis,  +X,  be  called  positive,  and  the  other,  —X,  be  negative;  and  let 
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^--X"  be  SO  taken  that  the  direction /rom  +X  to  0  shall  be  the  absolute 
direction  in  which  one  must  look  in  order  that  the  couple  may  appear 
to  him  to  be  right-handed  or  positive.  Left-handed  couples  are 
negative.     In  the  case  of  the  F-axis,  look  from  +F  towards  0. 

26.  The  addition  of  couples  having  the  same  axis.  Suppose  twvo 
couples  in  parallel  planes  act  on  the  same  body.  First,  let  one  or 
both  be  shifted  till  they  act  in  the  same  plane.  Second,  while  pre- 
serving the  product  value  of  force  by  arm^  let  one  or  both  factors  be  so 
modified  that  the  forces  in  the  two  couples  shall  have  a  common 
magnitude.  Third,  let  their  positions  be  so  changed  that  a  force  of 
one  couple  shall  directly  balance  and  neutralize  a  force  of  the  other 
couple.  Fig.  11a  shows  the  two  couples  in  the  same  plane,  and  Fig.  life 
shows  them  so  shifted  and  modified  that  two  forces  neutralize  each 

other,  and  only  one  couple  remains 
which  has  an  arm  equal  to  the  sum 
of  the  two  arms,  and  a  moment 
equal  to  the  sum  of  the  given 
moments. 

Example — Let  Mi  have  a  force  of 
4  (units)  and  an  arm  of  5  (units); 
and  3/2  have  a  force  of  6  (units)  and 
an  arm  of  3  (units). 

Let  them  be  shifted  and  modi- 
fied while  still  equivalent,  and  then  combined  into  one  couple 
Mz  =  SS. 

1.  It  is  evident  that  any  number  of  couples  with  a  common  axis  could 
be  added  in  the  same  way.  A  negative  or  left-handed  couple  would 
have  the  effect  of  shortening  the  arm  of  a  positive  couple.    Show  this. 

2,  An  equally  simple  method  of  adding  co-axial  couples  would  be 
to  reduce  them  all  to  a  common  arm,  so  that  when  superposed  the 
result  would  be  one  arm  with  equal  and  opposite  sets  of  co-linear 
forces,  making  a  single  couple. 


It 


(b) 


(«; 


Fig.  11 


Example. — Given   two   co-axial   couples: 

/  =  8  I  P^^^^^^^'  ^^^    Z  =   2  1 


negative. 


Reduce  to  a  common  arm  /  =  4,  and  combine  by  superposition. 

26^  The  resolution  of  couples.  The  converse  of  the  last  section 
shows  at  once  that  a  couple  may  be  resolved  (or  separated)  into  any 
number  of  couples  by  inserting  at  different  points  on  the  arm  equal 
and  directly  opposite  forces,  each  of  the  given  magnitude  F,  and  each 
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(a) 


Tiff.  IS 


parallel  to  the  given  forces.  The  forces  introduced  balance  each  other 
in  every  pair,  and  therefore  they  do  not  a£Fect  the  condition  of  the 
body  acted  upon.  The  given  couple  {F)X(AB),  is  resolved  into 
five  component  couples,  having  the  same  axis,  forces  of  a  common 
magnitude,  and  different  arms. 

Still  further,  every  one  of  the  ten 
forces  can  be  resolved  into  any  num- 
ber of  components  (the  same  for  each 
of  the  two  forces  of  a  couple). 
Thus  each  of  the  above  five  couples 
may  be  resolved  into  several  couples 
with  equal  arms,  as  is  the  one  shown 
in  (6). 

It  thus  appears  that  the  original  couple  may  be  resolved  into 
any  number    of  component  couples. 

When  these  two  methods  of  resolving  a  couple  into  components 
are  combined,  it  is  evident  that  two  couples,  acting  on  the  same  body, 
having  the  same  axis,  and  equal  moments,  may  be  shown  to  be  equiva- 
lent, because  they  can  be  resolved  into  the  same  number  of  equal  com- 
portent  couples. 

It  follows  that  a  couple  which  has  an  arm  7  units  long  and  a 
force  equal  to  10  units  has  a  turning  tendency  70  times  as  great 
as  the  moment  of  a  couple  which  has  a  unit  arm  and  a  unit 
force.  Hence  the  turning  tendency  or  moment  is  measured  by  the 
product  of  its  force^  by  its  arm^  L  e.,  the  product  of  the  two  numerical 
measures.     This  is  the  proof  which  was  promised  in  18. 

The  student  must  never  confuse  his  thought  by  saying  that  we  can 
recdly  multiply  a  force  by  an  arm;  that  would  be  absurd.  What  we 
really  do  is  to  multiply  one  number  by  another  number ^  and  the  prod- 
uct is  still  a  number. 

What  are  the  ^* conditions**  under  which  it  is  proper  to  say  that  a 
length  of  three  feet  and  a  force  of  seven  lbs,  give  us  a  moment  of  21 
foot- lbs.? 

From  all  this  it  follows  that  the  essential  things  about  any  couple 
are:  the  direction  of  its  cm^,  its  momenty  and  its  sign. 

27.  Conples  as  vectors.  It  is  now  evident  that  the  essential 
things  of  a  couple  may  be  represented  by  a  single  straight  line  or 
vector:  It  must  have  length  to  represent  the  moment  of  the  couple; 
it  must  have  direction  to  show  the  axis,  and  therefore  the  plane  of  the 
couple;  it  must  show  the  "sense"  or  tendency  by  pointing  in  the 
direction  in  which  the  couple  must  be  viewed  to  appear  right-handed. 
Couple  vectors  will  be  used  in  discussions  which  follow. 
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28.  The  combinatioii  of  couples  which  do  not  have  the  same 
axis,  t.  e.,  which  are  not  in  the  same  or  parallel  planes. 

1.  Let  there  be  two  couples  in  planes  perpendicular  to  each  other, 
and  acting  on  the  same  body.  They  can  be  combined  as  follows: 
Reduce  the  couples  to  equivalent  couples  so  that  the  four  forces  will 
have  a  common  magnitude.     Next,  shift  and  if  necessary  turn  the 

couples,  each  in 
its  own  plane, 
till  there  are 
two  equal  and 
directly  oppo- 
site forces  act- 
ing  along  the 
line  of  intersec-- 
Hon  of  the  two 
planes.  These 
two  CO -linear 
forces  balance 
each  other,  and 
there  remain 
two  equal  forces 
which  form  a 
couple  in  a  third 
plane  which  is 
parallel  to  the 
intersection  of 
the  first  two.. 
The  arm  of  this 
resultant  couple 

is  evidently  the  hypotenuse  of  a  triangle  whose  legs  are  the  reduced 
arms  of  the  given  couples. 

ninstration.  Let  OX,  OY,  OZ  be  rectangular  axes.  Fig.  13.  Let 
Ml  ==  24  be  a  couple  in  the  plane  FZ,  right  handed  to  one  looking  from 
+-X'  towards  0.  Let  Jf2  =  15  be  a  couple  in  the  ZX  plane,  right 
handed  to  one  looking  from  +  Y  towards  0.  Reduce  each  couple  to 
an  equivalent  couple  with  a  force  8,  and  a  proper  arm;  so  that 
3f  1  =  3X8,  and  M%  =  SX5.  When  the  reduced  couples  are  shifted  to 
the  intersection  OZ,  so  that  two  of  the  forces  neutralize  each  other, 
there  remains  only  a  couple  having  one  force  in  the  plane  YZ  acting 
down,  and  the  other  in  the  plane  ZX  acting  up,  with  an  arm  which 
equals  V  (64+25);  so  that  the  resultant  couple  is  found  to  be: 

3V  (64+25)  =  V  [(24)2+(15)2]  =if  =  V  (l/i^+ifa^) 


Fig.  18 
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The  axis  of  M  is  evidently  a  line  in  ZF  (or  parallel  to  that  plane) 
perpendicular  to  the  trace  TtT%  of  the  third  plane  ABCD,  on  XY. 

Fig.  13  also  contains  a  graphical  solution  of  the  problem  by  the 
method  of  vectors. 

The  direction  of  M  is  determined  by  the  equations : 

tan  $  =  — ^» 
Ml 


sincr=  — » 
M. 


n     Ml 

cos  C7  =  * 

M 


nc.  14 


The  moment  Mi  is  laid  off  to 
scale  on  +  Z  =  FO  =  24.  In  like 
manner  M2  is  represented  fully 
by  KO  =  15,  and  then  M  by  the 
diagonal  of  the  rectangle. 

8.  The  student  should  prove 
by  geometry  that  the  triangles 
RHO  and  J 10  are  similar  and 
that  consequently  RO  is  per- 
pendicular to  TiTi. 

29.  When  the  planes  are 
obliqne  to  each  other  the  analysis 
is  the  same»  but  the  triangle  of 
arms  is  oblique.  1.  The  algebraic 

solution  is  as  follows: — Let  the  given  couple  be  reduced  to  equivalent 
couples,  the  magnitude  of  F  being  common.     Then 

Mi^Flu  and  Jf2  =  FZ, 
and  M  =F  (Zi«+V-2ZAcos^)* 

in  which  ^  is  the  angle  HOK  (Fig.  14.) 

2.  In  like  manner  the  Graphical  solution  gives  M  in  magnitude 
and  shows  the  direction  of  the  axis  which  is  perpendicular  to  the  plane 
of  the  new  couple,     if  =  V  (3fi^+if2*  — 23fiif2  cos<^). 

Let  both  planes  be  perpendicular  to  the  paper,  and  let  their  traces 
intersect  at  O.  Mi  fully  represents  the  couple  in  Off,  and  M2  fully 
represents  the  couple  in  OK;  and  consequently  M  fully  represents 
the  resultant  couple  in  the  plane  TT. 

SO*  It  is  readily  seen  that  two  couples  in  non-parallel  planes 
cannot  possibly  balance  each  other;  and  it  is  as  easily  seen  that  two 
couples  in  non-parallel  planes  may  be  balanced  by  a  third  couple,  and 
that  the  moment  of  the  balancing  couple  must  be  equal  to  Jf ,  the 
resultant  of  the  other  two,  and  the  arrow  line  of  its  axis  must  be  just 
the  opposite  of  that  of  M** 

*A  resultant  couple  has  been  defined  as  the  couple  which  balances  the  couple 
balances  the  given  set  of  couples. 
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8 1  •  Three  couples  balance.  It  follows  from  the  last  two  problems 
that  when  the  representative  vectors  of  three  couples,  are  of  such 
lengths  and  directions  that  they  may  form  a  plane  triangle,  when  they 
are  drawn  in  order^  as  they  point,  they  balance,  and  the  body  on  which 
they  act  is  in  equilibrium. 

Thus  the  triangle  ABC  represents  fully  three  couples  acting  on  the 
same  body,  each  with  a  definite  tendency  to  turn  it  in  a  definite  direc- 
tion, and  yet  they  balance  and  (so  far  as  these 
couples  are  concerned)  the  body  is  at  rest.  The 
triangle  ABC  is  called  the  moment  triangle  of 
equilibrium. 

82.    The  resultant  of  three  or  more  couples* 

Having  found  the  resultant  of  two  couples  as 
shown  above,  a  third  couple  may  be  combined  with  the  resultant  of 
the  two,  and  a  resultant  of  three  be  found.  This  last  may  then  be 
combined  with  a  fourth,  and  so  on  for  any  number  of  couples. 

1.  When  the  planes  of  three  couples  are  the  rectangular  co-ordi- 
nate planes,  the  problem  is  simple.  The  resultant  of  Mi  and  Jf  2  is 
if' =  V  (Mi^+Mi^);  and  the  resultant  of  Jf '  and  Mz  is 

its  vector  is  the  diagonal  of  a 
rectangular  solid  constructed  on 
Mu  Mu  and  Mz  as  confluent 
edges. 

2.  If  the  planes  of  several 
couples  are  perpendicular  to  a 
common  plane,  the  graphical 
solution  is  most  simple.  In  Fig. 
16  let  the  plane  of  the  paper  be 
the  common  perpendicular  plane. 
Let  the  planes  of  the  given  couples 
have  the  traces  ABy  BCy  CD, 
DEy  EH,  etc.  From  any  point  0  (Fig.  16)  draw  Mi  fully  represent- 
ing the  couple  in  AB;  from  the  end  of  the  vector  Jfi,  draw  3f2  fully 
representing  the  couple  in  BC;  OQ,  then,  fully  represents  the  resultant 
of  Ml  and  M2.  From  the  extremity  of  the  vector  M29  draw  Jf 3> 
then  Mi,  and  so  on.  OT  is  the  resultant  of  Jfi,  if 2  and  M3;  and 
OR  =  M  is  the  resultant  of  them  all.  The  balancing  couple  is  repre- 
sented by  the  vector  RO,  pointing  from  R  towards  0. 

If  the  planes  of  the  given  couples  have  no  common  perpendicular 


Fiff.  16 
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plane,  the  polygon  OPQSTR  is  not  a  plane  figure;  it  is  a  polygon 
in  space,  but  OR  is  still  the  vector  of  the  resultant  couple. 

88.  The  combination  of  a  couple  and  a  single  force  acting  in  a 
plane  parallel  to  the  plane  of  the  couple. 

Suppose  that  among  the  forces  which  act  upon  a  body  at  rest  there 
are  two  which  form  a  couple  and  a  third  force  whose  line  of  action 
is  in,  or  parallel  to»  the  plane  of  the  couple.     Let  the  irregular  outline 
(Fig.  17)  represent  the  stationary  body;  in  this  case, 
let  the  curved  arrow  and  the  numerical  value  of  M 
represent   the  moment  of   the  couple;   and  let  the 
force  F  be  represented  by  0^.    It  will  now  be  shown 
that  the  resultant  of  M  and  F  is  the  single  force  F^  . 

(a)     If  M  and  F  are  not  in  the  same  plane,  shift  M 
to  a  parallel  plane  containing  F. 

(6)     In  place  of  the  original  force  and  arm  of  the  couple,  let  M  =  Fl,' 
in  which  F  has  the  magnitude  of  the  given  force  F,  and  I  =  M/F. 

(c)  Shift  and  turn  the  couple  till  one  of  its  forces  F\  has  the  line 
of  action  of  the  given  force  F,  but  acting  opposite  to  it,  thereby  can- 
celing it,  so  that  nothing  is  left  but  the  force  F^  acting  parallel  to  the 
given  F,  and  of  the  same  magnitude.  The  distance  moved  to  the  left  is 
l  =  M/F;  that  is,  if  an  observer  standing  at  0  sees  the  couple  right- 
handed  as  he  looks  down^  the  Resultant  of  M.  and  F,  will  be  F^  on  his 
lefty  when  he  wheels  about  and  looks  in  the  direction  OA. 

Problem.  The  student  should  show  that  a  given  left-ha,nded  couple 
would  have  caused  the  resultant  force  to  appear  on  his  right. 

84.  The  converse  of  the  above  proposition  is  evidently  true,  viz. : 
A  given  force  F  may  be  resolved  into  a  couple  and  an  equal  force  F 
acting  at  any  point  in  space,  distant  I  from  the  line  of  action  of  F, 
the  moment  of  the  couple  being  Fl  and  its  axis  being  perpendicular 

to  the  plane  of  F  and  l.  « .^      mi.  i  x.         ^ 

^  85.    The  resolution  of 

couples.  A  given  couple 
may  be  resolved  into  two 
or  more  couples  graphic- 
ally, if  the  vector  of  the 
given  couple  is  the  line  AB 
(Fig.  18  6),  by  drawing  two 
component  vectors  AH  and 
HB;  or  by  three  vectors 
which  may  be  the  edges  of  a  rectangular  solid.     (Fig.  18  (a)  ). 


k— ^i— — J, 
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K 
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86.    Resolution  of  a  force  into  a  force  and  two   couples.    A 

single  force  acting  on  a  body,  may  be  resolved  into  two  couples  and 
an  equal  single  force  acting  at  any  point  on  the  given  body  that  may 
be  chosen. 

Let  the  point  A  (Fig.  19)  be  the  point  of  action  of  a  given  force  F.    It 

may  be  resolved  by  the  introduction 
of  two  balancing  forces  +Fand  —  F, 
at  £,  into  an  equal  parallel  force  at 
By  and  a  couple  Fy^  right-handed  as 
seen  from  +^>  as  shown  in  the  figure. 
Still  more,  the  force  +F  at  fi  may 
be  itself  resolved  into  an  equal  paral- 
lel force  +F  at  0,  and  a  couple  ( — Fx) 
(which  is  left-handed  seen  from  +  F). 
We  have  thus  resolved  a  force,  acting 
at  the  point  (x,  y)  and  parallel  to 
OZy  into  an  equal  force  acting  at  0, 

and  two  couples;   one   having  a  moment   +Fy  about  the   X-axis, 

and  one  having  a  moment  —Fa;  about  the  F-axis. 

The  use  of  this  method  of  resolution  will  be  illustrated  by  several 
examples  in  Chapter  III,  and  will  be  freely  employed  in  subsequent 
chapters. 


CHAPTER  III. 

Paballel  Forces   Which  Balance. 

87.  Three  parallel  forces  balance.  Since  they  could  not  balance, 
if  all  acted  in  the  same  direction,  the  largest  must  act  in  a  direction 
opposite  to  that  of  the  other  two;  hence  we  must  have 


or,  numerically. 


Fi+F2-F,  =  0 

F,  =  Fi+Fa. 


(1) 


If  we  resolve  Fs  into  two  forces  respectively  equal  to  F\  and  F2, 
we  have  two  couples  which  must  balance  each  other.  Since  they 
could  not  balance  if  they  were  not  co-axial,  and  since  the  couples 
cannot  be  co-axial  unless  the  forces  are  co-planar,  we  reach  one  im- 
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portaot  conclusion :  that  three  parallel  forces  cannot  balance  unless 
Aej  act  in  the  same  plane. 

Since  the  couples  balance*  their  moments 
have  equal  magnitudes  and  opposite  signs. 

Ex,  Let  the  three  forces  be  represented  by 
a  scale  drawing.  Fig.  20.  As  we  look  down 
upon  the  drawing,  Fib  is  right-handed,  and 
F2a  is  left-handed.     Hence  Fib-Fta^O,  ««.«> 

or  ^^  =  ^  (2) 

Fi       b 

or  the  forces  (of  the  balancing  couples)  are  inversely  as  their  arms. 

If  we  let  the  distance  between  the  forces  having  the  same  direction 
be  known  as  c,  we  have  in  this  case 

c  =  a+b 

Now  erect  an  axis  at  A^  and  take  moments.     We  have  at  once 

F,6  =  F2C,  hence  ^  =  -  (3) 

Fz       c 

If  we  take  C  as  our  axis,  and  take  moments,  we  have 

Fic  =  Fza  hence  —  =  -  (4) 

Ft       c 

Combining  (2),  (3),  and  (4)  we  have 

Fi  :  Fi  :  Fz^a  :  6  :  c;  (5) 

a  very  useful  triple  proportion, 

88.  Deductions*  From  the  above  discussion  several  important 
conclusions  follow.  When  three  parallel  forces  acting  on  the  same 
rigid  body  balance,  we  know: 

1.  The  three  lines  of  action  lie  in  the  same  plane. 

2.  Their  algebraic  sum  is  zero. 

3.  The  line  of  action  of  the  largest  force  lies  between  the  lines  of 
action  of  the  other  two. 

4.  The  magnitude  of  each  force  is  proportional  to  the  distance 
between  the  other  two. 

5.  In  the  language  of  algebra 

Fi+Ft+Fz^O 
Fi  :  Fi  :  Fi-a  :  b  :  c 

a+b^c  (6) 

When  a  body  acted  upon  by  three  parallel  forces  is  at  rest,  we  know 
that  the  above  equations  must  be  true. 
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Problems. 


1.  Given  two  parallel  forces  18  tb  and  40  lb,  8  feet  apart.  Find 
the  balancing  force,  and  the  distances  between  it  and  them. 

2.  Given  the  parallel  forces  P=+80  lb.  Q=-64  lb,  and  the 
distance  between  them,  12  feet.  Find  the  balancing  force,  and  its 
position. 

3.  Three  parallel  co-planar  forces  act  on  the  same  straight  bar  at 

given  points  A,  B,  and  C,   and 

II  .  I  balance.     The  force  at^  =35  lb. 

^'  f"-  j"*      Find  the  forces  at  C  and  B. 

Tig.31  Use  the  proportions  in  equa- 

tion (6)  for  magnitudes. 

4.  Suppose  the  force  A  makes  an  angle  of  80°  with  the  bar. 
How  does  the  obliquity  aflfect 

the  result?  -v,,„j^^ -^jh  'Ig^^* 

SO.  The  resnlUnt  of  two  '      ru.  b»  '  ^ 

parallel  forces.    Since  F,,  Fi, 

and  Ft  balance,  it  is  evident  that  one  must  balance  the  combined  action 
of  the  other  two.  Now  the  single  force  which  is  equivalent  to  the  com- 
bined action  of  two  or  more  forces  is  called  the  "Resultant"  of  those 
forces.  In  the  present  case  the  resultant  of  two  must  be  equal  and 
directly  opposite  to  the  balancing  force*.  Hence  if  we  know  all 
about  the  third  or  balancing  force,  we  know  all  about  the 
resultant. 

Thus,  if  P,  Q  and  iS,  acting  on  the  same  body,  balance,  the  resultant 
of  P  and  Q  is  directly  opposite  to  S;  and  the  resultant 
of  P  and  8  is  directly  opposite  to  Q. 

The  student  should  adapt  the  equation  (6)  to  this 
case;  and  write  deductions  as  to  the  resultant  as  was 
done  for  the  balancing  force  in  the  last  section. 

40.     Graphical  solution  for  the  resnltant  of  two 
parallel   forces.     The  following  elegant  solution   is 
»■.»  taken  from  Rankine's  Applied  Mechanics. 

Ex.  Given,  in  Fig.  24,  two  parallel  forces,  Fj  and 
Fi,  fully  represented  in  magnitude,  relative  position,  and  direction  by 
AP  and  BQ.     To  find  their  res'iltant  graphically. 

Solution.  1.  Draw  thru  P  and  B  lines  parallel  to  the  (imaginary) 
line  AQ,     2,     Draw  thru  A  and  Q  lines  parallel  to  the  (imaginary) 


•  This  justifies  Rankine's  definition:  "The  resultant  of  a  system  of  forces  is  the 
ice  which  balances  the  single  force  which  balances  the  given  forces." 
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line  PB,  The  intersection  of  the  new  lines  thru  P  and  Q  will  give  the 
arrow  head  of  the  resultant;  and  the  two  lines  thru  A  and  B  wiU 
intersect  at  the  tail  end  of  the  resultant,  which  is  therefore  CR. 

In  (a)  Fig.  «4,  the 
given  forces  act  in  the 
same  direction:  in  (6), 
they  act  in  opposite 
directions. 

The  geometrical  proof 
of  the  correctness 
of  these  solutions  is  left 
to  the  student.  He 
should   prove   in    each 

case  that  CR  fulfills  all  requirements  of  magnitude,  direction  and 
position. 

41.  The  lever.  Case  I.  Suppose  a  rigid  beam  carrying  a  hook 
at  each  end  is  balanced  on  a  knife  edge,  i.  e.y  the  sum  of  the  pulls  of 
the  earth  on  the  beam  and  hooks  is  equivalent  to  a  single  pull  directly 
over  the  knife  edge.  This  pull  (or  weight)  is  balanced  by  the  up- 
ward lift  of  the  knife  edge,  or  *' Fulcrum,'*  so  that  when  we  come  to  con- 
sider the  action  of  other  forces  on  the  beam,  we  can  completely  neglect 
the  weight  of  the  beam  itself. 

Let  us  represent.  Fig.  25,  the  distance  from  hook  to  hook  by  l,  and 
the  length  of  the  two  arms  by  a  and  b  respectively. 

Suppose  Fi  and  F%  are  applied  to  the  hooks  and  that  they  balance. 

We  have  at  once 


R  =  Fi+F2 


s^ 


c,l 


^  ^^^^^^.^^^^^■^^^\\  v^^\>.w\vAv 


it — ....A.  —  ^. 


fl 


4,  \ a 

R 


lie  80 


which  must  be  the  additional 
support  given  by  the  fulcrum 
— to  balance  Fi  and  F2. 

From  the  proportion  equation 
derived  from  (6) 


a  :  b  :  l^FiiFiiR 


a  = 


F\l 
R 


F,l 


F1+F2 


A  K         ^2/  F2I 

,  and  6  = =  — 


R 


F1+F2 


Again,  if  Fi,  F2,  and  a  are  given,  we  have  as  before,  R  —  Fi+Fr,  and 
from  the  proportion 


and  l  =  a+b. 


^  Ts  -      b=  —a 
Ft       b"  Fi 
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If  Fi  and  the  two  lengths,  a  and  6,  are  known 


then  F2=  -  fi 
a 

and  /i=  Fi. 

a 

This  case  was  formerly  spoken  of  as  a  "lever  of  the  first  class/' 

42 •  Case  2,  Let  the  lever  AB  and  its  hooks  be  balanced  on  C 
by  means  of  a  counter  weight  D,  so  that  the  weight  of  lever  and  counter- 
weight may  again  be  neglected.     See  Fig.  26.     Let  F%  be  a  known 

force  acting  down  as  shown  at  a  distance 
a  from  C.  An  unknown  force  acts  up  at 
B  whose  distance  from  Ft  is  c.  We  are  to 
find  the  force  Fi  and  the  additional  load  put 
upon  the  support  at.C 

It  is  evident  at  a  glance  that  the  turn- 
ing moment   of   Fi  about  a  horizontal  axis 
at  C  is  negative  (left-handed) »  and  equal  to 
Fi{a+c).     It  is  also  evident  that  the  turning  moment  of  F2  about 
the  same  axis  is  right-handed,  and  equal  to  ^2^. 
These  two  moments  must  balance,  hence 


^^ 


A?^"*"' 


« 


^ 


aEBSB, 


6 


SO  that 


Fi(a+c)-^F2a 


Fi  = 


a 


a+c 


Ft. 


But  a+c^b  as  defined  for  the  lever,  so  that  we  have 

—  =  —  as  in  formula  (6). 
Ft       b  ^ 

The  resultant  of  Fi  and  Ft  must  be  equal  to  their  difference  and  it 
must  act  opposite  to  the  support  of  the  fulcrum,  as  the  latter  is  the 
balancing  force.     Hence  the  fulcrum  action  due  to  Fi  and  Ft  is 

R  =  Ft  —  Fi 

Fig.  26  illustrates  what  was  once  known  as  a  "lever  of  the  second 
class." 

48.    Case  III.    A  lever  of  the  third  class  is  illustrated  by  Fig.  27. 

Ex.  1.  A  man,  with  a  pitchfork  six  feet  long,  supports  at  the  far 
end  a  mass  of  hay  weighing  24  lb.  One  hand  is  at  ^,  acting  down, 
and  the  other  hand  at  jB,  18  inches  away,  is  acting  up.     What  are  the 
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-tfi. 


Fig.  87 


i\ 


forces  at  A  and   B  if   the  handle  is  horizontal  and   all  actions   are 
vertical? 

The  hand  at  A  may  be  thought  of  as  the  fulcrum. 

Ex.  <.     In  the  above  example,  for  pitchfork  substitute  fish  pole; 
for  6  feet,  put  W  ♦set,  and  for  hay  weighing  24  ft),  put  a  fish  weigh- 
ing 5R>«    Find  the  forces  at  A  and 
£,  capable  of  just  supporting  the 
weight  of  the  fish. 

44.    A  Word  about  Friction. 

Whenever  the  surface  of  one  body 

is  in  contact  with  the  surface  of 

another,  there  is  always  a  more  or 

less  e£Fective  interlocking  of  the 

minute  particles  of  one  body  with 

the  particles  of  the  other,  so  that  they  are  able  to  resist  separation  by 

sliding.    This  ability  to  resist  sliding  (or  relative  motion)  is  variously 

called  adheHon,  cohesion,  sticking^  or  friction.    The  term  Friction  is 

used  in  Mechanics  as  the  name  of  the  force  with  which  the  bodies  in 

contact  resist  a  mutual  sliding. 

There  is,  of  course,  a  limit  to  the  ability  of  material  in  contact  to 

resist  a  sliding  motion.     When  the  external  forces  tending  to  produce 

sliding  are  so  great  that  the  limit  of  frictional  resistance  is  passed, 

then  sliding  takes  place. 

Fig.  28    represents    a    "rough"    heavy    body    resting    upon    a 

horizontal  plane  which  is  not  smooth.    The  body  is  stationary  in 

spite  of  the  tension  7  in  a  rope  which 
tends  to  draw  it  sideways.  As  the  body 
A  stands  still,  the  slender  blocks  (6)  stand 
on  end  in  equilibrium.  The  friction  be- 
tween A  and  B  is  sufficient  to  balance 
r.  Between  A  and  B  there  are  two 
different  actions  both  distributed  over 
the  surface  of  contact,  one  normcd  or 
vertical,  one  tangential  or  horizontal. 
Each  of  these  forces  is  represented  by 

two  arrows.     The  two  arrows  on  A  show  how  A  is  acting  on  B;  the 

two  arrows  on  B  show  how  B  is  acting  on  A.    It  is  evident  that  fi's 

horizontal  action  on  A  is  equal  to  the  horizontal  action  of  the  rope  T, 

and  in  the  opposite  direction;  hence  they  balance. 

Let  F  denote  the  friction  shown  by  the  horizontal  arrow  on  A  or  J5. 

Since  A  stands  still  we  have 


»  »^»  » 
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If  more  shot  or  pebbles  are  put  into  C,  T  will  be  increased,  and  of 
course  F  will  be  increased  also,  as  long  as  A  stands  stilL  When  T 
increases  to  a  certain  point,  A  starts  and  slides.  F  has  reached  its 
limiting  value  Fu  and  the  difference  between  T  and  Fi  makes  A  move 
and  perhaps  causes  the  slender  blocks  to  fall  over. 

In  statical  problems  the  limit  of  frictional  ability  is  not  reached.  The 
laws  which  govern  friction  will  be  discussed  later  when  motion  is 
studied,  but  it  is  well,  at  this  point,  to  remark  that  the  frictional 
ability  of  surfaces  in  contact  depends  upon  several  things:  the  normal 
action  (pressure)  between  the  two;  the  character  of  the  surfaces 
(rough,  polished,  or  lubricated),  the  temperature,  etc.  In  Mechanics, 
the  word  "smooth**  is  used  only  in  cases  of  ideal  bodies  where  the 
friction  is  zero. 

45.  Applications.  Case  I.  Show  how  the  action  of  steam  on 
the  piston  of  a  locomotive  engine  has  a  tendency  to  move   the  loco- 


-tf^Sf^?^ 


Fig.  99 


motive;  first,  when  the  crank  pin  is  above  the  axle  of  the  driving  wheel 
(Fig.  29). 

•  Solutioru  1.  Suppose  the  steam  at  high  pressure  is  as  shown  in  the 
cylinder.  It  presses  on  the  piston  towards  the  right  and  equally  on 
the  cylinder  head  towards  the  left.  The  cylinder  is  bolted  to  the 
frame,  so  the  action  of  the  steam  on  cylinder  head  is  to  push  or  move 
the  frame  of  the  engine  to  the  left.  If  the  area  of  the  piston  face  is 
A  square  inches,  and  the  steam  pressure  per  square  inch  is  p  lbs., 
in  excess  of  the  *'bnck  pressure**  on  the  other  face,  the  force  tending 
to  move  the  frame  to  the  lefty  or  backwards,  is  Ap. 

The  steam  pressure,  Ap,  upon  the  piston  is  transmitted  thru 
the  piston  rod  b  to  the  crosshead  JB,  thence  thru  the  connecting  rod  c 
to  the  crank-pin  Q.  Omitting  for  the  present  the  small  amount  of 
frictional  resistance  offered: — by  the  cylinder  upon  the  circumference 
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of  the  piston,  by  the  packing  in  the  cylinder-head  upon  the  piston- 
rod;  and  by  an  upper  guide  D  up>on  the  cross-head, — it  is  clear  that  the 
horizontaL  force  acting  to  the  right  upon  the  crank-pin  at  Q  is  Ap. 

The  crank  and  wheel  form  a  rigid  lever  which  (omitting  the  pull  of 
the  earth  which  is  balanced  by  the  vertical  action  of  the  track)  is 
acted  upon  by  three  forces  which  balance.     (See  Fig.  30.) 

First,  The  force  Ap  on  the  crank  pin; 

Second,  The  frictional  force  of  the  track  upon  the  circumference  of 
the  wheel  at  E,  which  force  we  will  call  T,    This  force  prevents  slipping. 

Third,  The  reaction  of  the  frame  thru 
the  journal  box  at  C  upon  the  axle,  which 
reaction  mustequal  the  sum  ^Ip-hT.  Thus 
we  see  that  the  direct  action  of  the  axle 
upon  the  frame  is  the  resultant  of  Ap  and 
r,  which  is  Ap+  T  acting  towards  the  right. 
We  found  in  the  first  paragraph  of  this 
solution  that  the  action  of  the  steam  upon 
the  cylinder-head  tended  to  move  the 
engine  frame  of  the  locomotive  to  the  left, 
by  a  force  of  Ap  pounds.     We  have  in 

the  last  sentence  found  that  the  action  of  the  axle  of  the  driving  wheel 
tended  to  move  the  frame  to  the  right  by  a  force  ot  Ap+T  pounds. 
The  algebraic  sum  of  these  horizontal  forces  is 

Ap+T-Ap^T 

which  is  exactly  the  horizontal  action  or  friction  between  the  track 
and  the  wheel. 

We  shall  find  the  numerical  value  of  T  by  solving  the  problem  of 
the  lever  consisting  of  the  radius  R  and  the  crank  r.  By  the  law  of 
the  lever  ^  i>  a 

^  =  :?  or  r=  ?^ 

T         r  R 

which  is  the  measure  of  the  resultant  forward  action  of  the  steam  in 
our  cylinder  upon  the  locomotive;  in  other  words,  this  is  the  force 
which  tends  to  move  the  locomotive,  and  which  vnll  move  it  unless 
some  force  not  considered  above  holds  it.  The  student  must  not 
fail  to  see  clearly  that  the  action  T  of  the  track  upon  the  wheel  is  forward, 
and  hence  the  locomotive  moves  forward. 

40.  Second^  when  the  crank  is  below  the  axle.  Case  II.  See 
Fig.  81. 

1.  In  this  case  the  action  of  the  steam  upon  the  cylinder  head  and 
thru  it  upon  the  frame  of  the  locomotive,  is  Ap  to  the  right. 


so 
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2.  The  action  of  the  steam  upon  the  piston  puts  compression  or 
thrust  into  the  piston-rod  and  into  the  connecting-rod,  and  has  a 
tendency  to  move  the  crank-pin  towards  the  left, 

3.  As  before,  the  rigid  body  of  wheel  and  crank  forms  a  Iever» 


|L                   J 

1 

, 

Fls.  81 


with  two  parallel  forces,  Ap  and  T  acting  in  opposite  directions.  Fig.  32. 
Their  resultant  acts  towards  the  left  thru  the  axle  upon  the  frame, 
namely,  Ap—T,     (See  the  lever  of  the  third  class),  42. 

4.  The  sum  of  the  actions  upon  the  frame  is  yip  on  the  cylinder- 
head,  which  is  positive  to  the  rights  and  Ap^T 
which  is  negative  to  the  left.    Their  resultant 

Action  is:       ^p-iAp-D^T, 

and  T  is  just  the  same  as  before.  This  shows 
that  the  steam  is  urging  the  locomotive  forward 
just  as  much  when  the  piston  rod  is  pushing 
back,  as  when  it  is  pulling  forward. 

In  the  foregoing  discussion  it  is  very  import- 
ant to  keep  in  mind  the  vast  difference  between 
the  action  of  the  Frame  upon  the  driving  axle 
(thereby  making  a  balancing  force  with  T  and  Ap),  and  the  action  of 
the  axle  upon  the  frame  thereby  being  the  resultant  of  T  and  Ap.     It 
is  this  resultant  which  counts  in  the  discussion. 

47.    Remarks.     From    the    value   of  r=  ^^^  in   each  case,   it 
appears : —  ^ 

1.     That  the  higher  the  steam  pressure  p,  the  greater  the  traction. 
The  larger  the  cylinder  cross-section,  the  greater  the  traction. 
The  longer  the  crank-arm,  the  greater  the  traction. 
The  smaller  the  radius  of  the  wheel,  the  greater  the  traction. 
Since  T  is  limited  by  the  frictional  ability  of  the  surfaces  in 
contact  (wheel  and  rail)  which  ability  depends,  as  everybody  knows. 


2. 
3. 
4. 
6. 
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upon  the  load  on  the  wheel,  and  the  character  of  the  surfaces  (clean 
or  sanded,  wet  or  dry,  cold  or  hot,  greasy  or  icy,  etc.)  there  is  in  every 
case  a  greatest  possible  value  of  T,  which  we  will  call  Tu 

Since  the  value  of  Ti  is  made  greater  by  increasing  the  roughness 
or  "biting'*  ability  of  the  rail,  the  engineer,  when  he  needs  greater 
traction,  operates  a  device  which  sprinkles  sand  upon  the  rail.     But 
even  then  there  is  a  limit  to  the  value  of  Tu 
Hence  the  greatest  value  of  the  steam  pressure  is 

RTi 

Ar 

If  the  engineer  attempts  to  increase  Ti  by  increasing  pu  the  wheel 
will  slip^  and  as  is  well  known  the  traction  at  once  falls  below  Tu 
However,  the  traction  can  be  increased  by  the  addition  of  one  or  two 
driving  wheels,  each  a  duplicate  of  the  first  and  each  carrying,  approxi- 
mately, the  same  load.  The  crank  or  cranks  must  be  similarly  placed, 
and  the  new  connecting-rod,  or  rods,  from  wheel  to  wheel,  must 
always  be  horizontal.  The  action  of  the  main  connecting  rod  is  then 
distributed  between  the  wheels,  thus  permitting  a  greater  steam 
pressure  without  causing  the  wheels  to  slip.     T  is  then  XT. 

Problem. 

Let  the  student  make  skeleton  drawings  of  a  horizontal  engine 
driving  a  paddle-wheel  steamboat,  and  then  write  out  analyses  similar 
to   the  above.* 

The  problem  in  the  text  is  introduced  to  show  that  the  principles 
of  the  lever  enable  one  to  explain  how 
steam  drives  a  locomotive.  The  formula 
found  holds  for  a  single  cylinder  and 
only  when  the  crank  pin  is  directly  above 
or  below  the  axle. 

40.  Bent  Levers.  Bent  levers  are 
analyzed  as  are  straight  levers  by  the  use 
of  moments,  A  lever  (without  weight) 
acted   upon  by  forces  Ft  and  F2,  with  pig.  33 

lever  arms  n  and  r%  respectively,  is   in 
equilibrium  if  the  moments  Firi  and  f  2''2  are  equal,  provided  the  axle 
at  C  is  properly  supported.  The  angle  ACB  may  have  any  value. 

*  The  captain  of  a  Mississippi  steamboat  once  tried  to  convince  the  author  that 
his  engine  propelled  the  boat  only  when  it  was  pulling  forward  with  the  crank  pin 
above  the  shaft.  When  the  crank  was  below  the  axle  and  the  steam  was  pushing 
back,  he  thought  the  engine  was  a  hindrance  and  not  a  help.  He  knew  so  little  of 
the  principles  of  Applied  Mechanics  that  no  reasoning  could  convince  him  that  he 
was  wrong;  but  his  boat  went  ahead  with  every  stroke  just  the  same. 
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Fi         r% 
Hence  —  =  —  or  the  forces  are  inversely  as  the  arms,  as  in  the  case 

F2  Ti 

of  a  straight  lever. 

The  Support  reactions.  The  reactions  upon  the  fixed  axis  of 
a  bent  lever  must  not  be  overlooked.  In  the  last  figure  the  force 
Fi  calls  into  being  the  equal  acting  force  Fi'  =  Fi;  and  the  force  Ft 
in  like  manner  brings  into  play  the  action  Fi'^Fi,  (See  84.)  The 
resultant  of  Fi'  and  F2'  (see  Chapter  V.)  is  the  force 

iJ  =  V  (Fi^+Fi^  -  2FiFa  cos  AC  B) , 

which  must  be  balanced  by  the  reaction  of  the  journal  box  of  the  axle. 
The  magnitude  and  direction  of  this  supporting  force  must  never 
be  ignored. 

47.  Compound  levers.  The  chief  use  of  levers  is  to  transmit 
and  modify  force.  A  force  is  applied  to  a  lever  at  A,  and  the  result 
is  a  very  different  force  applied  to  a  body  at  B.  A  very  small 
force  at  A  may  produce  a  very  large  force  at  J5,  given  a  strong  lever 
and  a  sufficient  support  as  a  fulcrum,  and  there  is  no  limit  to  the 
ratio  of  the  force  at  B  to  that  at  A.  Hence,  the  first  great  Engineer 
of  history,  Archimedes,  said: — "Give  me  a  spot  whereon  to  rest  my 
lever  [that  is,  a  fulcrum]  and  I  will  move  the  world." 

1.  It  is  often  necessary  or  at  least  profitable  to  separate  a  ratio 
into  the  product  of  two  or  more  ratios,  which  means  that  one  lever 
may  be  made  to  operate  a  second  lever,  and,  if  needed,  the  second 
may  operate  a  third.     Thus:  Fig.  34. 

It  is  evident  that 

F2  =  4Fi;  Fs  =  6F2  =  24Fi;  ^4=  -±  =  —  Fi. 
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The  first  lever  is  of  the  "First  Class";  the  next  of  the  "Second 
Class,"  and  the  last  is  of  the  "Third  Class."  In  every  analysis  the 
fulcrum  should  be  taken  as  the  moment  axis.  A  compound  lever 
may  be  designed  to  make  the  ratio  Fi  large  or  small.  In  Fig.  34 
the  levers  must  be  so  proportioned  as  to  balance  when  Fi  is  zero,  so 
that  their  weight  may  be  neglected  without  error.  The  same  will 
be  true  of  those  examples  which  follow  unless  otherwise  accounted  for. 
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2.     Fig.  35  is  equivalent  to  a  compound  lever  consisting  of  three 
simple  levers.     The  student  will  readily  see  that,  assuming  no  fric- 
tion and  no  stiffness    in  any   rope    (a  very 
violent  assumption): 


R 


2 


r^ 


R^ 


That  is,  the  action  of  W  is  exactly  balanced 
by  the  action  of  f  i,  thru  the  intervening  cords 
and  pulleys.  If  there  be  friction  at  the  axles, 
or  stiffness  in  the  cords,  then  the  weight  W 
will  remain  in  equilibrium  in  spite  of  some 
departure  from  the  value  given  by  the  formula: 

F, = ri-!ii»  w. 

RiR^Rz 

In  Fig.  35,  all  pulleys  and  drums  are  mounted  on  fixed  supports. 
In  the  same  way  gear  wheels  with  their  axles  act  as  levers  in  a  train 
of  wheel  work.  Combinations  of  pulleys  with  fixed  and  with  movable 
blocks  will  be  discussed  later  in  the  book. 


Fig.  80 


Problem. 

48.  Pullmaii  Car  Truck.  In  an  ordinary  Pullman  car,  one- 
fourth  of  the  weight  of  the  car  body  and  contents  is  brought  to  each 
set  of  three  wheels  on  one  side  of  a  truck.  It  is  then  by  a  system  of 
levers  distributed  in  such  a  way  that  each  wheel  carries  the  same 
load,  viz.:  one-twelfth  of  the  entire  weight  of  the  car.*  The  student 
should  inspect  a  truck,  and  by  means  of  a  drawing  explain  how  this 
is  done. 

Testing  Machine  of  St.  Louis  Bridge. 

49.  A  fine  example  of  compound  levers  is  found  in  the  testing 
machine  designed  by  Col.  Henry  Flad  and  used  by  Capt.  James  B. 
Eads  in  testing  the  strength  and  elasticity  of  the  materials  which 
were  put  into  the  great  Eads  Bridge  at  St.  Louis.  The  arrangement 
of  the  levers  is  shown  in  the  '"figured"  drawing.  Fig.  36. 

This  machine  was  capable  of  exerting  a  tensile  or  compressive 
force  of  100  tons,  by  means  of  fluid  pressure  in  a  thick  iron  cylinder, 
and  a  system  of  compound  levers. 


*  A  car  "truck"  is  the  low  steel  carriage  with  six  wheels  upon  which  one  end 
of  the  car-body  rests. 


J 


34  THE   ST.    LOUIS  TESTING    MACHINE 

When  a  specimen  of  steel  was  to  be  tested  in  tension  it  was  coupled 
in  between  the  two  pins  shown  in  the  horizontal  section  near  the 
figure  (6'')  in  Fig.  3.  The  draw-bar,  or  piston-rod,  is  of  steel  8  inches 
in  diameter;  it  passes  into  the  cylinder  and  is  screwed  into  the  plunger 
or  piston.  Liquid,  glycerine  and  water,  was  forced  into  the  cylinder 
by  a  force  pump  operated  by  hand.  The  plunger  was  7J  inches 
in  diameter,  and  a  liquid  pressure  of  6,000  lbs.  per  square  inch  gave 
a  total  of  100  tons.  The  cylinder  itself  was  held  in  place  by  large 
lugs  between  blocks  on  the  frame  of  the  machine. 

When  a  specimen  was  to  be  tested  in  compression  it  was  inserted 
between  the  parallel  steel  faces  on  either  side  of  the  letter  E*  When 
the  plunger  was  forced  out  it  pushed  the  specimen  against  the  outer 
cross-head  (on  the  left)  which  brought  the  four  long  tension  rods 
into  action;  they  transferred  their  joint  action  to  the  short  arm  of 
the  first  lever,  as  was  done  directly  in  the  former  case. 

The  exti-eme  delicacy  of  the  apparatus  is  shown  by  the  fact,  reported 
by  Capt.  Eads,  that  when  a  specimen  was  under  a  stress  of  nearly  100 
tons,  a  common  lead  pencil  dropt  into  the  can  at  K  would  cause  the 
long  arm  of  the  last  lever  to  fall;  and  upon  the  removal  of  the  pencil 
the  arm  would  rise  again.  Every  lever  turns  on  a  steel  "knife-edge"^ 
which  acts  as  a  fulcrum. 

The  first  lever  is  a  bent  lever  of  the  first  class.  Its  short  arm  is 
10}  inches;  its  long  arm  is  9  feet  4f  inches;  so  that  the  ratio  is  1  to  11. 

The  second  lever  is  of  the  third  class.  The  short  arm  is  12  inches; 
and  the  long  arm  is  13  feet.     Hence  the  ratio  is  1  to  13. 

The  third  lever  is  a  simple  straight  lever  of  the  first  class.  Its 
short  arm  is  7  inches,  and  the  long  arm  is  8  feet  1.86  inches,  so  that 
the  ratio  is  1  to  13.98. 

All  the  levers  were  balanced  so  that  the  third  lever,  which  should 
oscillate  between  very  narrow  limits,  stood  horizontally  when  there 
was  neither  tension  nor  compression  in  the  specimen.  A  suspended 
pan  shown  at  the  end  of  the  third  lever  was  in  great  part  the  balanc- 
ing force  for  all  levers. 

When  the  liquid  used  to  drive  the  piston  or  plunger  in  the  thick 
cylinder  was  applied,  the  action  began  upon  the  specimen,  which 
had  been  inserted  into  the  machine.  The  balance  of  the  levers  was 
maintained  by  pouring  fine  shot  into  the  pan,  and  the  weight  W,  of 
the  shot,  having  been  carefully  weighed  in  an  accurate  balance  (such 
as  is  used  in  a  chemical  laboratory)  furnished  the  means  for  measuring 
the  tensile  and  compressive  stress  applied  to  the  specimen.  The 
formula  for  such  a  calculation  was: 

If  P  denotes  the  required  total  stress 

P«  11  X13X13.98Xw?  =  1999.2  w  =  2000  w,  very  nearly. 
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If  w  was  100  pounds,  P  was  100  tons,  which  was  regarded  as  all 
that  it  was  prudent  to  apply  to  the  machine.* 

Suppose  a  steel  cylinder  8/10  of  an  inch  in  diameter  is  under  ten- 
sion, and  that  the  shot  dropped  into  the  can,  to  produce  a  balance, 
weighs  8  lbs.  and  3}  ounces.  What  is  the  tension  per  square  inch  of 
the  cross-section  in  the  specimen? 

47.  Another  warning.  The  student  who  has  seen,  in  what  has  been 
shown,  how  a  small  force  at  one  point  can  by  means  of  levers  pro- 
duce or  balance  a  large  force  at  another  point,  must  not  jump  to  the 
conclusion  (as  so  many  self-styled  inventors  have  done)  that  the 
increase  in  the  force  thus  produced  is  all  clear  gain.  Levers  are  of 
practical  use,  as  abundant  experience  shows,  but  they  do  not  enable 
one  to  get  something  out  of  nothing. 

Levers  are  generally  used  to  move  things,  to  lift  heavy  loads,  to 
do  work.  We  shall  discuss  motion  later  on,  but  it  is  timely  to  say 
now,  that  when  motion  results,  there  is  full  compensation  for  any 
apparent  gain  in  force  by  a  loss  of  motion;  and  a  balancing  loss  in 
force  for  any  gain  in  distance  moved. 

Ex.  For  example,  if  a  force  of  20  lbs.  (see 
Fig.  37)  can  balance  a  weight  of  1,000  lbs., 
which  is  50  times  as  great,  the  body  pulling 
down  on  the  rope  at  P  must  pull  the  rope 
down  50  feet  in  order  to  raise  W  one  foot. 

See  chapter  XXI  on  Work  and  Energy. 

48.  The  Relation  between  any  number 
of  Parallel  Co-Planar  Forces  acting  upon  a 
body  in  equilibrium.  Since  the  forces  balance, 
there  can  be  no  resultant  tendency  to  move  the 
body  in  any  direction  or  to  turn  it  around. 
Hence,  the  algebraic  sum  of  the  forces  must 
be  zero;  and  the  sum  of  their  moments  with 
reference  to  an  axis  erected  at  any   point  in 

their  plane  must  also  be  zero.     Hence,  the  Equations  of  Equilibrium, 

2  F=0 
2if=0 


P'tO^ 
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*  This  elegant  machine  is  still  in  use  in  a  St.  Louis  Manufacturing  establish- 
ment. Figure  36  is  reduced  from  a  lithographic  plate  in  the  author's  "History  of 
the  St.  Louis  Bridge." 

For  farther  description  of  the  machine,  and  the  elegant  method  employed  for 
determining  elongation,  modulus  of  Elasticity,  and  Elastic  limit,  devised  by  Chan- 
cellor Chauvenet  of  Washington  University,  the  reader  is  referred  to  the  History, 
published  in  1881. 
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In  point  of  fact  the  balancing  forces  can  always  be  resolved  into 
a  number  of  separate  couples  which  balance. 

1.     Example.     Let  the  forces  be  Fi F^  in  Fig.  88.     The 

force  ^8  =  16  can  be  resolved  into  8+4+4, 
which,  taken  with  Fi=«8,  ^2  =  4,  and  ^4  =  4, 
form  three  couples  whose  algebraic  sum  is 
evidently  zero,  just  as  Zif  =  0  for  any  axis 
as  0. 

2.     Example.     Six  parallel  co-planar  forces 
act  upon  the  bar  ABy  as  shown  in  Fig.  39.     What  and  where  is  the 
single  force  which  will  balance  them?     Take  the  line  AB  as  the  axis 
of  Xf  and  any  point  on  it  as  0,  as  an 
origin.     Let  the  unknown  force  be  P  and 
its  distance  to  the  right  of  0  be  x.     Sub- 
stitute in  the  Eq's  of  Equilibrium,   and 
solve.     Let  forces   acting  down  be  posi- 
tive so  that  i+F)  {+x)  =  +Fx  a  right- 
hand  moment. 

3.  Ex.  Suppose  we  have  a  rigid  frame  ABCD^  lying  on  a 
smooth  horizontal  plane  (or  floating  on  the  horizontal  surface  of 
water),  so  that  its  weight  is  balanced  and  left  out  of  account.  Suppose 
further  that  the  frame  is  acted  upon  by  a  set  of  parallel  forces  all 
in  a  horizontal  plane,  and  that  they  balance.  To  make  the  situation 
seem  concrete,  let  every  arrow  in  Fig.  40  represent  the  tension  in  a 
wire  which  is  fastened  to  a  pin  in  the  frame.  Every  wire  is  connected 
with  a  spring  balance,  which  does  not  appear  in  the  drawing.  All 
dimensions  are  known,  and  all  the  forces  are  given  with  the  exception 
of  two:  P  and  Q.     These  two  are  to  be  found. 

Solution,  Since  the  forces  balance,  there  can  be  no  resultant  force 
in  any  direction,  and  no  resultant  moment.  Hence  we  must  have 
2F  =  0  and  2if  =  0;  in  which  summations  both  P  and  Q  are  included. 

If  the  moment  axis  is  taken 
in  the  line  of  action  of  one  of 
the  unknown  forces,  that  force 
will  not  appear  in  the  moment 
equation,  since  a  force  cannot 
have  a  moment  about  an  axis 
which  it  intersects.  Hence,  at 
first  take  the  axis  at  A, 
Let  the  triangles  of  the  frames  be  equilateral  with  a  side  16  feet  long. 

Let  Fi  =  8501b  F3  =  100lb  fg^^OOlb 

Fj  =  6001b  F4  =  -  7401b        Fc  =  4001b 


Fig.  40 


SUPPORTS   OF  A  BRIDGE  TRUSS 
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The  equations  of  equilibrium  then  become 

350+600+100-740+400-P-Q  =  0 
or  P+Q  =  910;   and 

16X850+24X600+S2X100-40X740+48X200+56X400-64Q  =  0. 

It  is  at  once  evident  that  this  last  equation  is  clumsy;  a  ''half -panel" 
length  could  have  been  used  as  a  unit  of  length  instead  of  the  foot, 
so  that  the  "arms"  would  have  been  2,  3,  4,  6,  etc.     Thus: 

2X350+3X600+4X100-5X740+6X200+7X400-8Q  =  0 

or  Q  =  4001b 
and  therefore  P  =  5101b 

Let  the  student  take  his  axis  at  D  (thereby  eliminating  Q)  and  re- 
calculate the  value  of  P. 

The  student  must  not  suppose  that  the  equation  Z(P)~o, 
and  two  moment  equations,  arising  from  the  use  of  two  different 
axes,  furnish  three  independent  equations  sufficient  for  finding  three 
unknown  forces.   In  fact,  the  moment  equations  are  not  independent. 

49.    Again,  suppose  the  frame  is  a  bridge  truss  (Fig.  4 1 )  in  a  vertical 
plane  carrying  half  of  a  loaded  roadway.     Let  it  be  assumed  that  all 
forces  are  vertical  and  co- 
planar,  and  that  the  loads  ^^  1' ^  1' '^ l"" 

are  placed  at  the  joints. 
Assume  any  convenient 
dimension  for  the  sides  of 
the  triangles  which  are 
equilateral.  Find  the  sup- 
ports at  A  and  B.  It  will 
be  well  to  let  every  bar  in 

the  frame  have  the  length 
2.  It  will  be  seen  that  the 
absolute  length  has  no 
effect  upon  the  values  of 
V\  and  V%, 

Ex.  1.  Figure  ABC 
(Fig.  42)  is  a  cantilever 
truss,  designed  to  support 
a  heavy  load  at  C;  and 
smaller  loads  at  the  upper 
pins.  It  is  assumed  to  be 
rigid  in  a  vertical  plane. 


riff.  4s 
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Let         Fi  =  8001b        Fz  =  500m      F,  =  1,0001b        Tr=l,600lb 
Find  the  supporting  forces  at  A  and  B. 


Ex.  2.     Let 


Fi  =  1,2001b  fa  =  200lb 
F2  =  1,0001b  JF  =  60lb 


Find  the  supporting  forces  at  A  and  B. 

50.  To  find  the  resultant  of  a  set  of  parallel  co-planar  forces 
which  do  not  balance.  The  magnitvde  of  R  is  evidently  equal  to 
the  algebraic  sum  of  the  given  forces.  Hence  /J  =  2F.  Its  position 
is  found  from  the  necessary  fact  that  the  moment  of  R  about  any 
axis  is  equal  to  the  algebraic  sum  of  the  moments  of  its  components 
about  the  same  axis;  that  is:  Rx^  —  ^{Fx). 


or  Xy  = 


R 


R 


u 


This  is  really  the  same  as  was  shown  in  18,  when  we  combined 

a  force  and  a  couple.     Every  moment  comes  from  a  couple,  and  in  all 

statical  problems  that  couple  is  always  easily  found. 

Ex.  1.     Suppose  a  floating  platform  is  to  be  acted  upon  by  a  system 

of  parallel  forces  in  a  horizontal  plane  which  do  not  balance,  and  that 

we  are  to  find  the  balancing  force. 

In  order  to  find  the  required  balancing  force,  or  balancing  couple, 

find  the  resultant;  and  then  balance  it.     Let  the  platform.  Fig.  43, 

be  rectangular,  and  let  the 
given  forces  all  act  parallel 
to  the  edge  OY^  and  let 
their  distances  from  OF  be 
known  The  data  and  cal- 
culation may  be  tabulated 
as  shown  in  the  table.  Each 
force  is  resolved  into  a  force 
along  OY  and  a  couple,  as 
explained  in  84. 
The  forces  at  0  are  then  added,  and  the  moments  about  a  vertical 

axis  OZy  are  also  added. 

So  that  i?  =  2F 
and  3/  =  2(Fx) 
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F 

X 

Fx 

+u 

8 

+  86 

-10 

10 

-100 

+48 

15 

+  720 

-24 

22 

-528 

K  =  26 

if  =  128 

The  resultant  force  along  OF  is  +26,  and  the  resultant  moment 
IS  +128.  The  resultant  force  and  the  resultant  couple  combined 
(see  88)  give  a  single  force  +26  at  a  distance  from  0  equal  to 
Jf//J  =  4i|-  Hence  the  single  resultant  of 
the  given  forces  is  a  force  of  26  lbs.  act- 
ing in  a  positive  direction  and  at  a  dis- 
tance Xy  =  4ij  •  It  follows  that  the  balanc- 
ing force  is  26  lbs,  and  that  it  acts  in  the 
negative  direction  along  the  line  of  R*  If 
this  force,  Fj,  were  added  to  the  given 
forces,  the  table  would  show  complete 
equilibrium,  since  we  should  have  R^O 
and  M^O* 

Ex.  2.    Find  the  resultant  of  the  follow- 
ing system  of  forces  applied  to  a  similar  body  with  opportunity  for 
negative  values  of  x.     It  will  be  found  that  the  reavUant  is  a  couple, 
and  that  only  a  couple  can  balance  the  given  forces.     See  Table. 

5 1.  ParaUel  forces  in  space.  It  is  easy  to  con- 
ceive a  rigid  body  acted  upon  by  a  variety  of  other 
bodies  along  parallel  lines,  with  concentrated  forces 
and  lines  of  action  so  adjusted  and  proportioned 
that  the  body  is  at  rest.  In  fact,  every  car  that 
stands  on  the  track,  every  house  that  stands  on 
posts  or  columns,  every  table  that  stands  on  legs, 
every  loaded  wharf  that  stands  on  piles,  furnishes 
an  illustration  of  this  proposition. 
Since  the  forces  balance,  there  must  be  no  resultant  tendency  to 

move  the  body  in  any  direction.     This  gives  us  one  equation  between 

the  magnitudes  of  the  forces: 


F 

X 

M 

+  40 
-16 
-86 

+  1« 

+4 
+6 
-2 

-5 

2F=fi+Fs+ 


^»=0 


In  like  manner,  since  there  can  be  no  resultant  tendency  to  turn 
the  body  about  any  axis  in  space,  we  have  another  general  equation 
involving  both  magnitudes  and  directions:  Z3f  =  0,  the  axis  of  M 
being  any  line  in  space;  more  especially  a  line  perpendicular  to  the 
given  forces. 

It  was  shown  in  85  that  a  moment  about  any  axis  in  space  could 
be  resolved  into  three  component  moments  about  three  rectangular 
axes;  that  is  ,^       .  .^ 


if  the  axes  referred  to  are  OX,  OY  and  OZ.    These  axes  may  be  taken 
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at  will.  Let  OZ  be  parallel  to  the  common  direction  of  the  lines  of 
action  of  all  the  forces.     It  follows  that 

3/3  =  0 

inasmuch  as  a  force  can  have  no  direct  tendency  to  turn  a  body  about 
a  line  parallel  to  its  own  line  of  action.  There  remains  therefore 
M^-^  {Mi^+M2^*)  Now,  M  cannot  be  zero,  unless  both  Mi  and  M% 
are  zero.     Hence  the  "Equations  of  Equilibrium"  are 

2(f)  =0 
iVi  =  0 

3/2=0 

52.  The  choice  of  co-ordinate  axes.  In  accord  with  what 
appears  to  be  the  best  usage,  in  all  space  problems  in  this  book, 
the  axis  OZ  will  generally  be  taken  vertical;  the  axes  OX  and  OY  are 
so  taken  that  positive  rotation  about  OX  looking  from  +X  towards 
0  carries  +F  into  +Z;  and  a  positive  rotation  around  OY  carries 
+Z  at  once  into  +X.  It  is  well  to  note  the  sequence  of  letters 
and  numbers:  X,  F,  Z;  1,  2,  3.  Rectangular  axes  will  accordingly 
stand  thus:  (Fig.  44).  All  the  co-ordinates  of  P  are  shown  positive. 
Arrows  on  the  axes  show  how  one  must  look  at  a  couple,  or  moment. 

An  examination  of  Fig.  44  will  disclose 
the  fact  (shown  again  for  emphasis)  that 
Fy  is  a  right  handed  moment  to  an  observer 
looking  from  +X  towards  0,  whenever  F 
and  y  are  both  positive,  or  both  negative; 
and  that  the  moment  is  left-handed  or 
negative  whenever  the  factors  have  differ- 
ent signs.  Accordingly,  the  algebraic  law 
of  signs  holds  for  every  term  in  X(Fy), 

It  is  just  the  reverse  for  every  term  in  the  expression  2(Fic).  When 
the  algebraic  product  is  positive,  the  moment  is  left-handed  and 
therefore  negative;  and  when  the  algebraic  product  is  negative  the 
moment  is  positive. 
Hence 


H-r 


±X 
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J/i  =  S(F2/) 
i/2=-2(fx) 
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This  apparent  anomaly  of  a  negative  product  from  positive  factors 
is  unavoidable. 

Ex.  Take  as  an  illustration  an  ideal  system  of  balanced  forces 
which  are  parallel  and  may  be  tabulated  as  follows: 


POSITIVE    AND   NEGATIVE   MOMENTS 
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F 

X 

+2 
+  8 
-1 

+2 

+  1 

-2 

y 

+3 
-1 
0 
+5 
-5 
+  1 

Fx 

Fy 

+8 

+  16 

+24 

-6 

-18 

+  6 

+4 

-  4 

0 

-3 

-  6 

-15 

+  2 

+  2 

-10 

-5 

+  10 

-  5 

I,F  =  0 

2(Fx)=   0  2(Fj/)=  01 

+z 


The  forces  represented 
in  the  table  are  fairly 
shown  in  this  space  draw- 
ing. Fig.  45.  The  points 
of  application  are  assumed 
to  be  in  plane  XY.  The 
student  may  combine 
these  forces  by  pairs 
according  to  any  method 
already  given,  and  then 
combine  the  partial  result- 
ant until  he  finds  remain- 
ing two  resultant  forces 
which  vriU  directly  balance 

each  other.     This  checking  process  should  not  be  neglected.     The 
forces  shown  should  be  laid  oflF  with  great  accuracy. 

53.    The   equations  of    equilibrium. 

It  is  readily  understood  that  one  may 
know  that  a  system  of  parallel  forces 
balances,  yet  be  ignorant  of  the  numer- 
ical values  of  some  of  the  quantities  which 
enter  into  the  equations  of  equilibrium. 
The  three  equations  of  (51)  will  suffice 
to  find  three  unknown  quantities,  pro- 
vided every  equation  has  at  least  one  unknown  quantity  in  it. 

There  are  three  general  cases  each  of  which  will  be  illustrated* 
The  three  unknowns  may  be: — 

1.  Three  unknown  forces. 

2.  Two  unknown  forces  and  one  co-ordinate. 

S.     One  unknown  force  and  two  co-ordinates — one  an  x,  and  the 
other  a  y. 

Case  I.  Three  forces  are  unknown.  Suppose  a  rigid  slab, 
rectangular  in  shape,  is  supported  in  a  horizontal  position  by  four 
vertical  wires  connected  with  adjustable  pins,  and  that  one  of  the 
wires  includes  a  spring  balance  which  shows  the  tension;  the  other 
three  tensions  are  to  be  found. 
All  the  points  of  attachment 
with  the  slab  are  known. 

Let  the  length  of  the  slab 
be  twelve  (12)  feet,  and  the 
width  four  (4)  feet,  and  as- 
sume that  the  slab  weighs      i  rig.  46 


liff.  46 
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960  lbs.  The  axes  assumed,  and  the  position  of  the  four  supporting 
forces  are  given  in  Fig.  46.  The  known  force  is  F.  The  three  equa- 
tions  of  equilibrium  are        p+Q+T+M^960^0  (1) 

J/i  =  24X2+PXl  +  rX4-960X2  =  0  (2) 

J/2  =  960X6-24X12-PX9-QX6-rX3  =  0  (3) 

Eliminate  Q  from  (1)  and  (3)  and  get  (4). 

Eliminate  P  from  (2)  and  (4)  and  get  the  value  of  T,  and  so  on. 

Ex.  1.  Having  fully  mastered  and  completed  the  above,  let  the 
student  take  new  axes  with  0  at  the  center  of  the  slab. 

Ex.  2.  Let  him  invent  a  new  example  with  two  weights  and  five 
forces,  three  of  which  are  unknown. 

54.    Case  II.     Two  forces  and  one  co-ordinate  are  unknown. 

Problem   1.     Suppose    a   circular   plate 
weighing  420  lbs.,  8  feet  in  diameter,  of  uni- 
form thickness  and  density,  to  be  supported 
in  a  horizontal  position  by  four  wires  con- 
nected overhead  as  in  the  last  illustration. 
See  Fig.  47.    Two  of  the  forces  are  known, 
Fi  and  Fii  but  two,  P  and  Q,  are  unknown. 
Fi  =  80  lb  and  acts  at  A.    1^2  =  120  lb.  and 
acts  at  5.     One  unknown  force,  P,  acts  at 
C  (a:  =  —  2,  y  =  —  2).     The  unknown  force  Q 
acts  somewhere  on  the  line  HK,  whose  equation  is  j/  ==  2.     Required 
the  magnitudes  of  P  and  Q,  and  the  a;-co-ordinate  of  Q. 
Ans.     P  =  200  lb,  Q  =  20  lb,  «=  -2. 

2.  A  table  is  8  feet  square.  It  has  three  legs  under  the  points  A,  B 
and  C  which  are  on  the  perimeter  of  a  6  ft.  square 
as  shown  in  Fig.  48.  Two  weights  are  on  the  table: 
one,  W\  is  at  the  center;  the  other  is  somewhere 
on  the  line  AD.  The  leg  A  supports  80  lb;  £  sup- 
ports 30  lb. ;  C  supports  48  lb.  Find  Wi  W^  and 
the  position  of  W^, 
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55.    Case  III.     One  force  and   two   co-ordi- 
nates an  X  and  a  y  are  unknown.     (It  is  immaterial 
which  X  and  which  y  are  unknown).     The   data   may   be  tabulated 
as  shown  on  the  next  page. 

It  is  assumed  that  P,  x  and  y  are  all  positive,  tho  this  assumption 
may  prove  false.  In  addition  to  what  is  given  in  the  Table  we  know 
that  they  balance;  hence  the  three  summations  are  separately  zero. 

Find  P,  X  and  2/»  and  make  a  space  drawing  showing  the  five  forces. 


HOW   TO   FIND  THE   RESULTANT 
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It  is  thus  seen  that  the  Equations  of  Equilibrium  enable  one 
to  find  the  values  of  three  unknowns.  A  fourth  cannot  be  found 
unless  there  is  some  additional  condition 
which  may  lead  to  a  fourth  equation, 
such  as:  T^hP+kQ^  or,  x^ay+c. 

It  will  be  seen  later,  when  treating  of 
elastic  bodies,  that  some  times  a  fourth 
independent  equation  can  be  found. 

56.  To  find  the  resultant  of  a 
system  of  known  parallel  forces  in 
apace»  which  do  not  balance. 

It  is  evident  at  once  that  the  Equa- 
tions of  Equilibrium  do  not  apply.  It 
is  also  evident  that  the  resultant  force  is  the  algebraic  sum  of  the 
given  forces.  It  is  equally  evident  that  if  the  positions  of  the  forces 
are  given  in  rectangular  co-ordinates,  the  resultant  will  at^r^^  appear 
as  a  force  acting  thru  the  origin,  along  the  axis  OZ^  and  two  mcments: 
one  about  OX  and  the  other  about  OY, 

That  is,  we  shall  have: — 

/l-2F  =  Fi+F,+F,+etc. 
Jfi  =  2(F2/)  =Fi3/i+F22/2+etc. 
-ift  =  -f-2(Fa:)  =  +FiXi+F2X2+eic. 

If  xi  and  yi  are  the  co-ordinates  of  a  point  in  the  line  of  action 
of  R  in  space,  we  shall  have 
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same  point  would  balance  the  above  system. 


This  is  the  general  case.  It  may  be 
illustrated  by  an  ideal  example.  The 
data  are  most  conveniently  given  in 
tabulated  form. 

Show  that  the  resultant  is  a  force 
+2,  parallel  to  OZ,  whose  line  of  action 
intersects  the  plane  XY  in  the  point: 

x=  55 
y  =  139 

It  goes  almost  without  saying,  that  a 
force  of  —2  parallel  to  OZ,  thru  the 
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57.  Remarks  as  to  the  resultant.  1.  If  ^{Fy)^Oy  there  is  no 
moment  about  the  axis  OX;  this  shows  that  the  resultant  force  inter- 
sects that  axis. 

2.  If  both  2(Fy)  and  2  (Fa:)  are  zero,  the  resultant  force  acts  thru 
0,  and  along  the  axis  of  Z. 

3.  If  2  (F)  =  0,  the  resultant  is  not  a  single  force,  but  is  a  moment 
(or  a  couple  of  forces).*     It  will  be  well  to  illustrate  the  last  remark. 

58.  When  the  resultant  of  a  system  of  parallel  forces  in  space  is 
a  couple. 

1.  Ex.     The  Table  represents  a  set  of  data,  and  the  calculation. 

Hence  M2  =  -2  (Fa:)  =  - 10   See  (52.) 

i/i=+2(Fy)  =  +33 
Since  J/2  is  negative  it  is  laid  off  on 
the  nega- 
tive part  of 
the  F-axis, 
pointing 
towards  0, 
see  25.  In 

this  case  0  is  a  negative    angle,    or    a 
positive  obtuse  angle.     (Fig.  49). 
The  resultant  couple  acts  in  a  plane  perpendicular  to  the  line  RO, 
with  a  moment  V  (1189),  which  is  right- 
handed  to  an  observer  looking  from  R 
towards  0. 

2.  A  second  illustration,  in  which 
both  Ml  and  M2  are  positive. 

3fi=     2(Fy)  =  +18 
Af2=-2(Fa:)  =  +  6 
M  =V  (36+324) 
tan  ^  =  1/3.     See  Fig.  50. 

The  resultant  couple  is  in  the  plane  AB. 

Exercises. 

Let  the  student  invent  and  solve  two  prob- 
lems in  one  of  which  3f  1  and  Jf  2  have  opposite 
signs;  and  one  in  which  both  M\  and  Mi  are 
negative. 
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Fig.  DO 


*  The  formulas  give,  when  R=0,  a;i=«  and  2/i=«,  yet  RXxi=oX^=^(Fx) 
which  is  a  finite  quantity.  Also  Ryyi=oX^=~iFy)  which  is  another  finite 
quantity.  The  student  will  see  here  an  illustration  of  a  truth  which  may  have 
seemed  obscure  in  Algebra. 


CHAPTER  IV. 

Co-Planab  Forces  with  Center  Lines  of  Action  Meeting 

AT  A  Point. 

5  9  •  Case  I.  Three  forces  balance.  Since  two  non-parallel  forces 
acting  on  a  body  cannot  possibly  balance,  there  must  be  at  least 
three,  and  any  one  must  directly  balance  the  resultant  of  the  other 
two.  This  fact  gives  rise  to  very  important  relations  between  the 
balancing  forces  which  cannot  be  clearly  stated  till  we  have  found 
how  two  intersecting  forces  may  be  combined,  or  replaced  by  a  single 
force. 

1.  It  is  important  that  the  reader  picture  in  his  mind  the  physical 
conditions  of  the  general  problem.  One  body  is  to  be  acted  upon  by 
three  other  bodies;  each  action  is  the  resultant  of  a  more  or  less  dis- 
tributed force;  these  force  lines  representing  concentrated  actions 
must  lie  in  a  plane;  and  the  lines  of  action  meet  at  a  point. 

2.  For  example,  suppose  a  heavy  solid  body,  B,  rests  against  the 
combined  action  of  the  earth,  the  smooth  end  of  a  block  P,  and  the 
tension  in  a  wire  rope  Q.  The  force  W  is  the  resultant 
of  an  attractive  force  distributed  thru  a  volume.  The 
force  P  is  the  resultant  of  a  pressure  distributed  over 
a  surface.  The  force  Q  is  a  tension  sent  along  a 
wire  from  an  overhead  hook  in  the  plane  of  W  and 
P;  the  three  lines  of  action  meet  at  0.  The  situa- 
tion being  ideals  all  other  actions  (atmospheric  and 
magnetic)  are  omitted.  P  is  acting  towards  0;  W  and  Q  ax^tfrom  0, 
However,  the  forces  are  equally  well  represented  in  Fig.  52,  as  act- 
ing from  their  common  point. 

OO.  The  parallelogram  of  forces.  If  two  intersecting  forces  are 
represented  by  two  right  lines  drawn  to  scale  from  or  to 
their  common  point,  and  if  on  them  as  sides,  a  parallelo- 
gram be  drawn,  the  diagonal  drawn  from  or  to  the  common 
point  represents  their  resultant.  A  great  many  proofs  of 
this  proposition  have  been  given,  some  of  which  may  be 
found  in  cyclopedias;  only  one  is  here  given. 

Let  the  given  forces  be  P  and  Q,  both  acting  from  0. 
Fig.  5S.  It  is  to  be  shown  that  the  force  R  represented  by  the  diagonal 
of  the  parallelogram  constructed  on  P  and  Q  is  their  resultant.    Let  C  be 

(45) 
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any  point  in  the  plane,  and  let  a  perpendicular  to  the  plane  at  C  be 
an  "axis  of  moments."  It  wiJl  now  be  shown  that  the  moment  of  /J 
about  the  axis  at  C  is  equal  to  the  sum  of  the  moments  of  P  and  Q 

about  the  same  axis.     Draw  OCy  and 

-.-.. — yM^L  y     connect  the  arrow  heads  -4,  B  and  D 

/  i\  2></^  """"^-^^^^tr^j^        with  C;  finally  draw  AE  and  BF  paral- 

/^^::ij'^'-''''"yy  1^1 1<>  OC.    The  force  lines  being  drawn 

E   /    y^^,  to  scale,  the  other  lines  must  be  con- 

/y^    /  sidered  as  drawn  to  the  scale. 

'^       /  The  moment  of  R  with  respect  to  C 

ptg.  68  is  fix  an  arm  from  C  to  OD.     or: 

moment  of  /l  =  2X  area  of  A  OCD, 
Similarly,  the  moment  of  P  =  2Xarea  of  A  OCA. 

=  2Xareaof  A  OCE. 

and  the  moment  of  Q  =  2Xarea  of  A  OCB. 

=  2Xareaof  A  OCF. 

Now,   from  the  equal  triangles  OAE  and  BDF  it  is   seen  that 
0£  =  FZ>,  and  hence  the  area  of  the  triangle  OCE=  the  area  of  the 
triangle  FCD. 
•  Hence  the  moment  of  P  =  2Xarea  of  A  FCD. 

And  since  the  area  OCD=  area  of  OCF+  area  of  FCDy  it  follows 
that  the  moment  of  R  id  equal  to  the  sum  of  the  moments  of  P  and  Q. 

But  the  proof  that  R  is  entitled  to  be  called  the  Resultant  is  not 
complete,  since  there  are  any  number  of  forces  acting  thru  0  which 
have  the  same  moment.  For  example,  draw  thru  D  a  line  SS  parallel 
to  OC.     Let  D'  be  any  point  on  SS. 

A  force  OD'  will  have  the  same  moment  about  0  that  R  has,  since 
the  area  of  the  triangle  OCD'  =  the  area  of  the  triangle  OCD,  More- 
over the  moment  of  OD'  about  any  other  axis  taken  on  the  line  OC 
or  OC  produced,  will  be  equal  to  the  sum  of  the  moments  of  P  and 
Q  about  the  same  axis.  If,  however,  we  choose  an  axis  outside  of 
the  line  OC^  we  shall  have  another  line  S'S'  thru  Z),  and  all  the  forces 
OD'  will  be  rejected  except  the  single  force  R^OD. 

Hence,  since  the  moment  of  R  is  always  equal  to  the  sum  of  the 
moments  of  P  and  Q  for  the  axis  C,  and  is  the  only  force  which  thus 
represents  them  wheresoever  the  axis  is  taken,  it  alone  is  entitled 
to  the  name  **Resultant." 

61.  The  following  graphical  method  of  finding  the  resultant  of 
two  converging  forces,  which  do  not  meet  within  the  limits  of  one's 
drawing,  is  merely  a  generalization  of  the  special  case  with  parallel 
forces  given  in  (40).     Let  P  and  Q  be  the  co-planar  forces  which  do 
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not  meet  on  the  paper.     To  find  the  line  of  action  and  magnitude  of 
their  resultant.     Fig.  54. 

1.  Parallel  to  the  head-and-tail  line  Ab  (which  need  not  be  actually 
drawn)  draw  the  head-line  BD^  and  the  tail-line  aO. 

2.  Parallel  to  the  other  head-and-tail  line,  draw 
a  head-line  AD  and  a  tail-line  60. 

3.  The  intersection  of  the  head-lines  is  the  head, 
and  the  intersection  of  the  tail-lines  is  the  tail,  of  the 
resultant  required. 

The  analytical  proof  of  this  is  left  to  the  student. 


««.  64. 


62.    The  resolution  of  a  giyen  force.    The  given 
forces  P  and  Q  are  known  as  the  Components  of  R. 

1.     The  converse  of  the  proposition  in  61  is,  that 
any  force  may  be  resolved  into  two  components  by  constructing  a 
parallelogram  on  the  line  representing  the  given  force  as  a  diagonal. 

Thus  Fig.  669  let  /I  be  a  given  force;  its  com- 
ponents may  be  Ri  and  R^t  but  they  may  as 
well  be  iJi'  and  ft';  in  short,  there  may  be  any 
number  of  pairs  of  components.  By  drawing 
a  variety  of  parallelograms,  the  student  should 
note  the  important  fact  that  the  resultant  of 
two  forces  may  be  less  than  either  of  them;  and 
that  one  or  both  the  components  of  a  force  may 
be  greater  than  the  force  itself.  The  relation 
depends  upon  the  size  of  the  angle  <^==^0£. 

2.  The  sides  of  the  triangle  OAD^  may 
represent  a  force  and  its  two  components  in 
magnitude  and  direction,  but  not  fully  in  position;  in  fact,  the  posi- 
tion of  all  the  forces  might  be  changed  as  in  Fig.  56^  which  means 
that  the  force  R  is  equivalent*  to  the  two  com- 
ponents Ri  and  R2I  and  conversely,  that  the  forces 
Ri  and  ft  are  together  equivalent  to  the  single  force 
jR.  As  now  understood,  the  lines  of  this  triangle  are 
frequently  called  vectors,  a,  ^,  y  and  we  read  the 
equivalent  equation  _lP_ 

3.  Henceforth  when  we  want  the  resultant  of  P  and  Q  meeting 
at  0,  we  shall  not  draw  the  full  parallelogram,  but  we  shall  draw 
OA^P  and  AD^Q;  then  OD  will  equal  R. 


Tig.  00 


*  Equivalent  so  far  as  the  motion  or  rest  of  the  body  acted  upon  is  concerned. 
It  is  not  equivalent  when  internal  stresses  are  concerned. 
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63.  The  resultant  by  trigonometry.  When  P  and  Q  and  ^^ 
the  angle  between  P  and  Q  are  given,  it  is  evident  from  Fig.  67  that 

R^=^pi+Q^+^PQ  cos  if}. 

Vfhen<f>  =ir/2  it  is  at  once  evident  that 

B  =  Pcos^+Qsin^ 

and  that  P  sin  ^  =  Q  cos  0,  as  well  as  that  R^^P^+ Q-. 
It  is  now  seen  that  if  the  direction  and  magnitude 

of  one  component  of  a  given  force  are  given,  the 
direction  and  magnitude  of  the  other  component  are  determined — 
graphically  and  by  trigonometry. 

64.  The  static  triangle  or  the  triangle  of  equilibrium.      We  are 

now  prepared  to  bring  in  the  third  force  which  balances  two  given 
forces.  It  is  evident  that  in  order  to  balance  the  two  given  forces, 
it  must  balance  their  resultant-  To  do  this  it  must  have  the  same 
magnitude  and  be  directly  opposite.  In  other  words,  referring  to 
Fig.  56,  and  remembering  that  the  third  force,  which  we  will  call  S, 
is  the  exact  opposite  of  iJ,  and  that  if  R  was  the  vector  y,  S  must  be 
the  vector  —  y;  so  that  ,  n 

or  a+^+y  =  0 

which  is  the  vector  equation  of  equilibrium.  The  triangle  (of  mag- 
nitudes and  directions  only)  becomes  (Fig.  58)  the  STATIC 
TRIANGLE  or  the  triangle  of  equilibrium. 

Whenever  three  forces  balance,  such  a  triangle  can  be  drawn,  and 
the  relations  of  sides  and  angles  can  be  found  graphi- 
cally or  by  trigonometry.  The  suflScient  evidence  of 
equilibrium  is  a  state  of  rest,  or  of  uniform  motion. 
Cases  of  absolutely  uniform  motion  are  so  rare  that 
they  are  for  the  present  neglected  in  our  thought. 
The  great  value  of  the  static  triangle  will  be  illustrated  by  a  few 
examples. 

65.  Imponderable  pins.  1.  In  dealing  with  centralized  forces 
it  is  often  convenient  to  assume  that  they  act  upon  an  imponderable 
pin,  for  thus  we  fix  the  attention  upon  a  body  (the  pin)  which  is  at 
rest  under  their  action.  This  is  particularly  true  when  the  forces 
arise  from  the  action  of  wires,  ropes,  tie-bars,  piers,  posts,  and  struts, 
as  at  the  joints  of  frames.  In  the  case  of  an  over-hanging  hoist,  such 
as  is  shown  in  Fig.  59,  we  may  conceive  of  a  pin  of  inconsiderable 
weight,  acted  upon  by  a  tie-bar  T  (which  may  be  double,  consisting 
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of  two  thin  bars  instead  of  one  thick  one),  a  strut,  iS,  or  inclined  post, 
and  a  chain  or  rope  which  may  be  connected  with  a  puUey-block 
which  has  several  plies. 

2.  The  pin  stands  still;  hence  the  three  forces  acting  upon  it  balance, 
and  we  can  draw  the  static  triangle,  since  all  directions  are  given  in 
the  figure  or  are  known  on  the  construction  itself.     If  the  weight, 

Wf  is  known,  we  can  draw  the  static  triangle  to  scale. 

The  values  of   8   and    T  can  be  measured  from  the 

drawing  or  calculated.     See  Fig.  60. 

If  P  represents  the  pin  in  Fig.  59,  it  is  well  to  put 

the  same  letter  within  the  static  triangle.  Fig.  60,  and 

then  follow  and  note  the  directions  of 

the  arrows  which  surround  it.     In  every 
^    .^        -      ,    case  the  arrow  shows  the  direction  of  the  ^ 

action  in  Fig.  59.     For  example:  8  in 
Fig.  60  points    upwards;  and  it  is  therefore  a  strut  in 
Fig.  59;  T  points  towards  the  left;  it  therefore  acts  on  P  towards  the 
left,  and  hence  must  represent  a  tie,  or  tension  bar. 

3.  If  three  non-parallel  co-planar  forces  act  upon  a  body  at  different 
points  and  yet  balancSf  the  three  lines  of  action  must  meet  at  a  point, 
or  one  could  not  directly  balance  the  resultant  of  the  other  two. 

OO.  Ex.  1.  Take  the  ideal  case  of  a  heavy  bar  suspended  against 
a  vertical  smooth  wall.     A  weightless  wire  fastened  to  a  hook  or  staple 

in  the  face  of  the  wall  at  C  supports  the  end 
£,  Fig.  61,  while  the  other  end  rests  against 
the  smooth  wall  which  can  act  only  in  the  direc- 
tion of  a  normal  to  its  surface.  The  bar  and 
wire  must  be  in  a  vertical  plane  normal  to  the 
wall.  If  0  is  the  center  of  gravity  action  of 
the  bar,  the  line  of  the  wire  must  pass  thru  the 
intersection  of  the  action  lines  of  H  and  W  at  0. 
The  static  triangle  can  now  be  drawn  showing  the  magnitudes  of  forces 
and  angles.     Fig.  61a. 

2.  If  0  be  at  the  center  of  the  line  AB  (as  in  the  case  of  a  uniform 
bar)  it  is  seen  that  0  is  the  middle  point  of  C5,  and  AD  ==AC.  Hence, 
when  0  and  i,  the  length  of  the  uniform  bar,  are  known,  the  position 
of  C  is  found  by  laying  off  ^C  equal  to  Icosd. 

8.  The  reader  must  not  fail  to  see  that  the  above  suspended  body 
is  in  unstable  equilibrium;  the  touch  of  a  fourth  force  would  cause 
it  to  fall  or  to  collapse  against  the  wall,  even  if  it  were  prevented  from 
swinging  sidewise.  If,  however,  the  wall  were  rough  (and  all  walls 
are  rough),  there  would  be  a  certain  stability. 
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4.  It  is  evident  that  the  pull  of  the  wire  CB  could  be  replaced 
by  the  thrust  of  a  strut  or  prop  Sfi,  without  in  any  way 
changing  the  static  triangle;  we  would  then  let  T  stand  for 
thrust  instead  of  tension.  It  is  also  evident  that  a  heavy  weight 
may  be  hung  at  G  without  dislocating  the  bar,  as  it  would  only 
increase  W. 

67.    A  third   example  will  further  illustrate  the    principle  that 

three  balancing  forces  meet  at  a 
^\^o  point.    A  slender  uniform  rod  rests 

i>  upon  the  inner  surface  and  edge 
of  a  smooth  hemispherical  bowl. 
Fig.  62.  We  are  to  find  the  relation 
between  I  and  0. 

The  action  at  A  must  be  normal 
to  the  spherical  surface,  and  hence 
along  a  diameter;  the  action  at  D 
must  be  normal  to  the  rod,  as  tho  the  edge  were  an  infinitesimal  round. 
Hence  the  gravity  action  must  be  in  a  line  vertically  below  0,  where 
the  two  normals  intersect,  and  the  length  of  the  bar,  which  will  rest  at 
A  and  Z),  is  determined,  for  its  center  must  be  at  0. 

1.  If  0  be  the  inclination  of  the  rod  to  the  horizontal,  it  is  evident 

from  the  figure   that   2rcos2^=- Zcos^,  which   gives  the  necessary 

relation  between  I  and  0.  It  is  further  evident  that  any  movement  of 
the  rod  due  to  a  new  force  would  have  the  eflFect  of  raising  the  point 
G,  or  lifting  the  bar,  so  that  when  relieved  from  the  disturbing  force 
it  would  slide  back  to  its  position  of  equilibrium.  This  is  a  case  of 
"stable  equilibrium." 

2.  The  inferior  limit  to  the  length  of  the  rod  we  have  been  dis- 
cussing is  when  Z  =  2rcos^.  The  minimum  length  of  the  rod  is  found 
by  eliminating  0  from  the  two  equations 

^r  cos^  0  =  —  Icos  0 

2 

1=  2rcos0 


Whence 


l  =  ^r  V(2/3)  and  cos^=  iV6- 


3.     If  /  be  less  than  f  rV6.  the  bar  will  rest  only  when  G  is  directly 
below  C. 

Problems. 

OS.     1.     Given  a  smooth  vertical  wall,  and  at  a  distance  s  a 
lower  parallel  wall  with  a  horizontal  edge  which  is  rounded  and  smooth. 


GRAPHICAL    SOLUTIONS 


51 


liff.  68 


Fig.  63.     What  is  the  inclination  of  a  smooth,  slender,  uniform  rod 
which  will  rest  over  the  corner  and   against   the  wall? 
(Note  where  the  balancing  forces  meet). 

Ans.     cos^=  \y» 

2.     Find  the  stress  in  the  members  of  this  derrick  due 

to  the  weight   (8   tons). 
Fig.  64. 

Draw  a  static  triangle 
for  the  pin  at  C,  and  then  another  for 
the  pin  at  B. 
=^        3.     If  AB  and  AB'  are  equal  smooth 
rods    looped   on  a   pin  or   ring  at  A, 
Fig.  65,  prove  that  the  condition,  that  the  pair 
will  rest  on  the  surface  of   a  smooth  horizontal 
cylinder  whose  radius  is  r,  is 

2  r 


Fig.  04 


Z  = 


sm' 


^tan^ 


lie.  05 


4.  A  smooth  bar  rests  upon  two  smooth  in- 
clined planes 
whose  intersec- 
tion at  0  is  hori- 
zontal. Find  the  inclination  of  the  bar 
to  the  horizontal.     Fig.  C6. 

The  weight  is  centered  at  G.  First 
draw  the  static  triangle  of  external 
forces  W,  Fi  and  Fz;  Fig.  66,  b;  then 
resolve  the  weight  into  vertical  com- 
ponents, Wi  at  P,  and  Wt  at  Q,  and 

complete  the  static  triangles  for  the  points  P  and  Q,  thereby  finding 

CD,  the  **thrust**  in  the  bar,  and  its  inclination. 

From  the  diagram  (6)  prove  that 


tan 


/\_  acota  — 6cot)8 
I 


5.  A  heavy  cylinder  is  held  against  a  smooth  wall  by  a  smooth 
rigid  bar  which  is  hinged  upon  a  pin  at  A  (Fig.  67),  and  held  by  a 
tie  7  to  a  hook  at  H^  as  shown.  Given  the  weight  and  radius  of 
cylinder,  the  length  of  bar,  and  all  angles,  to  find  the  tension  T,  the 
pressures  Pi  and  Ps,  and  the  magnitude  and  direction  of  the  hinge 
action,  due  solely  to  the  weight  of  the  cylinder. 
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Solution.  Three  forces  act  upon  the  cylinder,  hence  the  static 
triangle  KEF  whereby  Pi  and  P2  are  known.     Fig.  67. 

Since  we  omit  the  weight  of  the  bar  AB^  only  three  forces  are  acting 

upon  it,  viz. :  Pu  T  and  the  hinge. 

© \T^ B  We  already  have  Pi,  and  we  know 

the  direction  of  T,  and  as  the  three 
must  meet,  say  at  D,  we  know  the 
direction  of  the  hinge  action,  Pj, 
namely  in  the  direction  AD.  Its 
static  triangle  is  therefore  FEE. 
Thus  the  magnitudeof  Tand  both  the 
magnitude  and  direction  of  the  hinge 
action  due  to  the  cylinder  are  found. 

69.  How  to  determine  the  tension  or  compressiye  force  in  a  bar 
of  a  loaded  frame  from  the  static  triangles  of  its  pins. 

Let  the  members  of  a  cantilever  frame  lie  in  a  vertical  plane  with  a 
load  at  the  end.     Fig.  68.     We  are  to  find 
the  actions  of  the  bars  BA  and  CA  upon  the 
pin  at  A\  and  the  actions  of  the  bars  AB^  CB 
and  DB  upon  the  pin  at  B. 

Solution.  The  static  triangle  for  A.  The 
case  is  similar  to  that  in  SO.  Knowing  one 
side  of  the  triangle  and  the  directions  of  the 
other  two,  it  is  quickly  drawn.  W  acts  down, 
BA  acts  up,  parallel  to  the  bar,  and  CA  acts 
up  to  the  left  parallel  to  the  bar  CA,  closing 
the  triangle.  The  static  triangle  for  A  shows 
magnitudes  and  character.  AB  acts  up  on 
the  pin  A,  and  is  therefore  a  strut;  the  bar 
CA  also  acts  up  and    away  from  the    pin,  and   therefore  is  a  tie. 

Going  now  to  the  pin  B,  three  bars  act  on  it  and  balance;  hence 
B  has  a  static  triangle.  The  action  of  ^B  is  known,  being  a  strut  it 
acts  down  on  B,  and  the  triangle  already  drawn  gives  it  magnitude. 
We  therefore  use  the  line  ba,  or  ab,  and  draw  db  for  the  bar  Z)B,  and 
cb  for  the  bar  CB,  and  mark  the  arrows  of  the  static  triangle  for  B. 
We  note  that  the  arrow  db  points  to  the  rights  showing  that  DB  acts 
against  the  pin  B,  while  the  arrow  cb  points  up,  showing  that  CB 
acts  away  from  the  pin  B.  DB  is  therefore  a  strut,  and  CB  is  a  tie, 
and  they  are  lettered  accordingly. 

This  is  all  very  simple,  but  it  cannot  be  too  clearly  seen.  Occasions 
will  surely  arise  when  students  will  find  it  necessary  to  refer  back  to 
this  section  and  go  over  it  again. 


THE  STATIC  POLYGON 
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70.  Casb   II.    The  polygon  of  forces   and  the  static  polygon. 

When  more  than  three  co-planar  forces  are  given  with  a  common 
point  in  their  lines  of  action*  their  resultant,  or  their  necessary  re- 
lations, if  they  form  a  balanced  system,  are  readily  found 
by  an  extension  of  what  has  already  been  given.  Fig.  69. 
Given  five  forces  acting  upon  a  pin  at  P.    To  find 

their  resultant. 

Graphical  Solution, 

Tig,  60 

Take  any  convenient  point  0  as  an  origin;  draw  OA 
equal  and  parallel  to  Fi;  draw  AB  equal  and  parallel  to  Ft;  this  gives 
OB  equal  and  parallel  to  the  resultant  of  Fi  and  F2. 

Draw  BC  equal  and  parallel  to  Fz;  OC  is  then 
equal  and  parallel  to  the  resultant  of  Fi,  Fi  and  Fz» 
Draw  CD  equal  and  parallel  to  FaI  OD  is  then 
equal  and  parallel  to  the  resultant  of  Fi.  .  .  .  F4. 
Draw  DE  equal  and  parallel  to  F^;  OE  is  then 
equal  and  parallel  to  the  resultant  of  all  the  forces, 
r  1  .  •  •  .  F^m 

The  order  in  which  the  forces  are  taken  is  not  im- 
portant, the  resultant  is  still  the  same.  This  state- 
ment should  be  put  to  the  test  by  a  careful  drawing. 
It  is  evident  that  the  lines  05,  OC9  etc.,  are  of  no 
use  excepting  always  the  last  one  which  is  the  resvUant 
sought.  The  line  representing  their  resultant  is  always  drawn  from 
O  to  the  end  of  the  last  component  force. 

Had  the  line  of  the  last  component  ended  in  0,  there  would  have 

been  no  resultant,  as  we  should  have  had 

• 

71  =  0 

which  is  the  evidence  of  a  balanced  system  of  forces.  In  all  practical 
statical  problems  R  is  zero;  and  every  polygon  drawn  as  above,  which 
closes^  is  called  a  Polygon  or  Equilibrium,  or  more  conveniently  a 
"Static    Polygon." 

71.  Static  triangles  and  polygons  are  useful  in  finding  unknown 
magnitudes  and  directions.  In  every  case  where  a  resultant  is  to  be 
found,  or  a  static  triangle  or  polygon  is  to  be  drawn,  the  data  must  be 
geometrically  sufficient  to  that  end.  In  most  of  the  problems  thus 
far  solved,  the  magnitudes  of  two  forces  were  found;  all  angles  being 
given  or  determined  by  the  geometrical  necessity  of  convergence 
of  the  lines  of  action.  In  the  last  general  problem  several  forces 
were  fully  given,  and  a  single  angle  and  force  were  to  be  found.  The 
following  problem  is  in  a  new  class. 


Pig.  eo  («) 
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Ex.     Given  one  force  in  position,   a  second  force  in   magnitude 
only,  and  a  third  in  direction  only. 

This  may  be  illustrated  by  a  special  device  using  weights    (Fig.  70) 

Fi,   Fi  and  Fa. 

Let  0  be  the  pin  or 
body  acted  upon. 

Let  Fi  represent  the 
forcefully  known  =4^ 
acting  down. 

Let  a  be  the  known 
direction  of  Fa,  relative 
to  Fi;  a  =150°. 

Let  Fa  =  3  represent 
the  magnitude  of  the 
third  or  balancing  force. 
We  lay  oflF  to  scale 
from  any  point  as  A, 
Fi  as  AB  to  the  point  B;  draw  the  direction  of  F2  as  BD;  with  Fa  as  a 
radius,  from  ^  as  a  center,  draw  the  arc  C'C.  The  intersections  of 
this  arc  with  the  line  BD  determine  the  magnitudes  of  Fj'  and  F2'. 
We  get  in  general  two  solutions  for  the  magnitude  of  F2  and  two 
directions  for  Fa.  We  see  that  Fi,  F2'  and  Fa'  balance  at  0;  70a,  and 
that  Fi,  F2,"'  Fa*"  balance  at  0';  (6). 

72.    niustrations  of  the  use  of  the  static  polygon. 

Ex.  1.     Four  equal  cylinders  lie  within  a  hollow  semi-cylinder  as 
shown  in  vertical  end  view.    Fig.  71.    Given 
the  weights,  to  find  the  pressures  Pi,  P2, 

Pa,  P4,  Ps,  Pe,  and  P7. 

Beginning  with  A^  we  draw  the  static  tri- 
angle W1P1P2.  Fig.  72.  We  next  draw  the  static 
polygon  for  B :  W^P^PiPa*      Then  follows 
the  polygon  for  C:   WzP^Pi^P^. 

Finally,  the  static  triangle  for/):  WJ^^P7i  and  the  polygon 
^j^  closes.  The  reader  will  notice  that  since  the  four  forces  acting 
on  B  balance,  they  must,  when  drawn  as  vectors,  form  a 
RT    closed   polygon;    hence    P4   returns   to  0.    Having  drawn 
o    Fig.  72  accurately,  we  should  have  no  difficulty  in  check- 
ing the  following: 


Fig.  71 


% 


WL 


/  ^*  \f  1 


Tig.  79 


p,=p,^w  

P,=P3=ir(i_+V2)V2-  V2 

P4  =  W^V2 
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m/ww/ 


:^>'krx 


-"^^ 


-vorvtw^vc 


Flff.  78 


Ex,  2.    A  heavy  horizontal  cylinder,  solid  or  hollow,  rests  upon 

two  unequal  cylinders  which  rest  upon  a  horizontal  bed  with  guard 

walls.    Fig.  7S.    Weights  being 

given,  find  the  pressures  at  all 

points.    The  horizontal  thrusts 

m,  AB  and  AC  being  balanced 

by  retaining  walls. 

The  diagram  (Fig.  74) 
is  exceedingly  simple, 
and  values  may  be  cal- 
culated when  weights 
and  radii  are  known. 
Of  course  it  was  evident  without  the  drawing  that 

and  that  Pa  =  Pe.  as  they  were  the  external  forces  acting  on 
the  group. 

73.  The  static  polygon  in  ''graphical  statics.''  The  Static 
Polygon  enables  us  to  find  the  magnitude  of  two  forces  when 
all  other  "parts'*  are  known.  This  property  is  of  the  greatest 
value  in  finding  the  stresses  in  the  members  of  frames  when 
both  frames  and  external  forces  may  be  regarded  as  co-planar.  This 
deserves  a  somewhat  extended  illustration,  as  it  will  bring  to  us 
the  very  elegant  method  of  "Reciprocal  Polygons"*  given  in  Chap- 
ter XI. 

74.  Equations  of  equilibrium  and  their  uses*  In  every  problem 
thus  far  solved  by  means  of  the  static  triangle  or  the  static  polygon, 
the  data  (forces  and  angles)  were  assumed  as  known,  and  the  accuracy 
of  the  drawing  was  readily  checked  by  trigonometry  applied  to  the 
diagrams.  When  the  known  angles  are  the  inclinations  of  forces  to 
a  given  direction,  that  direction  should  be  taken  as  the  axis  OX  with 
OY  perpendicular  to  it,  and  the  rectangular  components  found  by 
the  method  already  given.  Since  the  forces  balance,  their  com- 
ponents along  OX  and  along  OY  must  balance  independently,  and 
their    moment  about  any  axis  must  be  zero.     Hence  the  Equations 

of  Equilibrium  ^in       a 

^  2Fcos&  =  0 

2fsin^  =  0 
Here  F  is  the  representative  of  a  force,  known  or  unknown,  and  0  is 
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So  CONVEBGINO  FOBCES  IK  A  PLANE 

its  inclination  to  the  axis  X.     For  brevity  we  may  write  Fi  =  Fcosd, 
and  Fi  =  Fsia6,  so  that  the  equations  become 

XFt  =  0 
2f,  =  0 
^Fl  =  0 

The  angle  0  is  measured  positively  from  +X,  clockwise,  to  the  head 
of  the  force  arrow  drawn  from  0. 

The  arc  6  is  always  positive  and  its  valve  lies  between  0°  and  360°. 

7S.  EqaatioDS  for  a  resaltant  When  the  given  forces  do  not 
balance,  the  resuUant  is  readily  found  by  means  of  the  following 
equations,   which,   after   the  above,   are   almost   self-evident. 

2:Fs  =  fl, 

R=  ylRy^+B,' 
tan^  =  fij/fi, 

All  these    quations  are  useful,  especially  those  of  74.     The  third 

equation  £FZ  =  0,  is  convenient  when  I  is  the  perpendicular  from  a 

point  on  the  line  of  one  force  to  the  line  of  action  of  another  force. 

Ex.  1.     A  rigid  prismatic  rod  of  small  diameter  stands  on  s  rough 

horizontal  plane  leaning  against  a  smooth  vertical  wall. 

Find  the  pressure  against  the  wall.     Fig.  75.     Three 

forces  are  acting  on  the  rod,  and  they  balance.     Hence 

their  lines  of  action  must  meet  at  a  point.    Given  the 

position  and  length  of  the  rod,  the  point  of  convergence 

is  seen  to  be  0  where  H  and  W  meet.     If  we  take  B 

rig.  IB  as  the  axis  for  moments  we  see  at  once,  since  XFI  =  0, 

But  this  value  can  be  found  from  the  equations  i^Fi  =  0  and  SFs  =  0. 

H-Psin$  =  0 
W~Pcos^  =  0 
Hence  fl/fF  =  tan;S 

But  from  the  figure  tan^  =  5  tan^,  hence 

n  =  lWUn6.  as  before. 

This  shows  that  the  Ihree  equations  of  74  are  not  independent.  Thejf 
serve  for  ike  discovery  of  but  two  unknown  quantities. 


A   CLUMSY   SOLUTION 
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F 
16 
20 
10 

25 

0 

cos^ 

sin  6^ 

—  — 

Fi 

Ft 

77/4 

1 

140° 

210^ 

R  = 


er= 


Ex.  2.     Find  the  resultant  of  the  forces  given  in  the  table,  both 
by  graphics  and  by  analytics;  the  forces  all  act  at  a  point  in  OX. 

76*    Comparison  of  graphical 
and  analytic  methods*    All  of  the 

problems  we  have  had  thus  far 
in  this  chapter  may  be  solved  by 
equations  of  equilibrium.  We 
shall  have  frequent  use  of  these 
equations  later  on,  and  the  stu- 
dent should  finally  be  equally  free 
to  use  the  graphical  method  or 
what  is  called  the  analytical 
method.  In  earlier  works  on  Mechanics,  graphical  methods  were  little 
used.  For  the  sake  of  comparing  the  method  by  equations  alone  with 
the  graphical  method  with  trigonometry  applied  to  the  force  polygon, 

we  quote  from  good  authorities  solutions  of  two  prob- 
lems already  solved. 

Ex.  1.  "A  heavy  uniform  beam.  Fig.  76,  ABy  rests 
with  one  end.  A,  against  a  smooth  vertical  wall,  and 
the  other  end,  jB,  is  fastened  by  a  string,  jBC,  of  given 
length,  to  a  point,  C,  in  the  wall.  The  beam  and  the 
string  are  in  a  vertical  plane;  it  is  required  to  deter- 
mine the  pressure  against  the  wall,  the  tension  of  the 
string,  and  the  position  of  the  beam  and  the  string. 


Fig.  76 


"Let  AG  =  GB  =  a,  AC  =  x,  BC  =  b, 


weight  of  beam  =  W,  tension  of  string  =  T,  pressure  of  wall  =  R, 


then  we  have 

JL^^M-M.^                  w^    J       M^   ^^  ^  M.                   -^ 

for  horizontal  forces. 

R-Tsm(f}  =  0 

(1) 

for  vertical  forces. 

W-Tcos(f>  =  0 

(2) 

for  moments  about  A^ 

Wasind-{T.AD=Txsm<f>)=0 

(3) 

.*.  asin0  =  xt8Ln(f> 

(4) 

and  by  the  geometry  of  the  figure 

6        sin^ 
2a  ' 


sin<l> 

X    _  sin  (d  —  KJ)) 
2a  sin<^ 


(5) 


(6) 
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Solving  (4),  (5)  and  (6),  we  get 


\h 


16a* -6* 


li 


from  which  R  and  T  become  known."     (Price's  Anal.  Mech*s,  Vol.  I 
p.  69.) 

Ex.  2,  For  the  second  example,  showing  the  occasional  simplicity 
of  the  analytic  method,  I  quote  a  problem  and  solution  from  Pro- 
fessor Edward  A.  Bowser,  Analytic  Mechanics,  1884. 

"A  heavy  beam,  AB,  rests  on  two  given  smooth  planes  which  are 

inclined  at  angles,  a  and  ^,  to  the  horizon; 
required  the  angle  0  which  the  beam  makes 
with  the  horizontal  plane,  and  the  pressures 
on  the  planes. 

"Let  a  and  b  be  the  segments,  ^Gand5G, 
of  the  beam,  made  by  its  center  of  gravity, 
G;  let  iJ  and  R'  be  the  pressures  on  the  planes, 
AC  and  jBC,  the  lines  of  action  of  which  are 
perpendicular  to  the  planes  since  they  are 
smooth,  and  let  W  be  the  weight  of  the  beam.     Then  we  have 

for  horizontal  forces,  R  sin  a  =  /? '  sin  ft 

for  vertical  forces,  R cos a+R'cosfi=W 

for  moments  about  G,  Ra  cos  (ol  —  O)  =i?'6cos  (^+0) 

Dividing  (3)  by  (1),  we  have 

a  cot  a+a  tan  6  =  b  cot  fi—b  tan  0 

/)      acota  — 6coti8 
tant/= ^—■ 

and  from  (1)  and  (2)  we  have 

_     Wsinfi    ^  ^,        Hasina 
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(1) 
(2) 
(3) 


a+b 


B  = 


sin(a+^)  ' 


]?'  = 


sin(a+^) 


77.  The  elegance  and  simplicity  of  the  force  diagram*  Two  per- 
forated balls,  A  and  jB,  whose  weights  are  Wi  and  W2y  slide  down  on 
two  straight  smooth  rods  until  further  motion  is  prevented  by  a  weight- 
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less  thread  between  them.     The  rods  are  stretched  in  a  vertical  plane 
from  the  same  pin  with  equal  inclinations  a.     Prove  that 

tan^=  5J:I1?J  cot  a.     (See  Fig.  78), 
and  that  the  tension  in  the  thread  is 


r= 


2  sin  6^ 


Fig.  78 


Problems. 


PI«.  79 


1.  A  triangle  frame  with  pin-joints,  whose  sides  are  5',  6\7\  stands 
vertically  with  its  shortest  side  resting  on  a  smooth  level  floor.  What 
stress  does  a  weight  of  269  lbs.  placed  at  the  vertex  cause  in  the  lowest 
side?     Draw  the  static  diagram  and  measure  the  force  line. 

2.  A  camp  stool  (Fig.  79),  consisting  of  four  equal  legs  arranged 

in  two  oblique  crosses,  as  AK  and  CH  (with  a  hori- 
zontal connecting  pin  at  0,  and  parallel  bars  con- 
necting corresponding  tops  of  the  legs  at  A  and  C) 
carries  a  flexible  band  ABC  from  bar  to  bar  as 
shown.  The  band  supports  a  heavy  rod  of  small 
diameter,  B.  Assuming  that  the  stool  stands  on  a 
smooth  horizontal  floor;  that  all  the  members  of  the 
stool  are  without  weight,  and  that  there  is  no  fric- 
tion at  joints,  we  are  to  find  the  position  of  equili- 
brium, when  the  weight  of  the  rod.  and  the  lengths 
of  legs  and  band  are  given. 

78.    The  concentratioii  of  loads  upon  the  pins  of  a  frame. 

Rule.  When  a  member 
of  a  frame  has  weight,  and 

whenever  it  carries  CON- 
CENTRATED LOADS,  BOTH  THE 
WEIGHT  OF  THE  MEMBER  AND 
THE  LOADS  ON  IT  MUST  BE 
RESOLVED  INTO  PARALLEL 
COMPONENTS  ACTING  ON  THE 
TWO  SUPPORTING  PINS. 

The  derrick  shown  in 
Fig.  80  has  a  cantilever  or 
overhanging  beam  with  a 

concentrated  load,  Wu  at  the  ■      1    y   1    i—     ««•  w 

outer  end.  The  weight  of 
the  beam,  Wi,  and  Wt  are  to  be  resolved  into  components  at  the  two 
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pins,  F  and  E,  Then  the  static  diagram  can  be  drawn.  G  is  the 
center  of  gravity  of  the  beam;  let  Wi  be  its  weight,  W\  its  com- 
ponent at  E\  and  Wi"  the  component  at  F. 


In  like  manner  W2  is  resolved  into 


and  Wx"^ 


a 


a+6 


Wx 


and  W2'^  + 


a+h 
a+h+c 
a+h 


PFaatE 


W^  at  F. 


The  transformed  derrick  now  is  as  follows:     The  load  at  F  is  Wt'-^- 

Wi"  (Fig.  80a),  and  the  static  triangle  for  pin  F  is 
ABC  (Fig.  806),  which  gives  the  thrust  P  in  the  boom, 
and  the  tension  in  the  beam  T.  The  forces  now  known 
as  acting  upon  the  pin  E  are  the  horizontal  tension 
T  and  the  negative  load  Wi' ^W\\  the  resultant  of 
these  two  forces  is  shown  in  Fig.  80c  to  be  the  force 
DH  acting  upwards.  The  static  triangle  for  pin  E 
is  now  readily  drawn,  viz.,  DH  up  (already  found); 
HK  downy  parallel  to  the  stay  S;  and  KDup^  parallel 
to  the  mast  A^;  giving  for  E  the  triangle  of  forces 
DHK;  and  all  the  forces  or  stresses  are  found. 

If  instead  of  the  resultant  DH  we  had  used  its  components  T  and 
(JFa'  — JTiO,  see  Fig.  80c,  we  should   have  had  the  Static 
polygon  of  four  sides,  DJHK.     We  shall  soon  have  static 

polygons  in  abundance.  If  all  angles  are 
given,  the  magnitude  of  the  forces,  in 
stav,  mast  and  boom  can  be  calculated 
by  trigonometry. 


^KSS^  Pig,  80(a) 


Fig.  80(0) 


79.  Stability  due  to  friction.  1.  When    c  Fig.  8o(b) 
a  light  bar,  like  a  cane,  a  ladder,  prop, 
or  strut  of  any  kind,  transmits  a  thrust  against  a  rough  plane  surface, 
the  roughness  of  the  plane  tends  to  hold  the  end 
of  the  bar   against    slipping.     Fig.  81.     If   the 
thrust  is  normal  to  the  plane,  there  is  no  tend- 
ency to  slip  and  the  roughness  is  not  needed  to 
keep  the  bar  in  position.     When,  however,  the 
thrust  is  inclined  to  the  normal  like  P,  Fig.  81, 
the  resistance  R  must  also  be  inclined,  so  that  if 
it  also  be  resolved  into  rectangular  components, 
one  of  which  is  normal  and  one  tangential,  along 


P»iH  Q 


Fig.  81 
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ihe  plane,  the  latter  is  Psin^,  and  the  normal  component  is  PcosO, 
The  ratio  of  the  tangential  to  the  normal  component  is 

Psin  0      ^      n 
^  =  tan  (7 

Pcosu 

2.  If  the  inclination  (to  the  normal)  be  gradually  increased,  a  value 
of  0  will  soon  be  reached  beyond  which  the  roughness  of  the  plane  will 
not  suffice  to  balance  the  tangential  component  of  P,  so  that  i{0 
is  made  any  larger,  the  bar  will  slip  and  fall.  The  static  angle  is 
therefore  limited,  and  the  limiting  value  of  0  is  called  (f>.  The  force 
thus  exerted  by  a  rough  plane  in  the  direction  of  the  plane  itself  is 
called  Friction,  and  <f>  is  called  the  "Angle  of  Repose"  or  the  "Angle 
of  Friction,'*  or  perhaps  the  "Static  Angle."  The  roughness  of  sur- 
faces both  of  bars  and  planes  varies  greatly. 

3.  Another  way  to  illustrate  friction  is  to  place  a  rough  body 
upon  a  rough  inclined  plane,  Fig.  82.  If  it  stands 
still,  the  forces  balance.  The  normal  component  of 
the  weight  is  balanced  by  the  normal  action  of  the 
plane;  JFcos^.  The  tangential  component  of  W  is 
F^'sin  0,  and  this  must  be  balanced  by  the  friction.*  If 
0  is  small,  very  little  friction  is  utilized  or  developed; 
as  0  is  increased  more  friction  is  needed.  When  ^ = <^, 
the  limiting  value  of  friction  is  reached  for  that  body, 

and  the  body  is  upon  the  point  of  sliding.  If  ^><^  it  vrill  slide  if 
a  little  initial  sticking  is  overcome  by  a  slight  disturbing  force.  At 
the  "static  angle" 

Friction  =  JFsin  (f>  =  tan  <f>  ( Wcos  (f>)=N  tan  <f>  =fN 

Vf]ien0>4>  the  component  of  W  down  the  plane  becomes  greater, 
while  the  total  friction  usually  becomes  less,  since  N  =  JFcos  0  is  less. 
Hence  there  is  no  longer  a  static  body. 

4.  The  factor  tanc^,  standing  with  or  before  N,  is  called  /,  the 
**Co-efficient  of  Friction,"  which  is  used  when  the  body  is  actually 
moving.  When  a  body  is  at  rest  and  in  no  immediate  danger  of 
moving,  the  f rictional  action  is  less  than  A^  tan  (f>,  and  it  may  be  zero. 
It  IS,  however,  of  the  highest  importance  that  the  direction  of  the 
oblique  force  which  is  to  be  balanced  by  friction  be  known  and  pro- 
vided for.     The  following  problem  will  illustrate  this  point. 


*  The  reader  will  observe  that  the  component  of  W  parallel  to  the  plane  acts 
thru  G,  and  forms  with  the  friction,  fN,  a  couple  which  when  combined  with 
IF  cos  0=  N  brings  the  center  of  pressure  to  the  point  C. 
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Problem. 

80.  A  ladder,  weighing  60  lbs,  stands  on  a  rough  level  floor, 
leaning  against  a  smooth  wall  at  a  point  24  feet  above  the  floor,  with 
its  foot  12  feet  from  the  wall.  Fig.  83.  If  <^  =  arc  tan  1/8  be  the  ''angle 
of  friction"  between  the  ladder's  feet  and  the  floor,  how  far  up  the 
ladder  can  a  man  weighing  180  lbs*  go  before  the  ladder  will  slip 
and  fall? 

1.  Before  the  man  steps  on  the  ladder,  the  line  of  action  against 
the  ground  is  not  straight  down  the  ladder;  it  is  nearer  the  normal,  as 

Pig.  88  seen   in    Fig.   a,   where 

Lh  c  tan  ^=6/24.      The  three 

forces  acting  on  the 
unloaded  ladder  are:  a 
horizontal  force  AH;  a 
vertical  force  OC  =  60 
meeting  AH  at  C;  the 
third  force,  CB,  namely 
the  action  of  the  floor» 
must  pais  thru  C;  its 
obliquity  is  0. 

2.  Wlien  the  man  steps 
on  the  ladder,  the  point  C  is  over  the  center  of  gravity  of  the  two 
weights,  the  ladder  and  the  man.  Hence,  it  follows  that,  at  first  C 
has  moved  out,  and  the  ladder  is  less  likely  to  slip.  So  long  as  the 
man  is  on  the  lower  half  of  the  ladder,  it  is  stable.  Thus>  when  the 
man  stands  on  a  rung  six  feet  from  the  floor,  at  S  (Fig.  6)  the  center 
of  gravity  of  the  two  weights  is  8.25  feet  from  the  wall,  and 


tan^  = 


3.75 
24 


3.  When  the  man  is  at  the  middle,  tan  ^  =  6/24,  as  when  the  ladder 
was  unloaded. 

As  the  man  mounts  higher,  the  center  of  gravity  moves  to  the  left 
as  does  the  point  C,  where  the  three  forces  always  meet. 

When  the  man  reaches  the  point  S  (Fig.  c),  three-fourths  of  the  way 
to  the  top  (supposing  that  possible),  the  center  of  gravity  of  the  two 
weights  (and  therefore  the  point  C)  has  moved  to  a  point  only  3.75 

feet  from  the  wall,  and  tan^=  — —  ,  which  is  more  thanianKh.    Hence 

24 

the  ladder  slips  and  falls  just  when  the  man  is  about  to  reach  a  height 

of  18  feet. 


WHY   THE   LADDER    FALLS 
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4.  Experienced  workmen  know  well  that  ladders  are  apt  to  slip 
if  a  man  (and  the  heavier  he  is  the  greater  the  danger)  goes  too  near 
the  top,  and  by  sad  experience  they  have  learned  to  secure  the  foot 
of  the  ladder,  either  by  a  block  or  tie,  or  by  putting  another  man  on 
the  ladder  near  the  foot  so  as  to  bring  the  center  of  gravity  of  the 
whole  weight  away  from  the  wall  thereby  diminishing  the  angle  6. 

5.  Workmen  know,  too,  that  a  light  ladder  is  more  likely  to  slip 
than  a  heavy  one.  If  we  were  to  make  the  unreasonable  assump- 
tion that  the  ladder  has  no  weight  worth  considering,  the  point  C  in 
the  line  of  action  of  the  supporting  reaction  would  always  be  directly 
over  the  head  of  the  man  as  he  mounts  the  ladder,  and  in  a  horizontal 
line  from  the  top  of  the  ladder. 

6.  If  the  student  will  draw  the  static  triangle  for  each  of  the  three 
positions  of  the  man  on  the  ladder,  he  will  see  how  H  increases  as  the 
man  mounts. 

81*  While  friction  is  a  great  hindrance  to  the  motion  of  bodies^ 
it  is  a  great  aid  to  the  stability  of  bodies  at  rest« 

1.  It  was  assumed  above  that  the  wall  was  absolutely  smooth. 
Hence  it  could  oflfer  no  resistance  to  the  slipping  down  of  the  top  of 
the  ladder.  In  reality,  as  all  walls  are  rough,  a  tendency  to  slide 
down  would  have  developed  an  upward  force  equal  to  Htan<^,  (<^ 
being  the  ** Angle  of  Friction'*  for  the  ladder  and  wall),  which  would 
have  had  the  effect  of  moving  the  center  of  gravity  of  the  weights 
away  from  the  wall  thereby  diminishing  6  (and  perhaps  saving  a  fall). 

The  student  should  clearly  see  how  much  -ff  tan  <^  =  iJ/6  would 
move  C  away  from  the  wall  pro- 

i 


8»J 


vided  the  resultant  load  was  act- 
ing at  a  distance  of  S.75  feet  from 
the  wall.  This  matter  is  worth 
a  bit  of  careful  study.  In  fact, 
the  value  of  H  depends  some- 
what upon  the  friction  between 
the  ladder  and  the  wall. 

2.  The  center  of  the  ladder 
(Fig.  84)  is  at  0  with  a  man  at  S, 
The  resultant  load  is  at  /{,  8.75 
feet  from  the  wall.  When  the 
wall  is  smooth  the  point  C  is  8.75 

feet  from  the  wall  and  the  reaction  of  the  floor  is  along  the  line  BC 
so  that 


Smtooth  Watt 


H^Tst, 


(6) 


i2 


'  —  —  -  - 


riff.  84 


tan^  = 


8.g5 

24 


=  0.344 
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Figure  (84)  (a)  is  the  static  triangle  for  the  ladder,  the  value  of  H 

^^'""^  8  25 

240  X  ^^—  =82.5  lbs. 
24 

If,  now,  we  suppose  the  wall  is  rough,  we  shall  have  the  co-efficient 
of  friction  /=tan^.  If  we  suppose  the  ladder  is  upon  the  point  of 
slipping,  the  frictional  action  of  the  wall,  which  is  upy  is  fn\  so  that 
we  now  have  a  new  force  involving  ff',  acting  upon  the  ladder.  To 
find  the  value  of  H'  under  new  conditions,  take  moments  about  B 

24H'+12/F'-6X60-9X180  =  0 

from  which  we  get  ^r^oa 

H'^  _l^^  =  76Mbs. 
if /is  1/6.  «4  +  l^/ 

This  gives  the  value  of  H'  less  than  former  ff,  so  that  the  static  triangle 
is  new,  the  base  being  the  new  value  H',  and  the  vertical  line  being 
240— /H'  the  new  d'  is  seen  to  be  less  than  the  former  value  of  d. 

tan^'=  ^?^  -0.835 

227t\ 

The  movement  of  the  point  C  to  C,  due  to  the  friction  on  the  wall, 
is  readily  seen  if  we  get  the  resultant  of  the  two  vertical  forces,  namely 
240  lbs  at  /?,  acting  down,  and  H'  acting  up  at  the  point  A.  By  what 
was  given  in  a  previous  chapter,  the  resultant  is  the  force  acting  at 
the  point  below  /?,  with  a  magnitude  of  240  lbs.  —fH'^  giving  the  new 
point  C"  graphically.  In  fact,  it  is  enough  to  prove  the  point  stated 
above,  namely,  that  the  point  C  is  carried  further  away  from  the  wall 
by  the  roughness  of  the  wall,  since  the  resultant  is  sure  to  be  beyond  or 

below  the  point  R,  We  thus  see  that  the  stability 
of  a  body,  like  the  leaning  ladder,  may  be  secured 
by  means  of  friction  at  its  base,  assisted  by  friction 
at  its  top. 

i^  82  •     Again,  to  use  a  modified  form  of  the  prob- 

•  ^  lem  already   solved  twice    (66)  of  a  uniform  bar 

\  suspended  against  a  vertical  wall.     It  was  found 

\\  that  when  the  wall  was  smooth,  the  cord  or  wire 

^           .--J^D  should  be  made  fast  to  a  hook  as  much  above  H 

■'        iK\  B,3  H  was  above  D.     Fig.  85.     If  now  the  wall  be 

Ficf    SB 

rough  with  an  **angle  of  friction"  <f>,  the  bar  (and 
its  load  hung  at  G)  will  be  in  equilibrium  if  C  (where  the  three  force 
lines  meet)  be  anywhere  between  E  and  F\  tho  the  safest  place  is  at  the 
center,  C. 


concentbation  and  resolution 


65 


I 


^ 


15 


Vic.  86 


88.  The  concentration  of  distributed  forces  and  the  resolution 
of  concentrated  forces.  When  a  heavy  homogeneous  and  uniform 
timber  has  a  support  directly  under  or  over  its  geometrical  center. 
Fig.  86»  we  say  it  is  in  equilibrium,  because  its 
center  of  gravity  is  supported.  We  may  say 
more  explicitly  that  the  resultant  of  the  earth's 
attraction,  which  is  distributed  thru  the  whole 
mass  of  the  beam,  acts  thru  the  center,  and  that 
the  resultant  is  balanced  by  the  support.  But 
one  may  ask,  how  does  the  attraction  on  the  ver- 
tical end  layer  get  to  the  center?  We  answer  that 
the  first  layer  hangs  by  cohesion  on  the  second  layer;  and  that  upon 
the  third;  and  so  on,  each  layer  holding  up  all  between  it  and  the 
end,  and  being  held  up  with  its  load  by  the  one  next  to  it  on  the  inside. 
This  vertically-acting  force,  made  possible  by  cohesion,  has  been  called 
''shearing  stress/*  Like  friction,  it  is  tangential,  but  unlike  friction, 
it  is  far  more  intimate  and  continuous,  the  molecular  interlocking  being 
nearly  perfect  instead  of  imperfect  and  haphazard.  By  means  of  this 
shearing  stress,  the  weights  of  all  parts  of  the  timber  are  brought  to  the 
center.  The  shearing  stress  is  evidently  the  greatest  at  the  center. 
The  fact  that  this  transfer  of  weight  develops  other  stresses  within 
the  timber  does  not  now  concern  us,  tho  it  will  concern  us  later  on. 

8 1  •  If  the  timber  has  two  supports,  Fig.  87,  the  weight  is  con- 
centrated at  two  points.  The  simplest  method  of  making  this  dis- 
tribution is  by  first  concentrating  the  whole 
at  the  center  of  gravity,  and  then  resolv- 
ing W  into  two  parallel  components  at  A 
and  jB,  in  accord  with  the  principles  of 
Chapter  III. 

Since  the  moments  of  the  components  are  together,  equal  to  the 
moment  of  their  resultant  about  any  axis,  take  an  axis  at  A  to  find 
the  component  at  V2;  then 

hence  Fs,  which  must  directly  balance  TF2,  is  found  to  be  (in  mag- 
nitude) 
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In  like  manner 
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a+b 
b 

a+b 
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8S»     Sometimes  the  method  of  support  brings  into  a  member  of 
a  frame  a  direct  stress  which  is  independent  of  the  shear  and  bend* 
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ing  stresses,  as  in  this  simple  case.  Suppose  this  heavy  timber  is 
supported  by  two  separate  cords  or  chains  which  are  connected  to  a 
common  hook.  Consider  the  chains  and  timber  as  forming  a  tri- 
angular frame,  with  the  weight  of  the  timber 
(and  whatever  it  may  carry)  concentrated 
at  the  ends  into  Wi  and  W^  with  a  single 
support  at  the  hook.  The  static 
diagram  can  be  drawn  in  the  now 
familiar  way,  so  arranged  that 
only  four  straight  lines  exhibit 
the  static  triangles  for  the  pins 
A  and  jB.  The  cords  are  sub- 
ject to  direct  tension,  the  timber 
is  subject  to  a  direct  thrust^  and  to  shear.     Fig.  88(a). 

Had  the  timber  and  its  load  been  supported  by  two  chains 
to  separate  hooks,  the  timber  might  have  been  subject  to  direct  tension* 
The  student  may  so  represent  a  timber  and  draw  its  static  (or 
stress)  diagram. 


Fig.  88 


CHAPTER  V. 

Non-Concurrent,  Co-planar  Forces. 

80.  In  order  to  determine  fully  the  force  or  couple  required 
to  balance  a  system  of  co-planar  forces  which  act  in  different  direc- 
tions and  at  different  points  of  a  rigid  body  or  frame,  the  resultant 
of  the  given  forces  is  first  found.  There  are  four  rather  distinct 
methods  of  doing  this.  Every  force  must  be  actually  or  ideally 
given  in  magnitude,  direction  and  position. 

I.     Graphical  solution*     Fig.    89.     Combine    the    forces  in  pairs 

by  producing  their  lines  of  action,  if  need 
be,  till  they  intersect,  and  using  the  paral- 
lelogram»  or  by  the  methods  of  IV.,  £ 
and  (8).  Combine  the  partial  resultants 
in  pairs,  and  so  on  till  the  single  resultant 
is  found.  A  little  forethought  in  forming 
pairs  will  generally  keep  the  work  within 
bounds.  The  student  should  take  his 
data  from  what  is  given  in  Fig.  89,  as  to 
the  forces   (1),    (2),    (3)   and    (4),   their 

directions  and  their  relative  positions.     The  axes  OX  and  OY  are  not 

needed  in  this  method. 


Fig.  88 
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If  the  final  pair  should  consist  of  two  equal  and  directly  opposite 
forces,  the  resultant  is  zero,  and  the  given  forces  balance. 

If,  in  any  such  problem,  the  last  pair  should  chance  to  form  a  couple, 
the  combination  can  go  no  further;  the  resultant  is  that  couple^  and 
the  system  cannot  be  balanced  by  any  single  force;  only  an  opposite 
couple  can  prevent  the  body  from  turning, 

87*     IL    Analytic  solution.     Choose  a  pair  of  co-ordinate    axes 
which  can  conveniently  be  used  in  locating  points  of  action  and  direc- 
tions of  forces.     Let  the  direction 
be  determined  by  the  angle  ^,  as 
shown  in  Fig.  90,  and  let  a  point 
of  application  be  given  by  x  and  y. 

(a)  Resolve  every  force  into 
its  components  Pcos^  =  Pi,  and 
Psin^=P2.     See  Fig.  90. 

(b)  Resolve  every  component 
into  an  equal  and  parallel  force 
at  0,  and  a  couple  whose  moment 

(about  OZ)  is  +xPi  for  one  component,  and  —yPi  for  the  other^ 
(Fig.  90.)  Thus  the  resvUant  moment  for  a  force  P  is  xPt  —  yPi.  In 
the  same  way  every  given  force,  in  general,  is  resolved  into  two  f orces» 
Pi  and  Ps,  at  0,  and  a  moment  about  OZ, 

(c)  Summing  results 

/li  =  2Pi  =  2P  cos  ^. 
P2  =  2P2  =  SPsin^. 
if  =  2  {xP^  -  yPi)  =  2a:P2  -  2yPi. 

((f)  Combining  Ri  and  R2  gives  R  in  magnitude  and  direction^  but 
not  in  position. 


ng.8o 


iJ=  ^Ri^+Ri\       tan^^  = 


R 


a 


Ri 


(e)  Combine  M  and  R  by  33,  and  find  the  position  of  the  resultant 
force^  using  the  equation  p  =  MjR.  The  balancing  force  is  of  course 
the  above  resultant  reversed. 

(f)  The  point  of  application  cannot  be  explicitly  found,  but  the 
line  of  action  can,  and  any  point  in  that  line  can  be  taken  as  the  point 
of  application  provided  it  be  a  point  in  or  on  the  body  upon  which 
the  given  forces  act. 

If  x'  and  y'  are  the  co-ordinates  of  a  point  in  the  action  line  of  JK, 
we  have  the  equation  of  that  line 

M^x'Ri-y'Ri 
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whose  intercepts  on  the  axes  are  readily  found  and  the  action  line  can 
be  drawn  and  the  value  of  p  be  checked. 

This  method  can  be  made  clear  by  two  examples. 

Ex.  1.     Find  the  resultant  of  the  forces  shown  in 
*  the  following  table  which  gives  magnitudes,  co-ordi- 
nates of  points  of  application,  and  directions  of  forces. 
The  table  also  shows  how  to  tabulate  the  work  of  cal- 
^   ^,  culation.     Only  two  decimals  are  used  in  the  natural 

smes  and  cosines.     The  forces  shown  in  Fig.  91  are 
fairly  represented  in  the  table. 


F 

10 
12 

8 
16 

6 

X 

y 

-4 

0 

Fi 

F, 

icFi 

yFi 

-5 

45° 

+  7.07 

+  7.07 

-35.35 

-28.28 

0 

-6 

120° 

-   6.00 

+  10.39 

0.00 

+36.00 

2.5 

-1 

2 

300° 

+  4.00 

-   6.98 

-17.33 

-   4.00 

2 

180° 
40° 

-16.00 

0.00 

0.00 

-32.00 

4 

1 

+  4.62 

+3.84 

15.36 

+  4.62 

/J,=  -6.31    /i2  =  14.87 

-37.32 

-23.66 

Results:     see  Fig.  91 

/J  =  (Bi2+/l22)*  =  15.63 

M=  -37.32+23.66=  -13.66. 
Ex.  2.  Since  both  Ri  and  Ri  are  zero. 


^  =  arc  tan  —  =118°40'. 

Ri 

p  =  If /ft  =-0.87. 


F 

X 

y 

e 

24 

3 

-1 

90° 

14 
40 

-8 

+  10 

300° 

4 

4 

135° 

45.5 

+6 

-6 

298°2' 

the  resultant  is  not  a  single  force,  but  a 
couple  whose  moment  may  be  found. 

88*  III.  Semi-graphic  method.  This 
requires  an  accurate  drawing  of  the  force 
lines  so  that  in  each  case  its  perpendicular 
distance  from  some  convenient  central 
point  0  can  be  measured.  If  possible, 
0  should  be  at  the  intersection  of  two  force  lines.  Call  the  perpendi- 
culars pu  piy  etc. 

(a)  Imagine  that  every  force  F  is  resolved  into  an  equal  parallel 
force  at  0,  and  a  couple  whose  moment  is  Fp.  Measure  the  perpen- 
diculars and  calculate  the  value  of  M  =  llFp. 

(b)  Beginning  at  0  (or  some  more  convenient  point),  draw  the 
force  polygon  of  the  transferred  forces  which  meet  at  0,  thereby 
finding  the  magnitude  and  direction  of  the  resultant  R. 


THE    CHAIN    POLYGON 
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(c)  Combine  the  resultant  force  R  with  the  resultant  moment  if, 
as  already  pointed  out  in  the  last  method»  and  find  p. 

The  student  should  use  again  the  data  shown  in  Fig.  89,  and 
in  the  Table  under  the  II  Method,  and  so  check  up  all  former 
results. 

If  in  any  new  problem  3f  ^O,  and  ii>or<0,  the  final  resultant  is  a 
force  R  acting  thru  0. 

li  R^O  and  3f  =  0,  the  given  forces  balance  and  the  body  acted 
upon  is  in  equilibrium. 

The  above  three  methods  of  solving  problems  of  co-planar  forces 
should  be  well  mastered.  The  student  will  see  that  each  method 
has  at  times  special  advantages. 

80*  IV.  The  funicular,  or  chain  polygon.  Definition :  A  chain 
polygon  is  a  device  for  finding  graphically  a  point  in  the  resultant 
of  a  system  of  co-planar 
forces  acting  at  differ- 
ent points  on  a  solid 
body  or  frame,  by  the 
introduction  of  a  series 
of  internal  forces  which 
successively  balance 
the  given  forces,  and 
which  are  themselves 
balanced  by  two  forces 
whose  lines  of  action 
intersect  and  thus  determine  a  point  in  the  resultant  required.  The  full 
meaning  of  this  definition  will  be  seen  if  a  solution  is  closely  followed. 

1.  Let  a  trapezoidal  frame,  consist- 
ing of  seven  bars  with  pin-joints,  be 
acted  upon,  as  shown  in  Fig.  92(a),  by 
five  co-planar  forces  Fi F^. 

The  resultant  of  the  system  is  to  be 
found. 

The  magnitudes  and  directions  are 
shown  in  (6),  as  in  the  last  section. 
The  open  force  polygon  is  BCDEHK, 
and  the  ResuUanty  BKy  is  found  in 
magnitude  and  direction. 

2.  We  are  now  to  find  its  position. 
From  any  convenient  point  0  on  the 

right  of  the  force  polygon.  Fig.  9S6,  draw  right  lines  to  jB,  C,  27,  E,  H 
and  K.     These  lines  represent  tensions  in  the  links  of  our  proposed 
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chain.  The  force,  Fi,  acts  between  the  two  links  whose  tensions  are 
BO  and  CO.  The  force  lines  of  Fi,  and  the  two  tensions  form  a  static 
triangle  for  the  pin  at  pi,  which  point  is  taken  at  random  on  the  action 
line  of  Fi,  in  Fig.  a.  If  parallel  to  BO,  we  draw  bo  so  as  to  intersect 
the  line  of  action  of  Fi,  and  then  thru  the  point  of  intersection  draw 
CO  parallel  to  CO,  we  have  the  lines  of  action  of  the  three  forces  (viz. : 
Fi  and  the  first  and  the  second  links  of  the  chain)  which  balance. 

Producing  co  till  it  intersects  the  line  of  action  of  F2,  and  drawing 
do  parallel  to  DO,  we  have  the  action  lines  of  the  forces  whose  static 
triangle  is  COD.  In  the  same  way  drawing  do,  eo,  fo  and  Ao,  we  have 
all  the  forces  balanced  except  bo  and  ko.  The  tensions  in  bo  and  ko 
must  balance  them  all,  and  this  is  shown  by  the  static  triangle  BOK, 
and  hence  bo  and  lo  must  balance  the  resultant.  It  follows  that  the 
point  where  they  intersect,  Q,  is  in  the  resultant  R.  Thru  Q,  parallel 
and  equal  to  BK,  the  resultant  of  Fi,  F2,  Fj,  F4,  Fs  can  now  be  drawn. 

3.  The  point  0  is  called  the  "Pole";  the  lines  meeting  at  the  pole 
are  called  "rays";  Fig.  92  (a)  is  called  the  "space  diagram";  Fig.  92(6), 
is  the  force  diagram;  and  the  polygon  in  (a)  formed  by  the  interior 
links  and  the  lines  PiQ  and  PbQ,  is  called  the  Equilibrium  Polygon. 

00.  Different  chains.  The  student  can  choose  a  second  "Pole" 
for  0,  and  so  have  a  different  chain,  and  find  a  different  Q,  but  if  the 
figure  is  carefully  drawn  the  new  point  will  still  be  on  R. 

Great  freedom  is  allowed  in  drawing  a  chain  polygon  just  as  there 
is  in  a  force  polygon;  the  forces  may  be  taken  in  any  order,  and  it 
is  quite  possible  that  one  or  more  links  would  be  in  compression, 
i.  e.y  be  struts  instead  of  ties. 

1.  When  the  given  forces  are  all  vertical  and  acting  down,  the 
force  diagram  should  take  the  forces  in  order  from  left  to  right,  and 
the  pole  should  be  on  the  right,  if  the 
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links  of  the  chain  are  to  be  in  tension. 

If  the  pole  be  taken  on  the  left,   or  if 

the  forces  be  taken  in  the  reverse  order, 

the  links  will  be  struts  and  they  will  form 

an  arch.     It  is  not  necessary  that  the  points  Pi,  P2,  etc.,  are  actually 

on  the  body.     Since  the  shape  and  extent  of  the  body  are  indefinite, 

the  pins  of  the  imaginary  chain  may  be  off  or  on. 

Examples. 

Ex.  1.  Find  the  chain  (made  of  tie  bars  and  pins)  which  will 
balance  the  above  forces,  assuming  that  the  end  links  are  anchored. 

Ex.  2.  Find  an  arch  which  will  balance  the  above  forces  acting 
on  a  body,  assuming  that  the  end  struts  have  suitable  supports. 


WHEN    THE    RESULTANT    IS    A    COUPLE 


71 


Fig;M      • 


Fiff.  94 


2,  If  the  force  polygon  closes,  thereby  showing  that  the  result- 
ant IS  not  a  single  force,  the  first  and  last  rays  coincide,  and  the  first 
and  last  links  in 
the  chain  will 
represent  equal, 
opposite  and 
parallel  forces, 
thus  forming  a 
balancing  couple. 
The  system 
shown  in  Fig.  94 
gives  a  resultant  couple  whose  moment  is  balanced  by  Pip,  see  Fig.  (a). 

8.  Should  the  lines  of  action  of  Pi  and  Pg,  in  Fig.  (a),  coincide,  there 
would  be  no  couple,  and  as  both  il  =  0  and  Jtf  =  0,  and  the  given  forces 
would  be  completely  self-balanced. 

Ol.  The  dosing  link  and  Tertical  supports.  Having  found  the 
resultant  of  a  system  of  forces  by  the  IV.  method,  it  is  often  neces- 
sary to  resolve  it  into  parallel  components  acting  thru  given  points. 
This  is  readily  done  by  the  device  of  inserting  an  additional  link  connect- 
ing the  first  and  last  links  of  the  chain,  or  the  first  and  last  bars  of  an 
arch.  The  stress  of  this  new  link  combined  with  the  old  terminal  links 
separately  gives  the  parallel  components  of  the  resultant.  This  method 
will  be  illustrated. 

Let  the  given  forces  be  vertical,  and  let  one  of  the  required  parallel  com- 
ponents, which  will,  of  course,  be  vertical,  pass  thru  the  point  A,  Fig.  95. 

D  raw  the 
force  polygon 
BCDK,  with 
the  resultant 
BK. 

Choosing 
now  a  pole  for 
the  stresses  in 
the  chain, 
d  r  aw  the 
"rays'*  and 

construct  the  chain  polygon  as  before,  starting  at  -4,  and  find  the  position 
of  the  resultant  it. 

Now,  let  us  suppose  that  the  other  parallel  component  of  R  is  to 
pass  thru  the  point  E,  in  the  last  link  of  the  chain.  We  then  insert 
a  new  link  from  A  to  £J,  and  draw  the  "ray"  parallel  to  it  from  O  in 
the  force  diagram.  The  length  eo  gives  the  stress  of  this  link  and  the 
two  components  of  fl,  which  are  BE  and  EK  in  the  stress  diagram. 
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are  determined.  If  these  components  are  individually  supported 
and  balanced  by  direct  forces,  Vi  and  F2,  we  have  parallel  supports 
which  would  completely  balance  a  given  system  of  forces. 

If  now  we  consider  Vi  and  V2  as  additional  forces  acting  upon  the 
given  body,  we  have  a  set  of  vertical  forces  which  balance,  and  the 
complete  closed  chain  forms  the  Equilibrium  Polygon.  It  is,  in 
fact,  the  "static  polygon"  of  the  chain. 

The  reader  should  take  note  of  the  static  triangles  of  the  several 
points  or  pins,  -4,  jB,  C,  D  and  £,  in  Fig.  95(6). 

9ft.    When  both  vertical  and  inclined  forces  act  on  a  strnctnre, 

as  in  the  case  of  vertical  loads  and  wind  pressures  on  a  roof,  the  re- 
sultant is  in  general  not  vertical.  If  now  one  of  the  supports  is  to 
be  vertical,  the  other  must  be  inclined,  and  the  resultant  must  be 
resolved  into  two  components,  one  of  which  is  vertical  and  acting 
from  the  point  where  the  support  is  to  be  vertical,  the  other  inclined 
and  acting  through  the  point  where  the  inclined  support  must  act. 
In  such  a  case,  the  line  of  the  resultant  already  found,  should  be 
produced  until  it  intersects  the  vertical  support-line;  a  line  drawn  from 

their  intersection  to  the  other  support  will 
give  the  direction  of  the  inclined  support. 
Suppose  the  resultant  of  a  system  of 
vertical  and  inclined  forces,  acting  on  a  roof, 
has  been  found,  and  is  represented  by  iJ. 
Fig.  96.  The  two  supports  are  at  A  and  E. 
The  roof  is  anchored  at  £,  and  rests  on  rollers 
at  -4,  thereby  making  the  support  Vi  at  A 
vertical. 

The  above  furnishes  a  method  of  finding 
the  supports  for  the  problems  solved  in 
Graphical  Statics,  Chapter  XI. 

03  •  If  both  supports  are  to  be  inclined,  any  point  in  the  line  of 
action  of  the  resultant  may  be  taken  as  the  point  from  which  the  two 
supporting  action-lines  shall 
pass,  and  their  inclinations  may 
be  chosen  at  will.  In  such  a  case 
the  supports,  Vi  and  F2,  are 
readily  found. 


licoe 


Fig,  97 


04.    An  equilibriated  arch. 

In  the  case  of  an  equilibriated 

arch,  the  supports  are  always 

inclined  as  illustrated  below  where  the  given  forces  are  all  vertical. 

Fig.  97. 


FORCES   IN    SPACE  7S 

The  student  who  later  makes  a  special  study  of  arches  will  find 
another  and  most  important  use  of  the  equilibriated  arch. 

Problem. 

Let  the  student  assume  a  series  of  equal  vertical  loads,  placed  at 
equal  intervals,  and  support  them  by  an  equilibriated  arch;  and  again 
by  a  chain;  and  see  how  closely  the  balanced  pins  lie  in  parabolic 
arcs. 


CHAPTER  VI. 

Forces  in  Space. 


95.  CasbI.  When  three  forces  meet  at  a  point.  Graphical.  When 
three  forces  not  in  the  same  plane  meet  at  a  point,  they  cannot  possibly 
balance;  they  can,  however,  be  balanced  by  a  fourth  force  acting 
thru  the  common  point.  The  fourth  force  must  be  equal  and  directly 
opposite  to  the  resultant  of  the  three.  Hence,  to  find  the  equili- 
briating  force,  we  first  find  the  resultant  of  the  given  forces.  The 
resultant  can  be  found  graphically  by  drawing  in  different  planes. 
Thus  the  resultant  of  two  can  be  combined  with  the  third  in  a  new 
plane.  The  resultant  vector  of  three  forces  is  evidently  the  diagonal 
of  a  parallelepiped. 

Ru  Fig.  98,  is  the  resultant  of  Pi  and  Ps;  and  the  resultant  of  Ri 
and  Ps  is  iZ,  which  is  seen  to  be  the  diagonal 
of  a  parallelepiped,  which  has  the  given  force 
lines  as  diverging  (or  converging)  edges.  The 
drawing,  however,  is  not  a  scale  drawing,  and 
has  little  value  beyond  giving  clear  mental 
concepts.  When  four  forces  balance,  we  have 
a  static  polygon  (putting  P4 «  —  il),  OABC — 0, 
which  is  a  warped  static    polygon. 

OO.  Analytic.  1.  The  only  convenient  method  of  recording 
the  data  and  reaching  exact  solutions  of  such  space  problems 
is  the  analytic,  using  three  rectangular  axes,  and  specifying  direc- 
tions by  the  angles  which  force  lines  make  with  them  separately. 
We  shall,  in  general,  assume  that  OX  and  OY  are  horizontal,  and  that 
OZ  is  vertical.  The  logic  of  the  arrangement  has  already  been  ex- 
plained. 

£.  The  angles  which  a  force  P,  makes  with  the  axes  OXy  OY  and 
OZf  are  respectively  a,  )8, 7,  the  arrows  always  pointing /rom  the  origin. 
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li«.99 


It  is  evident  that  these  angles  are  not  wholly  independent  of  each 
other.  The  angles  lie  in  different  planes,  no  one  of  which  (except  in 
special  cases)  is  a  co-ordinate  plane. 

Suppose  we  know,  at  first,  only  that  a  is  40^.  At  once  we  picture 
a  cone  of  revolution  with  0  for  its  vertex,  OX  for  its  axis,  and  a  half- 
vertical  angle  of  40**.  If  now  we  learn  that  fi  is  60®,  we  think  of  another 
cone  mounted  on  OF  with  a  half  vertical  angle  of  60®.  Of  course, 
these  cones  intersect  in  two  elements,  one  above  and  one  below  the 
plane  of  XY.     There  are  therefore  two  possible  values  of  y  which 

are  supplements  of  each  other,  which  are  both 
determined,  and  P  is  either  in  the  firgt  or  fifth 
triedral  angle. 

8.     The  trigonometric  equation  showing  the  rela- 
:  tion  of  the  three  angles  is  found  as  follows: 

If  the  force  P  be  resolved  into  its  rectangular 
components  Pi  along  OX,  Ps  along  OF,  and  Ps 
along  OZy  we  have  by  inspecting  Fig.  99: 

Pi  =  Pcosa 
P2  =  Pcos/8 
P8  =  Pcosy 

Squaring  and  adding,  and  taking  note  of  the  fact  that 

Pi*+P2*+P8*  =  P2,  we  have 
cos^a+cos^/S-fcos^y  =  1;  (l) 

a  =  40®  and/8  =  60® 

cosy=  ±  V(i-cos2  40®-cos2  60®) 

giving  the  two  values  of  y  already  noted. 

4.  When  the  resultant  of  several  forces  acting  at  the  same  point 
in  space  is  desired,  for  the  purpose  of  finding  the  balancing  force, 
proceed  as  follows: 

(a)  Assume  the  common  point  of  action  as  the  origin,  and  if 
possible,  take  the  co-ordinate  planes  so  that  at  least  one  of  the  forces 
will  lie  in  a  co-ordinate  plane. 

(6)     Ascertain  the  direction  angles  of  every  given  force. 

(c)  Resolve  every  given  force  into  its  three  rectangular  com- 
ponents. 

{d)     Add  the  components  on  the  separate  axes,  getting 

Bi  =  2Pcosa 

ft  =  2Pcos/3y  (2) 

il8  =  2Pcosy 


hence,  when 


A    PRACTICAL    PROBLEM 
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(3) 


(e)     Find  R  by  the  equation 

and  o^  Pr  &^d  Yr  ^7  ^^^  equations 

cosar  =  Ri/R 

COsfir^  Ri/R 

coayr=Ri/R 

97.  niastratiTe  example.  A  weight  of  100  lbs.  is  to  be  sus- 
pended to  a  small  ring  directly  over  it,  and  that  ring  is  to  be  held  in 
position  by  three 
cords.  The  posi- 
tions and  tensions 
of  two  of  the  cords 
are  known,  but 
nothing  is  known 
of  the  third  cord 
and  force  except 
that  it  must  bal- 
ance the  three 
others.  The  un- 
known force  is  to  be 
fully    determined. 

The  positions 
and  magnitudes 
of  the  given  forces 
are  shown  in  Fig. 
100. 

SoliUion.  Take 
the  ring  as  the 
origin,  and  the  plane  of  Wi  and  Wi  as  the  plane  XZ.  A  horizontal 
gridiron  frame,  three  feet  (3')  above  the  ring,  supports  light  pulleys, 
over  which  cords  are  to  run  from  the  weights  W%^SO  lbs.,  and  from 
Wz  —  40  lbs.  The  tension  line  of  W%  is  thru  A^  which  is  in  the  plane 
X'Z,  and  4'  from  0';  hence 


ncioo 


cos 


4  3  o      ^ 

aa  =  -;  cosy2  =  -«  cosp2  =  0 

5  5 ' 


The  tension  line  of  Wi  =  40  lbs.  is  in  a  vertical  plane  which  bisects 

the  angle  (+F)0(— JT),  and  the  pulley  B'  is  5'  from  0\  and  3'  above 

5  3 

the  plane  XY;  hence  tanvj  =  - »    and  cosvs  =  —  ^  • 

3  V34 
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To  find  /Ss,  assume  a  spherical  surface,  with  radius  unity  and  center 
at  0,  cutting  OY  stK,  and  the  force  line  of  Wt  at  H. 

The  bisecting  plane,  passing  thru  B^  and  OZ^  cuts  the  sphere  in 
the  arc  HN^  which  is  the  complement  of  ys-  Drawing  the  arc  NK 
cut  from  the  unit  sphere  by  the  plane  XF,  we  have  a  spherical  right 
triangle  HNK,  right-angled  at  N.  Its  legs  are  KN  =  45^,  HN  =  90-  yz, 
while  HK  =  Pz. 

Hence,  by  Napier's  Rules,  />  ^  eo  •  ^     / — 

^      *    ^        ^  cosps  —  cos  45  siny8=»  rr  Vl7. 

andby»6(l) 


34 


cos 


/,       9       25  5    I— 

\         34       68  34 


The  reason  for  the  negative  value  of  cosos  is  evident. 
Table  giving  data  and  solution: 


p 

cos  a 

cos)8      cosy 

Pcosa 

Pcos/8 

Pcosy 

Wi  =  100 

0 

0             -1 

0 

0 

-100 

Wi=  80 

0.800 

0 

0.600 

64.00 

0 

48.00 

Wt=  40 

-0.606 

+0.606 

0.515 

-24.24 

+24.24 

20.60 

P=? 

Oy 

I3r 

yr 

«!  =  39.76 

ft  =  24.24 

ft  =-31.40 

il=    Vft2  +  /J2'  +  /J32  =  56  le 

The  position  of  R  is  seen  from  its  three  components,  fli,  ft  and  ft, 
in  Fig.  100,  to  be  in  the  5th  triedral  angle. 

The  angles  a^,  )8y,  y^  are  found  from  their  cosines,  which  are 

39.76  o       ^4.24  -31.4 

cosay=  _      ,  cospy=  rTT7»  cosy^^ 


56.16 


56.16 


56.16 


If  we  represent  the  direction  angles  of  the  balancing  force  by 

a'  =  180°-a^ 

/3'  =  180°-)8„ 

/  =  180°-y„ 

we  have  ,  39.76 

cosa  =  —  cos  o-r  =  ■" 


cos/8'=  — cos)8,.=  — 


cosy'=  — cosy,.=  + 


56.16 
24.24 

56.16 
31.4 

56.16 


and  the  Balancing  Force  is  completely  found. 
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F 

a 

/8 

y 

'     20 

60° 

<90'' 

50" 

85 

>00"' 

SO" 

90° 

1  100 

135 

J  00" 

>90 

60 

SO" 

120° 

? 

/J=? 

<V  =  ? 

/8,=  ? 

rr=? 

To  exhibit  the  position  of  its  line  of  action  more  clearly,  it  can 
be  said  that  the  force  required  to  balance  the  three  given  forces  acU 
up  into  the  third  triedral  angle.  It  pierces  the  plane  X'O'Y'  (which 
is  three  feet  above  XOY)  at  a  point  P,  which  is: 

Stany'  distant  from  0', 
Ssecy'cosa'  distant  from  0'Y\ 
3 sec 7' cos ^'  distant  from  0'X\ 


Problem. 

Let  the  student  mentally  picture 
the  concrete  situation  whose  data 
are  given  in  this  table,  and  repre- 
sent them  graphically  \  then  derive 
the  answers  to  the  five  questions.  One 
square  in  the  table  is  purposely  left 
vacant. 


Queries. 

1.  What  does  it  mean  when  one  of  the  components  of  R  is  zero? 

2.  What  does  it  mean  when  two  of  the  components  of  R  are  zero? 
8.     What  does  it  mean  when  all  three  components  of  R  are  zero. 

98.  Case  II.  When  the  forces  do  not  converge  to  a  point, 
but  act  at  different  points  and  in  different  directions.  The  General 
Case.  The  analysis  is  an  extension  of  the  analysis  for  non- 
concurrent  forces  in  a  plane.  A  point  of  application  is  given  by  its 
three  co-ordinates,  a?,  y  and  a.  The  direction  of  a  force  by  three 
direction  angles,  a,  )8,  y,  with  reference  to  three  rectangular  lines 
(parallel  to  the  co-ordinate  axes)  drawn  thru  the  point  of  application. 
The  steps  in  the  process  of  finding  a  resultant  are  as  follows : 

(a)     Resolve  every  force  into  its  three  components  \ 

Pi  =  Pcosa 
P,  =  Pcos/8 
Pz  =  Pcos  y 

(6)  Resolve  every  component  into  an  equal  parallel  force  at  0,  and  two 
vumients,  with  reference  to  the  two  co-ordinate  axes  perpendicular  to 
it.  This  must  be  illustrated.  Let  Pi,  Fig.  101,  the  component  acting 
at  the  point  A(xy  y,  z)  be  resolved  into  an  equal  force,  P/,  acting  P, 
and  a  couple  zPi  (right-handed)  about  the  Y  axis.  Next  think  of  Pi' 
as  acting  at  C,  and  resolve  it  into  an  equal  parallel  force.  Pi",  at  0, 
and  a  left-handed  couple  yPi  about  the  axis  Z.  Of  course  Pi  produces 
no  moment  about  the  X  axis,  with  which  it  is  parallel. 
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We  thus  get  for  Pi  acting  in  space: 

a  force  Pi  at  0,  along  0X\ 
a  moment  about  OF  of  +zPi\ 
and  a  moment  about  OZ  of  —  yPi. 

In  like  manner,  for  the  component  Ps,  we  shall  get: 

a  force  P2  at  0,  along  0Y\ 
a  moment  about  OZ  of  +a;Pj; 
and  a  moment  about  OX  of  —  zPj. 

And  for  the  component  Ps: 

a  force  P3  at  0»  along  0Z\ 
a  moment  about  OX  of  +yP8; 
and  a  moment  about  OF  of  —  xPj. 

Summing  these  results,  we  get  for  every  force  P  in  space: 
Three  components.  Pi,  Pj,  Ps,  at  the  origin  of  co-ordinates; 

A  moment  about  OX  of  yPz—zP2  =  M^ 
A  moment  about  OF  of  zPi—xPz  —  My. 
A  moment  about  OZ  of  xPi—yPi^M^, 

A  careful  examination  of  Fig.  101 

will  make  all  these  moments  intelligible. 

If    the    results    are  tabulated   the 

student  will  notice    the  sequence  of 

^•'  letters  and  numbers. 


-hYc 


Fiff.  101 


p 

M, 

My 

M, 

Plptpt 

yPz-zPi 

zPi-xP» 

xPt-yPi 

Note  the  sequence  of  letters  and  numbers,  in  Fig.  102. 

The  student  will  also  notice  that  the  moment  about 
OZ  or  Mz  is  identical  with  that  found  for  the  axis  OZ^ 
when  the  force  was  in  the  plane  XF,  and  there  could  be  no 
moment  about  OX  and  0  F  as  both  z  and  Ps  were  zero. 

(c)     After  all  the  forces  are  resolved  as  above,  sum  the 

results. 

Find  2  (Pi)  =  fli  2  {yPz)  -  S  (2P2)  =  3f  1 

Find  2  (P2)  =  ft         and  2  (zPi)  -  2  (xPs)  =  3f , 
Find  2  (Ps)  =  fls  2  (XP2)  -  2  (yPi)  =  Mz 


n*  loa 


(d) 


iJ=    V(fi,*  +  iJ2«  +  fl,«) 


3f=  ^{Mi^+Mt^+Mi^) 


\ 


(4) 


(5) 


SOLUTION  OF  A  GENERAL  PROBLEM 
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This  combination  of  three  moments  about  three  separate  rectangu- 
lar axes  is  in  accord  with  what  was  shown  in  (II). 

In  general,  the  resultant  of  such  a  system  of  forces  in  space  is  a  restLU- 
ani  force  acting  at  the  origin,  and  a  resultant  moment  about  an  axis  in  space. 

(e)     The  direction  angles  for  R  are  found  by  the  equations 

cosay.  =  ili//J") 

COsl3r  =  R2/R[  (6) 

COS  TV  —  R2/R  ^ 
And  the  direction   angles  of  the  axis  of  the  resultant   moment  are 
found  by  the  equations 


(7) 


COS  X  =  3fi/3f 

COS/X^Jfj/Jf 

2.  The  axis  of  M  may  be  assumed  to  pass  thru  0.  If  the  axis  of  M 
is  parallel  to,  or  coincides  with,  /{,  no  further  combination  is  possible. 

If  the  axis  of  M  and  R  make  an  angle  0,  M  may  be  resolved  into 
two  new  components,  if  cos^,  and  Jtf  sin^.  The  component,  Jtfsin^, 
can  be  combined  with  A,  thereby  shifting  A  to  a  parallel  position 
distant  from  0  by  a  perpendicular  L. 

MsinO 


i  = 


R 


The  perpendicular  is  drawn  normal  to  a  plane  which  passes  thru  R 
and  is  parallel  to  the  axis  of  M.  The  resultant  of  the  system  is  then 
R  in  this  new  position  and  the  moment  Mcos0.  If  ^  is  a  right  angle, 
McosO  is  zero,  and  the  resultant  is  a  single  force. 

If  Jtf  ==0,  the  resultant  is  a  force  R  at  the  origin  of  co-ordinates. 
If  jR^O  while  M  is  not  zero,  the  resultant  is  a  couple  with  moment  Jtf. 

If  A  =  0  and  jf  =  0,  the  system  is  self-balanced  and  the  body  acted 
upon  is  in  equilibrium. 

While  an  engineer  rarely  has  occasion  to  solve  a  general  problem  in 
statics,  it  is  well  to  embody  the  method  in  the  solution  of  a  problem 
with  assumed  data.  Pr  hi  m 

Solve  the  problem  in  the  table,  filling  out  blank  spaces  systematically. 


p 

8 
16 

10 
20 

X 

4 
0 

y 

6 

z 

a 

/3 

r 

<90' 

Pi 

P% 

Pz 

yPs 

ZP2 

zPi 

xPs 

xPt 

yPi 

12 

75 

50 

— 

0 

0 

SO 

"eo 

60 

>90 

45^ 

— 2-f3 

-4 

186' 

8 

— 1 

-6 

>90 

70* 

Jlf=? 

Ri=? 

R^? 

Rs-? 

fi=? 

■ 

1    Afi=? 

M2=? 

Mv=? 
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The  student  will  notice,  when  P=«8,  that  cosy  =+  Vsin^a— cos*)8, 
since  y  must  be  acute. 

The  actual  value  of  y  need  not  be  found,  as  only  its  cosine  is  wanted. 
The  value  of  /3  for  the  second  force  the  student  must  supply  himself. 

The  above  system  of  forces  can  be  balanced  only  by  balancing  A, 
and  M^  either  by  a  single  force  or  a  combination  of  a  single  force  and 
a  single  couple. 


CHAPTER  VII. 

Centroids  and  Centers  of  Pressure. 

OO.  1.  The  two  most  important  applications  of  the  theory  of 
parallel  forces  are  found  in  problems  which  require  the  concentration 
of  distributed  forces.  In  Chapter  I  it  was  assumed  that  such  con- 
centration was  possible,  and  we  did  not  hesitate  to  give  the  total 
magnitude  of  a  force  distributed  over  a  surface  or  thru  a  volume; 
but  we  did  not  attempt  to  determine  the  exact  location  of  the  line 
of  action  of  the  concentrated  force.  This  chapter  will  be  devoted  to 
finding  the  positions  of  concentrated  or  resultant  forces  when  the  law 
of  distribution  is  definitely  known. 

100.  The  point  in  a  surface  where  the  resultant  of  a  distributed 
force  pierces  that  surface,  is  caUed  the  '^Center  of  Action.'' 

As  has  been  said,  all  of  our  problems  are  more  or  less  ideal,  but  they 
closely  approximate  the  real.  We  assume,  for  example,  that  the 
steam  or  air  pressure  upon  the  vertical  face  of  a  piston  is  uniform, 
tho  we  know  that  such  is  not  absolutely  the  case.  We  assume  that 
the  pressure  between  the  corner  stone  of  a  building  and  the  material 
below  it  is  uniformly  distributed,  when  it  probably  is  not  uniform. 
We  assume  that  the  earth's  attraction  upon  a  cubic  inch  of  material 
in  a  block  of  wood,  stone  or  metal,  is  uniform  thruout  the  block, 
tho  we  have  no  idea  that  such  is  the  absolute  truth. 

101.  The  phrase:  ''The  intensity  of  the  surface  aetion  at  a 
point"  means :  the  amount  of  action  or  force  there  would  be  on  a  unit 
of  surface  if  tliruout  the  unit  surface  the  force  were  uniformly  what 
it  is  upon  the  infinitesimal  area  surrounding  the  given  point 

Since  the  magnitude  and  direction  of  a  uniformly  distributed  force 
cannot  affect  the  position  of  the  Center  of  Action,  we  may  assume 
that  the  direction  is  normal,  and  that  the  intensity  is  p,  which  is  as 
small  as  one  likes. 
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102.  Centroids  of  plane  surfaces.  The  point  where  the  resnliarU 
of  a  vniformly  distribiUed  force  pierces  a  plane  surface  is  called  the 
**Centroid"*  of  that  surface. 

In  some  simple  geometrical  surfaces  the  centroid  is  evident  by 
symmetry,  without  demonstration.  For  example:  The  circle,  the 
ellipse,  a  rectangle,  all  regidar  polygons.  If  a  surface  has  an  axis 
of  symmetry,  the  centroid  is  on  that  axis;  two  such  axes  determine  the 
centroid.  If  a  surface  can  be  divided  into  parts  such  that  the  cen- 
troid of  every  part  is  known,  and  known  to  lie  on  a  certain  straight 
line,  the  centroid  of  the  surface  is  known  to  lie  on  that  line.  The 
number  of  parts  may  be  finite  or  infinite.  Hence  the  centroid  of  a 
triangle  is  at  the  intersection  of  its  medial  lines. 

103.  When  a  surface  of  action  can  be  divided  into  finite  parts 
whose  several  areas  and  centroids  are  known,  the  problem  of  finding 
the  centroid  of  the  entire  surface  falls  directly  under  parallel  forces 
in  space.     Chapter  III. 

It  was  proved  in  geometry  that  the  point  which  we  now  call  the 
centroid  of  a  plane  triangle  is  on  a  medial  line  two-thirds  of  its  length 
from  the  vertex  end.  The  centroid  of 
A  plane  trapezoid  is  found  graphically 
as  shown  in  Fig.  103.  The  diagonal 
AB  divides  the  surface  into  two  tri- 
angles whose  centroids  determine  the 
right  line,  ab.  The  diagonal  CD,  gives 
two  new  triangles,  and  a  second  line, 
cd»  which,  with  ab  determines  G,  the  centroid  of  the  trapezoid. 

The  centroid  of  any  rectilinear  plane  surface  is  found  by  an  exten- 
sion of  the  method  just  used. 

104.  The  genial  case.  When  the  outlines  of  a  surface  are 
curved  and  irregular,  and  there  are  no  axes  of  symmetry^  the  Centroid 
must  be  found  by  the  doctrine  of  moments  and  the  use  of  the  Calculus. 

I.  Let  the  uniform  force  intensity  be  p.  If  ^  represents  the  whole 
area  of  the  surface  of  action,  A^l  will  represent  a  portion  of  that  sur- 
face, and  pAA  will  represent  the  magnitude  of  the  force  on  that  por- 
tion.   As  the  whole  is  equal  to  the  sum  of  its  parts 

R^JlipAA) 

*  The  author  prefers  the  word  "Centroid"  to  the  phrase  "Center  of  Gravity'' 
when  speaking  of  plane  areas,  yet  the  latter  is  in  very  common  use. 

The  introduction  of  thin  flat  plates  of  heavy  material  fails  to  hide  the  absurd- 
ity of  speaking  of  the  gravity  of  a  Sfwrface;  and  to  go  farther  and  assume  that 
the  plate  is  half  above  and  half  below  the  given  area  in  order  to  bring  the  C.  G. 
of  the  plate  into  coincidence  with  the  Centroid  of  the  surface  is  confusing  to  a 
novice. 
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In  this  case  the  summation  must  be  made  by  the  Calculus.  Instead 
of  the  sum  of  a  finite  number  of  finite  terms,  we  must  have  the  sum 
of  an  infinite  number   of   infinitesimal  terms.     Hence   we  shall  use 

for  S,  and  d  for  A,  and  the  above  formula  becomes 


/ 


R  =  jpdA 


n*.  iM 


It  is  here  and  elsewhere  assumed  that  the  student  is  familiar  with  the 
ordinary  methods  of  integration,  but  he  may  be  less  familiar  with 
their  application  to  practical  problems.  Accordingly,  some  funda- 
mental matters  will  be  fully  explained.  The 
expression  dA  is  the  numerical  measure  of  a 
portion  of  the  surface  Ay  and  preferably  repre- 
sents the  product  of  a  length  by  a  breadth. 
Both  factors  may  be  infinitesimals,  as  dxdy\  or 
one  may  be  finite,  as  ydx,  or  {yt^yi)dx\  see 
Figs.  104  and  105.  If  dA^^dxdy^  two  integra- 
tions will  be  required;  if  dA^ydx,  only  one 
integration  is  necessary;  hence  the  second  form  is  preferred,  when 
it  can  be  used. 

2.  Let  BC  be  a  surface  bounded  by  outlines  not  at  present  defined. 
General  formulas  for  the  position  of  its  centroid  are  to  be  found. 
Let  the  surface  A  be  divided  into  elements  parallel  to  the  axis  OY, 
with  a  constant  width,  dx.  The  elementary  area  of  a  single  strip  is 
(y2'-yi)dxy  according  to  the  lettered  Fig.  104.  If  p  be  the  intensity 
of  the  distributed  force,  the  force  acting  upon  the  strip  is  (yi  —  yOpdx. 
The  moment  of  this  force  about  OY  is  x{y2  —  yi)j>dx,  and  the  sum  of 
the  moments  of  all  the  elements  is 


M. 


*1 


(1) 


x(yi  -  yOpdx = p  J,,  (j/t  -  yi)xdx 

since  p  is  constant  during  the  integration. 

Now,  the  total  force  acting  on  the  surface,  jBC,  is  p\    {yt—yi^dx 

which  is  p  times  the  area,  or  p^.  When  this  force  is  centralized  it  will 
act  at  the  centroid  of  the  surface  whose  co-ordinates  we  will  call 
Xq  and  2/o-     Then  the  moment  of  the  centralized  or  resultant  force 

about  OY  will  be  x^^p ^^^{y2-yi)dx=^My 

Now  follows  an  Axiom  of  Mechanics: 

The  moment  of  the  whole  is  equal  to  the  whole  of  the  moments. 

(^2  -  yi)dx  =  p  J  ^j  (^2  -  yOxdx 


x^R  =  My 


GENERAL   FORMULAS 


8S 


Hence 


«0   = 


j^{yt-yi)xdx 

JiVi—yOdx 


M. 


--   *'*v 


R 


(2) 


8.  The  method  of  integration  is  determined  in  every  case  by  the 
equations  of  the  boundary  lines  of  the  surface. 

The  disappearance  of  p  shows  that  x^  depends  not  on  the  absolute 
value  of  p,  but  upon  its  uniformity.  We  will  therefore  assume  that 
p  — 1,  and  numerically  R=^A. 

4.  The  co-ordinate,  y^f  is  found  in  a  similar  manner.  If  the  same 
elementary  strip,  {y^  —  yOdx^  is  used,  we  must  get  its  moment  about 
OX  by  multiplying  its  area  by  the  ordinate  to  its  central  point,  which 

yi+yi 


is 


Hence  our  value  of  y^  will  appear 

« 


yo  = 


I    {y%—y\)dx 


_,         » 


3f. 


R 


(3) 


5.     If  a  new  element  is  taken  parallel  to  the  axis  of  Xy  the  value  of 

y^  appears  thus: —  /^^ 

I     {Xi  -  xi)ydy       ^ 

yo^-7<z = -r  W 


J^{x2  —  xi)dy 
Vl 


i. jfc 


There  are  other  general  methods  depending  upon  the  form  of  the 
surface  element  and  upon  the  use  of  circular  or  polar  co-ordinates. 
A  variety  of  illustrative  examples  is  chosen  so  as  to  make  every  method 
clear. 

105.    Examples  iUnstrating  methods  of  finding  centroids. 

Ex.  I.  The  centroid  of  a  parabolic  half  seg- 
ment.    Fig.  105.      . 

Let  the  surface  be  OAC,  and  the  element  be 
PB=^ydx.  The  Equation  of  the  curve  is  y^^ax. 
N.  B. — While  we  are  to  find  x^  and  y^^  the 
co-ordinates  of  the  interior  point  G,  the  student 
must  bear  in  mind  that  x  and  y  thruout  our  analysis 
are  the  co-ordinates  of  points  P,  on  the  bounding  curve. 

Since  p==l»  the  force  on  our  element  is  ydx^  and  its  moment  about 

the  axis  OY  is       ,,,  , 

dMy^xydx 

2 


Hence 


M. 


m 
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It  was  found  in  the  calculus  that 

Area  of  OAC^  ^kh  =  A  =  R. 

S 

M        S 
Hence  by  104,  x^  =  — *  =  -  *:. 

A         5 

The  centroid  of  the  strip  element,  BP,  is  at  its  middle  point  y/^  from 
OX;  hence,  the  moment  of  the  element  about  OX  is 

dM^=      ydx 


and  Mj,=  -  I  y^dx  =  -  I  xdx  — 


ait* 
4 


If.    _  3 

^'       ^  8 

106.  The  student  must  not  be  wedded  to  one  form  of  a  surface 
element.  The  element  QD—(Jc  —  x)dyy  would  have  served  equally 
well.     We  see  at  once  using  subscripts  1  and  St  in  place  of  x  and  yi 

dMi==(k  —  x)ydy 
Ml  =  J^  kydy  — .  J^  a^^y 

2         4a  4 

Ml        3  . 
^^=I-  =  8* 

dJ/2  =  (fc  — a;) dy 


■  sr- 


"  '  «         10a«      5 


^  5 

107.  The  algebraic  method.  This  method  is  based  upon  a 
full  set  of  data,  and  is  best  illustrated  by  an  example.  Suppose  we 
wish  to  know  the  centroid  of  the  parabolic  spandril  OQAEy  knowing 
the  centroid  of  the  rectangle  OCAEy  and  the  centroid  of  the  half 
segment  OCA,  as  found  above. 

The  three  centroids  are  on  the  same  straight  line.  Why?  And 
the  centroid  of  the  spandril  is  tvrice  as  far  from  the  center  of  the  rect- 
angle as  is  the  G  of  the  segment.     Why? 


ANALTTICAL   METHODS  8( 

The  Axiom  of  Momenta  with  respect  to  each  axis,  OX  and  OY, 
serves  our  purpose.  Letting  x„  y^  be  the  unknown  co-ordinates  of 
the  centroid  of  the  spaodril,  and  using  the  data  of  the  rectangle  sad 
segment)  we  have  the  two  moment  equations. 

Jf,  =  AfcX-i  =  ?ftfcX-i:-|--AiX». 
2       8         5       3 


whence  x.=  — i 

10 

This  indirect  method  is  often  very  convenient. 

Ex.  1.  Find  the  Centroid  of  the  above  Spandril  by  direct  integra- 
tion. 

Ex.  2.    Fiod  the  Centroid  of  a  quadrant  of  an  ellipse. 

Ex.  3.    In  Fig.  103.  let  the  non-parallel  sides,  AC  and  DB,  be  pro- 
duced till  they  meet  in  0.  Find  graphically  the  oentroid 
of  the   triangles   OAD  and  OCB,  and   measure  their 
distance  from  0.    Then  by  the  algebraic  method  find 
the  distance  to  the  centroid  of  the  trapezoid. 

108.  Find  the  centroid  of  a  drenlar  segment,  intro- 
ducing circular  co-ordinates. 

Solution.    The  segment   is   ABC,   Fig.  106.     Since 
OX  is  an  axis  of  symmetry,  the  centroid  is  on  that 
axis  and  ^0  =  0,    The  element  isiydx.  From  the  figure      "•■"'• 
x-^rcoaB,  y^raind,  dx=  —ramOdO,  iri  =  rc03<^. 

M ^=' f^iyxdx  =  ~i j^ T* sin' 6 COS Odd^ir"  I  sm*Bcoa0d0,~-r*3ia*^. 

^=2j^ydx=-2r=J^ain»^  d6  =  ir'n ain^d d0=rK<{>-sm(f>cos<t>). 

The  student  will  take  note  that  the  expression  for  A  (the  area  of 
the  segment)  is  explicitly  the  area  of  the  sector  OACB  mintig  the 
area  of  the  triangle  OAB:  that  is 

^  =  7-*  ^  —  r'sin  ^cos  tft. 
Dividing  M^  by  A  we  have 

_  ^v  _  *  sin'^ 

A        S   <p~ siuff>cosif> 
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For  €L  semi-circle  <^  =  ir/2and 

4r 
^o=  — . 
Sir 

Note.  The  student  must  not  be  surprised  that  dx^  —rcosOdO 
with  the  negative  sign.  If  he  looks  at  Fig.  106,  he  will  see  that  as 
X  increases,  0  decreases;  hence,  if  dx  is  positive,  dO  must  be  negative, 
and  {—dd)  is  positive. 

lOO.  The  centroid  of  a  drcalar  sector.  The  surface  element  may 
best  be  defined  by  polar  co-ordinates.     Let  the  given  surface  be  the 

sector  of  a  circle,  OABCy  Fig.  107.  As  OB  is 
an  axis  of  symmetry,  we  have  only  to  find  the 
distance  x;,.  This  could  be  found  by  algebra  if 
we  knew  the  position  of  the  centroid  of  the  cir- 
cular segment  AC  By  as  well  as  of  the  triangle 
OAC.  But  the  direct  method  is  simpler,  as 
follows: 

Let  the  radius  be  r,  and  the  half-angle 
AOB  =  ^.  Draw  two  consecutive  radii  in  a  general  position  defined  by 
the  arcs  0  and  dO;    the  elementary  surface  is  an  infinitesimal  triangle 

whose  area  is  —r^dd\  its  centroid  is  at  a  distaAce  —  r  from  0,  and  its 

^2  3 

distance  from  FF  is  —  rcos^.     Hence,  taking  moments  about  FF,  and 

3 

integrating,  we  have 


—  rcos0d0 
3 


^   2    sin^^^ 
3      ({> 


Both  integrals  are  doubled  so  as  to  include  the  whole  sector. 
Corollary. 

1{0  =  7r/2,  the  sector  is  a  semicircle  and  x^  =  4r/37r 
as  found  in  108. 

Ex.  Find  the  centroid  of  the  "spandril"  to  a 
segmental  arc. 

IIO.  Double  Integration.  To  find  the  cen- 
troid of  a  sector  of  a  circular  ring  area,  EABCDN. 
Fig.  108.  We  now  take  an  elementary  part  of  such 
a  sector  enclosed  by  two  cosecutive  arcs,  and  two 
consecutive  radii.  This  element  being  an  infinites- 
imal of  the  second  order  is  treated  as  a  irectangle 
with  the  area    (pd6)  (dp).     Its  moment  about  FF  is  p^dpcosOdO. 
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Hence  x^" 


^X'y  f^dpcosddO 


The  order  of  integration  is  immaterial.  If  we  integrate  for  0  first, 
we  shall  get  the  moment  of  a  sector  of  an  elementary  ring  as  shown 
by  adjacent  arcs;  its  length  is  2p<f>  and  its  width  dp.  The  next  integ- 
ration would  sweep  the  ring  outward  from  p  =  ri  to  p==r2, 

Had  we  integrated  first  for  p,  we  should  have  had  a  trapezoid  lying 
between  two  consecutive  radii  and  extending  from  ri  to  fj. 

Taking  the  first  order,  integrating  for  0  while  p  and  dp  are  constant, 
we  get  (canceling  the  2) 


a?o  = 


sin  ^  .h^f^^P 
<t>£'pdp 


2    sin<^  r^  —  Ti^ 
8*    ^     rs^-n* 


This  problem  could  have  been  done  by  the  algebraic  method  and 
109. 

If  Ti  =  0,  we  get  the  centroid  of  a  sector  as  in  the 
last  example. 

111.  The  centroid  of  a  circular  arc.  Fig.  109. 
The  arc  may  be  supposed  to  have  a  breadth  of  rfr, 
the  radius  being  r.  As  above,  the  element  is 
rdrd0;  its  moment*  about  FF  is  {rdrd0)  {rcos0). 

My  =  2r^dr  I    cos^  d0  =  2r^  sin  (f>dr 

The  area  of  the  arc,  or  infinitely  narrow  ring  is  2r(f>dr. 

My  __  2r*sin<^  __  rsin<^  .     v 

4  2r<t>  ^ 


•    •    *^o     ~~ 


Another  form  of  this  result  is  easily  remembered:  Since  the  chord 
^C  =  2r8in<^,  and  the  arc  =2r<^,  we  have 

Xo_  2rsin<^  __  chord 
r         2r<^  arc 

which  proportion  is  readily  put  into  words. 

*  Since  we  have  obliterated  the  force,  p,  per  square  unit  of  surface,  by  mak- 
ing it  unity,  we  naturally  drop  into  the  habit  of  speaking  of  a  surface  as  tho  it 
were  a  normal  force.    The  "habit"  is  quite  conventional. 
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Problem.    What  is  the  length  of  the  arc  whose  centroid  is  at  the 
center  of  its  central  radius? 

112.    The  centroid  of  a  cycloidal  area.    Suppose  the  area  under 

consideration  is  bounded  by 

a  cycloidal  arc  and  its  base. 

Fig.  110.    It  is  evident  that 

BH^  the  longest  ordinate,  is 

an  axis  of  symmetry :  hence, 

X    Xo  —  rTTy  and  only  y^  is  to  be 

found. 
From  the  figure,  since  ON  =  r0 

x=^r0—rs\n0 
y  =  r^rcos0 

The  element  of  the  surface  is  ydx,  and  its  centroid  is  distant  from 
OX  a  length  y/2.     Hence  ^t^r 

^  j^    ydx.yU  ^  Ml 

Jo  y^ 

From  a:=r^— rsin^,  we  have 

dx^r{\  —  cos^  ddy  so  that 

^  I    {l-cosOy  dO 


5      , 


%J  o 


^d0 


Snr^ 


6 

—  r 

6 


The  limits  for  0  follow  from  the  facts  that  when  x==0,  ^  =  0;  and 
when  x^^TTTy  ^=2ir.  The  uncanceled  denominator  incidentally 
shows  that  the  area  of  the  cycloid  is  just  three  times  the  area  of  the 
rolling  circle. 

CENTERS  OF  ACTION  OF  DISTRIBUTED  FORCES  WHICH 

VARY  IN  INTENSITY. 

118«  When  a  surface  action  is  a  distributed  force  which  varies 
in  intensity  according  to  a  definite  law,  the  center  of  the  force  for 
the  whole  can  be  found  if  the  centers  of  the  parts  can  be  found.  The 
most  important  case  is  that  of  a  uniformly  varying  force,  acting  on  a 
plane  surface.  The  following  are  cases  where  the  variation  is  approxi- 
mately uniform: 


HYDROSTATIC    PRESSURES 
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1.    The  pressure  of  water  upon  the  wall  of  a  tank, 

S.  The  normal  force  acting  upon  the  cross-section  of  an  elastic 
beam  which  is  slightly  bent. 

8.  The  pressure  upon  the  top  of  a  column  which  has  a  rigid  cap 
supporting  an  eccentric  load. 

4.  The  pressure  on  the  material  under  a  foundation  stone  which 
is  eccentrically  loaded. 

All  of  these  cases  will  be  discussed  with  more  or  less  fullness. 

114.  The  center  of  hydrostatic  pressure.  The  intensity  of  in* 
ternal  pressure  at  any  point  in  any  liquid  which  is  at  rest  in  an  open 
tank  or  vessel  is  equal  to  the  weight  of  a  column  of  liquid  and  the  air 
above  it,  having  for  its  base  a  unit  area  at  the  point,  and  reaching  to 
the  top  of  the  atmosphere.  The  weight  of  such  a  column  of  air,  with 
its  base  at  sea  level,  is  about  2,116  lbs  per  square  foot.  This  pro- 
duces a  pressure  of  2,116  R>s.  upon  the  surface  of  the  level  liquid, 
and  by  so  much  increases  the  internal  pressure  of  the  liquid  at 
every  point.  The  weight  of  a  column  of  the  liquid 
itself  from  the  point  under  consideration  to  the  sur- 
face must  be  added  to  get  the  intensity  required. 
See  Chapter  XXIV  under  Buoyancy. 

If  p  be  the  required  intensity  at  a  depth  of  x 
below  the  surface  of  a  liquid,  let  w  be  the  specific 
weighty  or  the  weight  of  a  unit  of  volume,  of  the  liquid, 
and  Po  the  atmosphere  pressure  on  the  surface  of  the  water;  then 

p-Po+tvx 

In  point  of  fact,  in  problems  in  Applied  Mechanics,  the  pressure 
p^  is  more  often  balanced  by  an  equal  pressure  on  the  other  side  of 

the  wall  or  vessel,  so  that  the  pressure  of  still 
air  can  generally  be  left  out  of  consideration. 
The  increased  pressure  due  to  moving  air,  and  the 
diminished  pressure  caused  by  rarefaction,  require 
special  examination.  Accordingly,  the  hydrostatic 
pressure  varies  with  the  depth. 


A 


Tic  111 


lis.    To  find  the  total  pressure  on  a  given 
vertical  plane  surface  and  the  ^'center  of  pres- 
sure," we  proceed  as  follows,  assuming  that  the 
atmospheric  pressure  is  self-balanced: — 

I.  Take  an  element  of  the  area  of  action,  at  a  depth  of  x  below 
the  top  of  the  liquid.  Fig.  112.  The  intensity  being  the  same  at  all 
points  at  that  depth,  let  the  element  extend  across  the  given  surface 
horizontally,  so  that  its  area  shall  be  {yt—yi^dx.    The  pressure  at  that 
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depth  is  xw  per  unit  of  surface,  and  the  pressure  on  the  element  is 
tDz(yt—yi)dx,  and  the  total  pressure  on  the  entire  area  is 


P^'wj^  (yt—yi)zdx. 


(1) 


and 


£.  The  Center  of  Pressure  involves  the  moment*  Take  for  the 
moment  axis  the  lineCCi  Fig.  112,  tangent  to  the  upper  edge  of  the  sur- 
face of  action.  Let  x'^x—xi  and  dx^dx'.  The  moment  of  the 
pressure  upon  the  element  is 

dM^^^wipi—yi)  (xi+x')x'dx' 
and  Jf^  =  tr  J^  (y^-yi)  (xix'+x'*)dx' 

3fc 

The  general  formula  for  yo  is  found,  when  needed,  in  a  similar 
manner. 

116«  Let  the  surface  of  action  ^  be  a  rectangle  with  vertical 
edges,  so  that  y  is  constant,  and  equals  6,  Fig.  113,  so  that  the  area  is 
A^bh. 

1.     Applying  115  (1),  we  have 

P  =  6^.??!Z^^  ^bwh^^^^^'  ^wA  ?^+^^  =wA  *+^^^ 


(2) 


2 


2 


i.  e.y  the  total  pressure  on  the  rectangle  BCDE  is  equal  to  the  area  of 
the  rectangle  multiplied  by  the  pressure  at  the  "mean  depth."     This 

o  result  was  almost  self-evident,  and  the  same  for- 
mula must  be  true  of  a  circle,  viz.:  the  area  of 
the  circle  times  the  intensity  of  the  pressure  at 
the  center. 

2.  The  moment  about  CC\  of  the  liquid  pressure 
on  the  elementary  area  bdx  is  bwxdxXx\  as  shown 
in  Fig.  113.  Since  x=^Xi+x\  and  dx=^dx\  we 
have  for  the  whole  moment 


M^^bw  I 


{xix' +x'^)dx' 


=  6w?  I 


X\h^ 


+ 


6 

and  Xo=  — ^ 

""       P 


^^*\2A+3xO=^*(2A+3xO 


6 


h     ^h+Sxi 

... 

3 


h+^xi 

in  which  x^  is  measured  from  the  top  of  the  rectangle,  CCi  and  Xiisthe 
distance  from  CCi  to  the  top  of  the  liquid. 
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Corollary.     If  the  area  of  action  extends  to  the  top  of  the  liquid* 
:ri==o  and  we  have 

117.    1.  Let  the  immersed  area  be  the  triangle  BBD.   See  Fig.  114. 
With  the  lettering  shown,  we  have 


P  =  tr  J^  xydx  in  which 

bx' 
y=  — >  x  =  xi+x\  and  dx^dx'\ 

h 
Hence      ^="r"  I    {xix' +x'^)dx' 


iL -l-.^-J^'L  P---i-,C- 


hwh 
~6~ 


(3x1 +2A) 


D' 


Tig.  114 


2. 

and 


The  mom^n^  about  CC  of  the  pressure  on  the  element  is  wxydx '  X  x ' 


Jfc=  y  j    (xix'2+x")dx' 


"12" 


(4xi+3A) 


,                                      Jf        A  /3A+4a:i\ 
and  x^=  -^  =  -  l"^,- ) 

Xo  is  measured  from  CC, 

Corollary.     If  the  vertex  of  the  triangle  reaches  the  top  of  the  liquid* 
Xi  =  0,  and  3  , 

4 

The  center  of  pressure  is  shown  in  Fig.  114, 
provided  the  vertex  D  is  at  the  surface  of  the 
liquid. 

118.  Let  the  surface  in  the  vertical  wall 
of  a  tank  be  a  circle.  Fig.  115.  Let  x,  xu 
X29  Itnd  x'  be  defined  as  in  the  last  section. 

I   in  this  case  y  =  2  Vx'(2r  — x').     As  intimated 
in  IIG9  the  total  pressure  is  equal  to  the 
I   area,,  multiplied  by  the  mean  depth. 


It3,,„3t3>J»IliHIJItJIMJIJ^,,»tJ3tJIJIfjii 


He  110 


X9'4~Xi 
P  =r  (wT^^  • •  Wy  hence 


P  =  7rv)r^  {xi+r)    . 
and  Jf<.=  jiydx')  {wx)x' 
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Changing  the  variable  to  0  we  have 

y  =  2rsin^ 
x'  =  r  (1— cos^ 
dx'^rsinffdd 
x  =  xi+r  (1— cos^ 
and  hence 

M^--2wr^[xij^8in^0(l-cos0)  d0+r  j^sin«^(l-cos^)»d^  ] 
■tM      r>     •!      /^— sin^cos^       sin'^\   ,     /^— sin^cos^       2sin'^ 

^•=H^K — i r-J+n — i ^ 


+ 


2  S 

2^-sin2^cos2^ 


16 


Jf,  =  2«^(^  +  ?+  i  )  ='^(^i+iO 


and 


a:^  =-—•  =  -  •  

P        4 


Corollary.    If  the  circle  touches  the  surface  of  the  liquid,  2ibO» 

6 
4 


iro=  -** 


'i^- 

V""' SII.IJ                  1 

liw 

^ yj 

\^^^v 

~  —  — ^^ 

X 

nff.  lie 


and 


110.    The  preflsnre  on  a  semi-drele.    If 

the  circle  is  half  above  the  surface  of  the 
liquid,  and  only  a  semi-circle  is  under  pres-* 
sure,  the  problem  is  wholly  new. 

With  the  notation  shown  in  Fig.  116 

a:  =  rsin^ 
dx  =  rcos0d0 
y  =  2rcos0 


so  that       P  =  2irr»  I    cos'  0  sm0d0 


^trr'cos 


-r- :- 


wr* 


and 


My  =  Zwr^ 


Hence 


My-- 


X   — 


iTwr^       irr^ 


0^os-0d0^^wr^\^^Iz^p^ 


8 


2  4  £      4 


M        3 
P         16 
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1 20.  The  student  must  not  fail  to  see  that  the  Center  of  a  varying 
Pressure  is  a  different  point  from  the  centroid  of  the  surface.  The 
**Center  of  Hydrostatic  Pressure"  is  always  below  the  centroid  of  the 
surface  of  action,  but  the  distance  below  depends  upon  the  depth 
of  the  liquid.  The  deeper  the  liquid,  the  less  the  distance  between 
the  two  points. 

The  results  in  all  the  above  cases  apply  to  surfaces  in  inclined  planes 
which  are  immersed — if  the  axis  of  X  is  a  line  of  greatest  declivity 
in  such  a  plane.  Just  as  the  value 
of  w  (the  specific  weight  of  the  liquid) 
disappeared  from  the  final  formulas 
for  vertical  planes,  so  tr  sin  <^  will  dis- 
appear for  the  inclined  plane.  Fig.  117. 

The  practical  appUcadon  of  these 
formulas  for  hydrostatics  is  readily 
seen.  If  a  gate  or  a  valve  in  the  ver- 
tical wall  of  a  dam,  flume  or  tank,  is  to  be  supported  by  a  single  prop, 
or  a  pair  of  shaft  bearings,  the  prop  or  shaft  must  be  so  adjusted  as 
to  act  normally  at  the  center  of  pressure  and  not  at  the  centroid  of 
the  surface.  If  the  gate  or  valve  is  to  revolve  freely  on  a  horizontal 
axis,  i.  e.,  so  that  the  moment  pressure  will  balance  on  the  axis,  that 
axis  must  pass  thru  the  center  of  pressure. 

The  problems  of  this  chapter  are  by  no  means  purely  abstract, 
given  simply  as  exercises.  Some  of  the  formulas  giving  the  value 
of  x^  will  appear  several  times  in  later  chapters. 


liff.  117 


I. 

121.    The  theorems  of  Pappus.    The  general  expression  for  the 

volume  generated  by  the  revolution  of  a  plane  area 
about  an  axis  in  the  plane,  not  intersecting  the  area 
revolved,  is  (Fig.  118,) 

V--%rr^xdA 

'**'^"  integrated  between  proper  limits;  dA  is  a  differential 

of  the  given  area  taken  parallel  to  the  axis  of  revolution.   The  integral 


by  the  axioms  of  moments. 
Hence 


; 


xdA^x^A 


V  =  2Trx^A 


In  other  words  the  volmne  of  a  solid  of  revolation  is  equal  to  the 
area  of  the  generating  surface,  multiplied  by  the  path  described  by 
the  centroid    of   that    surface.    This  is  known  as  the   Theorem  of 
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Papfua.    It  may  be  used  to  find  a  volume  when  x^  is  known,  or,  con- 
versely, to  find  x^  when  V  is  known.    For  example,  if  we  know  that 

the  volume  of  a  sphere  is  —m^y  we  can  find  the  centroid  of  a  semi- 

3 

circle  by  the  equation  .  ^. 

-Trr^^^rrxo'  — 


2^0  = 


4r^ 
Stt 


II. 

The  surface  of  a  solid  of  revolution  is  found  by  multiplying  the 

length  of  the  generating  curve  by  the  length  of  the 
path  of  its  centroid  during  the  revolution.    Fig.  119. 

Since  S  =  ^Trjxdly  in  which  8  is  the  surface  of  a  solid 

--7'*"    of  Tcvolution,  and  I  is  the  length  of  the  generating  line, 
^      co-planar  with  the  axis,  and  not  intersecting  it;  and 

since  xjt  =  jxdl  we  have 


.__5«. o 
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S  =  ^TTXJ 


which  is  the  above  theorem. 


Problems. 

1.  Find  the  surface  generated  by  revolving  the  cycloid  about  its 
base. 

2.  Find  the  surface  and  volume  of  a  "torus"  generated  by  revolv- 
ing a  circle   about  an  exterior  line  in  its  plane. 

3.  Find  the  volume  of  the  solid  generated  by 
revolving  the  spandril  of  a  parabolic  half -segment 
about  the  axis  of  the  parabola.     Fig.  1£0. 

4.  Find  the  volume  of  an  oblate  spheroid  whose 
polar  diameter  is  26,  and  whose  major  diameter 
is  2a. 
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CHAPTER  VIII. 

Centers  of  Gravity. 

122*  In  Chapter  III  we  studied  the  relations  of  parallel  forces, 
both  co-planar  and  in  space,  without  considering  the  source  or 
nature  of  the  forces.  In  this  chapter  we  shall  deal  with  parallel  forces 
which  are  distributed  through  volumes,  such  as  the  earth's  attraction 


CENTER   OF   GRAVITY    FOUND    BT    EXPERIMENT  95 

upon  all  bodies  at  or  near  its  surface.  In  Applied  Mechanics,  we 
have  no  occasion  to  discuss  the  problems  of  physical  Astronomy.  In 
everything  relating  to  structures  and  mechanism,  the  lines  of  action 
of  the  earth's  attraction  are  so  nearly  parallel  that  they  are  assumed 
to  be  parallel,  and  in  all  cases  the  arrows  representing  gravitational 
forces  point  vertically  downward. 

The  magnitude  of  the  earth's  attraction  upon  a  body  depends  upon 
the  mass  of  the  body.  Since  such  attraction  is  known  as  the  weight*  of 
the  body,  the  weight  is  proportional  to  the  mass.  In  a  body  of 
uniform  density,  the  masses,  and  therefore  the  weights,  of  equal  volumes 
are  equal. 

Deflnition  of  center  of  gravity.  The  earth's  attraction  upon  all  of 
the  minutest  parts  of  a  body  constitutes  an  infinite  number  of  constituent 
parallel  forces,  whose  resultant  is   the  weight  of  the  entire  body. 

It  will  soon  be  shown  that  there  is  within  the  enveloping  surface 
of  every  body  a  certain  point  thru  which  the  resultant  always  passes, 
no  matter  how  much  that  body  be  turned  over  and  about  in  space. 
That  point  is  called  the  Center  of  Gravity,  or  the  Center  of  Mass  of 
the  body,  t  This  chapter  will  be  devoted  to  finding  the  C.  G.  of 
typical  solids,  which  closely  approximate  the  forms  of  real  or 
imaginary  bodies. 

128.  The  center  of  gravity  found  by  experiment  If  a  body  can 
be  suspended  by  a  cord  or  wire  so  that  the  axis  of  the  wire  coincides 
with  the  resultant  line  of  action  of  the  weight  which  it  balances,  we  have 
one  line  which  must  contain  the  C.  G.  of  the  body.  If,  then,  the  body 
can  be  suspended  differently,  giving  a  second  line  of  action,  the 
C.  G.  must  be  the  point  where  the  two  lines  intersect.  This  method 
is  frequently  used  for  finding  the  C.  G.  of  thin  plates  of  irregular 
shape;  for  example,  a  piece  of  zinc  or  drawing  paper  representing  the 
cross-section  of  a  steel  rail.  In  such  a  case  the  C.  G.  of  the  thin  solid 
is  anent  the  "centroid"  of  the  surface. 

124.  General  formulas.  When  the  bounding  surfaces  of  a  solid 
are  given  in  mathematical  language,  the  co-ordinates  of  the  C.  G. 
are  determined  as  follows: 

1.     Let  the  position  of  the  body  be  given  with  reference  to  a  set 


*  Under  the  subject  of  Deviating  Forces  in  Chap.  XVI,  it  is  shown  that  a  com- 
ponent of  the  earth's  attraction  is  employed  in  compelling  the  mass  to  revolve 
about  the  earth's  polar  axis,  and  that  accordingly  the  observed  weight  of  a  body 
does  not  measure  the  entire  attraction.  But  the  weight  is  still  proportional  to  the 
mass. 

t  In  the  case  of  such  bodies  as  are  considered  in  this  book,  the  center  of  gravity 
coincides  with  the  center  of  mass. 
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of  three  rectangular  axes.  Fig.  121.  An  elementary  portion  of 
the  body  is  represented  by  the  rectangular  solid 

dV^dxdydz, 

The  weight  of  a  unit  volume  of  a  homogeneous 
material  is  known  as  its  ^'specific  weight.**  If  the 
specific  weight  of  the  material  is  to,  the  weight  of 

^     ^  dW  ^wdxdydz^wdV 

If  the  plane  XY  i^  horizontal,  the  moment  of  the  weight  of  the 
element  with  respect  to  the  axis,  OX,  is 

dMi  =  wdV.y  =  vyydxdydz. 

Ml  =  j  j  jwydxdydz 

The  successive  integrations  are  to  be  taken  between  the  limiting 
surfaces  of  the  solid.  If  w  is  constant,  it  comes  before  the  integral 
signs.    The  entire  weight  of  the  body  is 

W = wfffdV=^  wfffdxdydz. 

If  the  co-ordinates  of  the  C.  G.  are  x^y  y^  z^,  we  have  by  the  axiom 
of  nuyments  j^ 

which  becomes,  if  w  is  constant, 

fydV        f  ffydxdydz 

y  jj  jdxdydz. 

St.     Similarly,  finding  moments  about  OF  we  get 

Mt 

""     W 

/^^^      fffxdxdydz 
and  x^-      y      —  y 

8.  If  now  the  body  and  the  co-ordinate  axes  be  so  turned  that  the 
plane  of  XZ  is  horizontal,  and  the  moments  about  OX  are  again  con- 
sidered.  we  get  ^  ^  ^  fjjjdxd^ 

and  the  C.  G.  is  found. 

If  w  varies,  it  does  not  disappear  from  the  formulas.  It  is  generally 
assumed  to  be  constant  unless  the  law  of  its  variation  is  definitely 
given. 
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125.  Center  of  gravity  by  inspectioii.  The  center  of  gravity  of 
a  homogeneous  body  is  evidently  at  its  geometrical  center,  if  it  has 
one;  like  the  center  of  a  sphere;  the  center  of  a  parallelopiped;  and 
the  center  of  a  cylinder  of  revolution,  thin,  thick  or  solid,  with  parallel 
bases.  It  is  further  evident  that  if  a  cylinder  or  prism  have  parallel 
bases  whose  centroids  are  known,  the  center  of  gravity  of  the  solid 
is  at  the  central  point  of  the  right  line  connecting  the  centroids  of  the 
bases.  Moreover,  when  a  body  of  uniform  density  has  an  axis  of  sym- 
metry, we  know  that  the  center  of  gravity  must  lie  on  that  axis,  and 
the  problem  of  finding  it  is  rendered  simple. 

When  a  body  having  no  geometrical  center  can  be  separated  into 
parts  each  of  which  has  a  geometrical  center,  the  center  of  gravity 
may  be  found  by  the  method  of  moments  and  ''centers  of  action," 
as  already  given  in  Chapter  III.  If  the  number  of  parts  is  finite,  and 
the  weight  and  the  center  of  gravity  of  each  part  is  known,  the  center 
of  gravity  of  the  whole  can  readily  be  found  by  repeated  application 
of  the  "axiom  of  moments." 

126.  The  C.  G.  of  a  group.  To  find  the  center  of  gravity  of  a 
group  of  bodies  whose  weights,  and  the  co-ordinates  of  whose  centers 
of  gravity  are  respectively  known. 

N.  B.  In  choosing  co-ordinate  planes,  it  is  generally  best  to  so 
take  them  that  one,  and  if  possible  two,  of  the  (C.  G.)'s  lie  in  the 
co-ordinate  planes. 

1.  Let  a  typical  body,  whose  weight  is  Wu  have  a  center  of  gravity 
at  Xu  2/i»Zi.  Now  assuming  that  the  axis  of  X  is  horizontal,  and  letting 
x^  be  the  X-co-ordinate  of  the  center  of  gravity  of  the  group,  we 
have  by  the  axiom 


Hence  x^^ 


x^W^^iWx) 
J:(Wx)        WiXi+W^+WsXz+etc. 


•       2W  Wi+Wt+W^+ttc. 


Similarly  y,  =  W,y,+W,y,+Wm+e^. 

Wi+Wt+W,+etc. 


2a  = 


Wizi + W2Z2 + WzZi + etc. 
Wi+Wi+Wz+etc. 


The  point  z^f  Vot  ^o*  5s,  of  course,  the  point  thru  which  the  resultant 
of  the  forces  supporting  the  entire  system  against  the  earth's  attrac- 
tion  must   act. 

£.  When  integration  is  necessary,  let  dV  be  a  differential  element 
of  the  first  order  if  possible. 
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127.    To  find  the  center  of  graYity  of  a  solid  cone  of  roYolution. 

1.     Take  the  axis  of  the  cone  as  the  axis  of  X  with  the  vertex  as 
the  origin.     Fig.  122.     Take  as  an  element  a  lamina*  lying  between 

two  consecutive  planes  perpendicular  to  the  axis. 
The  center  of  gravity  of  the  element  is  in  the 
axis  at  a  distance  x  from  0. 
Its  volume  is  dV^ny^dx; 
Its  weight  is  dW^ttmy^dx; 
Its  moment  about  YOY  is  dMy^wiryhcdx. 

TX 

Since     y  =  — 
h 


W== 


irwr 


x^dx  = 


invr^h 


and 


Jf„= I    x^dx  = 

**  J. 


irtcT*h* 


Hence 


Xo'= 


W 


=  «*. 

4 


2.     The  center  of  gravity  of  a  frustum   of  a  cone  of  revolution  is 
readily  found,  by  using  the  limits  hi  and  kt,  to  be 

128.  An  oblique  cone.  Suppose  we  have  an  oblique  cone  or 
pyramidy  with  a  base  of  any  figure  whose  cen- 
troid  is  known,  and  we  wish  to  find  its  center  of 
gravity.  Let  the  point  C,  Fig.  123,  be  the  cen-  t^ 
troid  of  the  base,  and  let  FC  =  xi.  The  line  VC 
will  contain  the  centers  of  gravity  of  all  elements 
made  by  consecutive  planes  parallel  to  the  base; 
hence  the  center  of  gravity  required  lies  on  that 
line.  Let  VX  and  KF  be  horizontal  axes.  Let 
EF  be  an  element  parallel  and  similar  to  the  base, 
so  that  we  have: 

dV=  (Area  EF)  (dx cos  0) 


But 


(Area  £F.)==(Area  AB)  — ,  by  geometry. 


*  An  infinitely  thin  plate. 
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Hence 


and 


„y        Area  AB  . 
W^w •  cos 


Xi' 


Q?ix  ■=  —  (Area  AB)w 


hx\ 


My  =  — '  (Area  AB)w 


so  that 


a?o  =  —  •  3?! 


129.    Find  the  center  of  gravity  of  a  spherical  segment    The 

center  of  gravity  must  lie  on  the  axis  of 
X  if  axes  are  assumed  as  shown.  Fig.  124. 
The  element  is  a  thin  circular  plate.  As 
before,  we  have  the  general  formulas;  the 
segment  is  ABDH, 

dW  =  irwy^dx 
dMy^moy^xdx 


W 


M. 


r 


x^)dx^ 


7?)  xdx 


trw 


_8      (r»-fei»)«-(r»-fe»)» 
If  the  segment  have  but  one  base,  and  /r^  =  r. 


a?o=- 


3        {r'-WY 


4  2r»-8r2A:i+Jfei» 
If  the  segment  be  a  hemisphere,  ki^o 


Xo-  -r 


3 

8 


It  is  now  obvious  that  the  position  of  the  Center  of  gravity  is  in  no 

way  dependent  upon  the  value  of  u?  if  it  is 
constant.  It  will  therefore  for  the  present 
be  considered  as  unity. 

130.    Problem.    To  find  the  center  of 
gravity  of  a  segment  of  a  thin  spherical  shell. 

Fig.  125.  Let  the  element  be  a  ring  gener- 
ated by  the  revolution   about   OX   of   the 
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cross-section  rd0dr,  or  ird0.  Its  center  of  gravity  is  on  OX  at  a  dis- 
tance rcosd^  from  FK»  and  its  radius,  is  r sind.     Hence 

dV  =  {trd0)  {iirr  sin0) 

W^StmH  I     sin^d^=27rrt  (cosft— cos^i) 

•/^,  « (27rr)  (0  (ifct  -  ki)  =  ^wrhi, 

where  ft«  — ii  =  A; 

which  agrees  with  a  proposition  of  elementary  geometry,  which  says, 
that  *'the  area  of  a  segment  of  spherical  surface  is  equal  to  the  cir- 
cumference of  a  great  circle  Stnty  multiplied  by  the  height  of  the  seg- 
ment A." 

M^^^wrH  1     sin^cos^d^=7rrt(sm»^i-sin»^i) 

n  ssTrr^t  (cos^  02  —  cos*  ^i) 


hence 


^o—  -  (cos^i+cosft)=  -^ ; 

^  2 


that  is,  the  center  of  gravity  of  a  spherical  zone  is  always  in  the  plane 
midway  between  the  bounding  planes. 

Corollary.     The  center  of  gravity  of  a  thin  hemispherical  shell  is 
at  Xo  =  r/2,  the  middle  of  the  central  radius. 

131.    A  segment  of  a  thick  spherical  shell  may  be  made  by  two 
parallel  planes  which  cut  both  spheres;  or  by  two  cones  which  are  co- 
axial and  have  their  vertices  at  the  center  of 
the  sphere. 

The  first  case  is  seen  in  Fig.  126.  To  find 
the  center  of  gravity  of  the  segment  sug- 
.  gested,  find  W^  and  M%  for  the  segment  of 
the  larger  sphere,  as  given  in  129  above; 
then  Wi  and  Mi  for  the  segment  of  the  smaller 
spheres.   The  value  of  x^  is  found  by  algebra. 


riff,  lae 


^o  = 


which  involves  nothing  new. 

132.  In  the  second  case,  Fig.  127,  when 
the  segment  is  cut  from  the  thick  shell  by 
two  cones,  we  must  integrate  an  element 
which  has  two  differential  factors.  The 
shaded   areas   represent  the  section  of  the 


rut,  IS? 


• . « 


SEOHENTB   OF    THICK    SPHERICAL   SHELLS  101 

segment  made  by  an  axial  plane.  The  element  is  a  ring  whose  cross- 
section  is  (pdd)  (dp),  and  whose  circumference  is  iirpainB,  Hence 
we  have,  assuming  that  10  =  1. 

dV  =  iiTp' dp  sin  dd0 


"'""0/ 


f^ainBdpdd 


The  order  of  integration  is  immaterial  since  the  limits  of  one  variable 
are  independent  of  the  other  variable. 

ir  =  2ff(^^^^){cosa-cos;8) 

9 

p^  sin  6coa  ddpdB 


Hence  «.-  t-  'J^::rL'.  /52!5±^) 

CrclUrsI.  *    "'-"'    ^  *  ' 

If  a  =  0  and  n  =  0,  we  have  the  center  of  gravity  of  a  spherical  cone. 

Zo=  ~r  (1+cos/S) 
Corollary  II. 

If  now^=  -•  the  cone  becomes  a  hemUpkere  a,nd  t=  -r  as  before. 

188.     Problem.     To    find    the  center  of  gravity  of  the  solid  cut 
from   the  sphere  0  by  the  cone  V-ABC. 
Fig.   128.     This  problem   could  easily  be 
solved  by  taking  it  in  two  parts:  the  cone 

VAB,   and  the   spherical    segment     ABC  1 

(since  both  volumes  and  their  centers  of 
gravity  have  been  found),  and  then  pro- 
ceeding by  the  algebraic  method.  It  may, 
however,  be  more  simple  to  proceed  directly 
by  integration. 

For  an  element,  pass   two  co-axial   and  tu.  us 

co-vertical  cones  whose  half-vertical  angles 

are^and  B+if$.  Pass  also  two  consecutive  axial  planes  which  make 
with  each  other  an  angle  d(j>.  The  solid  enclosed  will  be  an  oblique 
pyramid  whose  base  is  a  rectangle  (rainiffdtf))  (rdi6),  and  whose 
altitude  b  2rcos*^=A. 
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Hence 


iJT  =  -  •  4r»  cos*^  sin  i6ddd<f> 


W^lr' 


I      I     cos' u  sin 


udud<f> 


The  limits  for  <f>  are  0  and  Stt;  for  d  they  are  0  and  a. 


PF  = 


167rr5 


3 


cos'^sin^d^ 


IF=  (1— cos^a) 


3 


(19) 


The  center  of  gravity  of  the  element  is  -  of  the  slant   height  from 
3  4 

F,  or  —  •  2rcos^^  from  YY.     Hence 
4 

dMy^  {-r^co^^dsuidddd^\'-rcos^0 


and 


3fy  =  87rr*  I    cos^^sin^d^ 


4 


Hence 

Corollary. 


=s 

-irr*(l- 
8 

cos'a) 

^0 

W        1 

-cos'a 
—  cos'a 

.r 


TT 


TT 


If  a  =  —  >  the  solid  becomes  the  sphere,  and  as  cos  —  =  0  we  have 


4 

W=  -irr^,  and  x^^^r  which  serves  as  a  check 

3 
on  the  formula. 

136*  Problem.  To  find  the  center  of 
gravity  of  a  wedge  cut  from  a  circular 
cylinder.  The  wedge  is  shown  in  plan  and 
elevation  in  Fig.  129.  Let  the  plane  of  the 
base  be  the  XF-pIane,  with  the  center  as 
the  origin,  and  the  plane  XZ  a  plane  of  sym- 
metry; hence  y^  =  0.   The  weight  of  the  wedge 

is  known  by  inspection  to  be  JF=  --Tn^h,  if 

w  =  l.  Taking  an  element  (^yh'dx)  its  moment 
dMy=^yxh'dx; 


nc.  188 

about  FF  is 
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but 


A'=— (r+a:);  and  2/  =  (r2-a:2)i^ 


hence 


Hence 


M. 


= 7  r  V-x»)* 


{r+x)xdx  = 


~8" 


ar«  = 


W       4 


as  was  found  in  Chapter  VII  for  the  center  of  hydrostatic  pressure. 

1.  When  we  consider  the  center  of  a  uniformly  varying  pressure, 
which  is  geometrically  represented  by  the  wedge-shaped  solid  ADB 
(Fig.  129);  and  the  center  of  gravity  of  the  geometric  solid,  we  find 
that  the  center  of  gravity  of  the  solid  and  the  center  of  pressure  are 
in  the  same  vertical  line. 

St.     To  find  Z^,  note  the  fact  that  a  plane  passing  thru  a  tangent  to 

the  base  at  -4,  and  bisecting  the  altitude  A,  contains  the  centers  of 

gravity  of  all  vertical  elements,  and  hence  would  contain  the  center 

f 
of  gravity  of  the  entire  solid.     Hence  we  have,  when  a:  =  -  =  a:^ 


mn 


2o  = 


4r 


V        4/         16 


This  problem  is  closely  analagous  to  that  of  finding  the  center  of 
jtction  of  a  uniformly  varying  force.  In  fact,  some  writers  picture  a 
distributed  force  whose  elements  are  parallel,  as  a  solid,  and  find  the 
<:enter  of  action  by  finding  the  center  of  gravity  of  the  ideal  solid. 

3.  The  center  of  gravity  of  a  truncated  cylinder  may  now  be 
found  by  the  algebraic  method. 


Problems. 

Ex.     1.     Find  the  center  of  gravity  of  a  semi-circjilar  cylindrical 
wedge,  as    shown    in    Fig.  •130,      Let   y^rcosd, 
x^rsin09  dx^roosOdd. 


Ans. 


»0  = 


16 


irr 


Sir    , 
82 

Ex.  2.  Find  the  center  of  gravity  of  an  annular 
wedge  which  has  for  a  base  one  half  of  a  ring  cut 
from  a  thick  cylinder,  and  whose  upper  surface  is 


Tic.  UO 
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an  inclined  plane,  which  passes  thru  the  diameter  of  the  ring  as  shown 
in  Fig.  ISl. 


Ans. 


a?o  = 


2o  = 


16   rj^-n*' 
32   rs'-fi'T 


Tig.  181 


1 37.  Composite  figures.  In  the  ca.se  of  a  composite 
figure  whose  components  have  geometrical  forms»  the 
center  of  gravity  may  be  found  by  the  algebraic  proc- 
ess of  addition.  It  often  happens  that  certain  of  the 
components  are  negative,  and  that  their  weight  and 
moment  must  both  be  treated  as  negative  quantities. 
A  single  example  will  now  be   given  to  illustrate  the 

method  when  some  of  the  components   are   negative. 

Figure  132  shows  a  cube  whose  edges  are  8  feet  long.     All  four  upper 

corners  are  beveled,  the  bevel  being  cut  away  one  foot  on  each  of  the 

three  edges.    A  central  vertical  cylinder  is  cut  out 

from  top  to  bottom,  the  diameter  being  1.5  feet. 

The  student  is  to  find  the  volume  and  center  of 

gravity  of  the  solid. 

Suggestions:     In  finding  the  volume  of  one  of 

the  pyramids  cut  off,  the  student  should  know 

that  the  perpendicular  dropped  from  the  vertex 

of  the  pyramid  upon  the  equilateral  triangular 

base  makes  equal  angles  with  the  edges,  and  if  6 

is  the  angle  which  the  perpendicular  makes  with 

one  of  the  edges,  cos^=  Vi.  See  96.  The  student  of  solid  analytic 
geometry  may  very  readily  find  the  length  of  a  perpendicular  upon 
a  plane  which  has  equal  intercepts  on  three  rectangular  axes. 

Problems. 

1.  Prove  that  C.  G.  of  a  triangular  pyramid  is  on  the  right-line 
from  the  vertex  to  the  centroid  of  the  base,  and  one-fourth  of  the 
length  of  that  line  from  the  base. 

2.  Find  the  C.  G.  of  a  fine  wire  having  the  form  of  an  arch  of  the 
cycloid  generated  by  a  rolling  circle  whose  radius  is  r. 

8.  Find  the  center  of  gravity  of  a  solid  generated  by  revolving  a 
circle  about  one  of  its  tangents,  thru  an  angle  of  180^.  Make  use  of 
the  solution  for  finding  the  centroid  of  a  circular  arc. 

4.  Suppose  a  hemispherical  bowl,  radius  r,  of  infinitesimal  thinness 
has  a  plane  circular  cover,  radius  r,  equally  thin,  but  of  twice  the 
density  (i.  «.,  its  w  is  twice  as  great).   Find  the  C.  G.  of  the  combination. 
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CHAPTER  IX. 

Vabting  Stbess  in  Beams;   Moments  of  Inertia. 

188.  Stress  and  strain.  Modulus  of  elasticity.  1.  All  materials 
used  in  construction  are  elastic  to  a  greater  or  less  degree.  A  me- 
tallic bar  is  stretched  by  tension,  shortened  by  compression.  The 
same  is  true  of  wood,  stone  and  cement. 

Think  of  a  steel  rod  of  uniform  section,  A  square  inches,  and  length  ly 

subjected  to  a  tension  P.    Fig.  133. 

When  the  bar  or  rod  is  well  made  it  /^^ 

is  (usufned  that  the  tension  at  the    -< — \\i) 

cross-section  A  is  uniformly   distrib-  ^— -^ 

uted,  so  that  each   square  inch   su£- 

P  P 

tains  a  ** stress^*  of  —  lbs.     If  we  write  —  =  p,  we  read  p  as  the  unit 

A  A 

stress. 

2.  Under  this  stress  the  length  I  becomes  Z+X,  if  X  is  the  elonga- 
tion   of   the   rod,   and  -  is  the  elongation  of  a  unit  of  length.     The 

^  X 

elongation  X  is  called  the  strain^  and  -  is  called  the  unit  strain. 

V 

8.    Now,  so  long  as  p  does  not  exceed  a  certain  limit,  called  the 

X 
elastic  limits  the  numerical  ratio  between  p  and  -  is  constant.      This 

ratio  is  called  *'The  Modulus  of  Elasticity"  of  the  steel,  and  is  repre- 
sented by  the  letter  £,  so  that 

„     unit   stress  X       pi . 

unit  strain  I        X 

hence  ^  =s  _.  =sc 

E       I 

The  last  form  of  the  definition  shows  that  if  there  were  no  limit 
to  the  elastic  law,  a  unit  stress  of  E  would  doable  the  length  of 
the  rod. 

180.  How  E  is  found.  The  value  of  E  is  found  by  actual  tests 
(see  49),  in  which  p  has  such  values  as  6,000  lbs.,  10,000  lbs.  or 
80,000  lbs.  A  sound  bar  will  sustain  such  values  of  p,  and  when 
relieved,  will  recover  its  exact  original  length.     If,  however,  a  stress 
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of  80,000  lbs.,  or  100,000  lbs.  were  applied,  the  bar,  when  relieved* 
would  not  fully  recover;  it  would  be  permanently  lengthened,  or  it 
would  have  taken  a  "permanent  set."  The  greatest  value  of  p  with- 
out "set"  is  called  the  "Elastic  limit."*  The  elastic  limit  is  there- 
fore defined  as  the  stress  at  which  the  ratio  p/e  ceases  to  be  constant. 
With  greater  values  of  p,  the  ratio  p/e  generally  becomes  less  than  E. 
The  Elastic  Limit,  or  limiting  value  of  p  for  sound  steel  varies  from 
30,000  lbs.  to  40,000  lbs.  The  value  of  E  varies  from  28,000,000  tt)s. 
to  30,000,000  lbs.     See  Appendix. 

140.  Compressive  stress.  When  a  bar  or  block  is  subjected  to 
compressive  stress,  it  is  shortened*  and  if  the  forces  are  not  excessive, 
the  deformation  X,  will  be  proportional  to  p,  and  we  have  again  a  value 

-  =  — ,  therefore  JE.  =  ?- 
IE/  '      \ 

which  is  the  Modulus  of  Elasticity  for  Compression. 

Thus  there  are  two  Moduli,  E^  and  E^.  Under  moderate  values  of 
p,  the  two  £'s  for  steel  are  assumed  equal,  tho  their  elastic  limits 
may  vary. 

141*  Normal  stresses.  When  a  cantilever  beam  is  broken  by 
an  excessive  load,  its  torn  fibers  in  the  top  of  the  beam  show  that 

they  were  pulled  in  two  by 
a  destructive  tension;  also 
the  crushed  and  bent  fibers 
in  the  bottom  of  the  beam 
show  that  they  suffered  from 
a  destructive  compression. 
These  features  are  easily  seen 
if  the  beam  be  of  wood.  A 
steel  beam  may  not  break, 
but  may  bend  out  of  shape; 
still  it  would  show  stretching 
on  one  side  and  upsetting  on 
the  other. 

Let  us  suppose  now  that 
such  a  beam»  Fig.  134  a,  is 
not  broken,  but  is  slightly 
bent,  and  that  a  thin  layer, 
or  block,  mncft  is  distorted 


♦  A  very  slight  "set"  may  appear  upon  the  first  application  and  removal  of  a 
stress  below  the  elastic  limit,  which  set  will  not  be  increased  by  subsequent  appU« 
cations  tho  repeated  many  times  with  even  greater  stress. 
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or  deformed  into  mnc'j\  Fig.  &»  by  the  internal  stresses.  The 
fibers  in  its  top  are  lengthened,  and  those  at  the  bottom  are  com- 
pressed, and  the  "^irain"  varies  on  each  side  of  the  center  (where  it 
must  be  zero)  in  such  a  way  that  what  was  a  vertical  plane  face,  /c, 
becomes  an  inclined  plane  face  /'c',  and  the  beam  actually  bends. 
This  is  what  happens  under  a  load,  and  as  the  stress  is  proportional 
to  the  strain^  it  is  seen  that  the  stress  varies  uniformly  both  ways  from 
OK,  being  tension  on  the  upper  half,  and  compression  on  the  lower, 
while  the  horizontal  diameter,  across  the  beam,  is  a  **neiUral  axis.** 
OY  is  the  neutral  axis.     See  cross-section  enlarged. 

142.  The  m<mient  of  resisting  stress.  In  the  cross-section, 
the  rectangle  ffcc  represents  the  outer  face  of  the  thin  layer.  All  the 
fibers  in  the  area  OffY,  have  been  subjected  to  tensile  stress;  all  in  the 
area  OYcc  have  been  subjected  to  compressive  stress.  This  dis- 
tributed action  by  the  portion  of  the  beam,  £,  has  had  a  tendency  to 
turn  the  thin  block  round  right-handed.  In  fact,  it  has  turned  it  a 
little.  It  is  plain  that  the  portion  A  must  resist  and  balance  that 
tendency  of  K  to  turn  the  thin  block. 

Let  us  suppose  that  the  intensity  of  the  stress  at  a  unit's  distance 
from  the  neutral  axis  OF  is  a;  then  the  intensity  at  a  point  z  distant 
must  be  az;  and  the  amount  of  stress  on  an  element  of  the 
surface,  ^^  ^  j^^^  jg  ^p  ^ ^j^^ 

And  the  moment  of  that  stress  about  the  axis  OK  is 

dM  =  abz^dz 

so  that  M  =*  abjz^dz  =  ajMA . 

h  h 

In  the  integration  the  limits  of  z  are »  and  +  -  J  so  that  the  integral 

2  2 

becomes  —  ana  , ,, 

1«  M^a^^J!^ 

which  is  known  as  the  moment  of  resistance. 

When  OK  is  an  axis  of  symmetry  the  integration  could  have  been 

h 

^  r 


148.    The  neutral  axis  passes  thm  the  centroid  of  the  section.    It 

is  readily  seen  that  for  every  element  of   the   cross-section,   dM   is 
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positive,  since  the  only  factor  in  it  that  can  be  negative  (2),  is 
squared.    It  is  otherwise  with 

dF^abz(dz) 

for  z  is  negative  for  all  points  below  OY,  and  it  is  seen  without  other 
proof  that,  if  OF  is  an  axis  of  symmetry  of  the  surface  (the  cross- 
section  of  the  beam),  the  algebraic  sum  of  the  normal  stress,  tensile 
and  compressive,  is  zero.  In  point  of  fact,  F  is  always  zero  if  the 
beam  be  horizontal,  and  b  acted  upon  by  vertical  forces  alone,  no 
matter  what  the  shape  of  the  cross-section  may  be,  since  the  pull  and 
the  push  upon  the  thin  block  in  the  direction  of  OX  must  have  equal 
magnitudes.     In  that  case,  since 

F  =  abfzdz  =  0 

we  must  have  jzabdz  =  0 

which  means  that  the  moment  of  a  uniform  stress  on  the  surface 
about  the  axis  OF  is  zero.  Hence,  the  neuiral  axis  mvM  pass  thru  the 
centroid  of  the  surface  of  action.     This  is  a  very  important  fact. 

144«  The  bending  moment*  It  should  be  evident  from  the  above 
that  the  tendency  of  the  external  forces,  acting  on  the  beam,  to  turn 
it  to  the  right,  is,  after  some  bending,  fully  resisted  by  the  stresses 
of  the  fibers  vnthin  the  beam.  The  load  tends  to  turn  the  thin  block 
about  OY  one  way,  while  the  distributed  stress  on  the  rear  face,  mn, 
tends  to  turn  it  the  opposite  way,  and  finally  to  actually  hold  it.  Hence 
the  action  of  the  portion  A  we  have  called  the  holding  or  ^'Resisting 
Moment.'* 

Having  found  an  expression  for  the  resisting  moment  of  the  beam  in 
terms  of  the  internal  stresses  of  the  fibers,  let  us  find  the  resultant 
moment  of  the  external  forces  which  act  upon  the  beam  and  so  call 
into  action  the  balancing  moment  already  found.  The  external 
forces  are  Wu  the  pull  of  the  chain  at  the  end,  and  W29  the  weight  of 
the  beam  whose  line  of  action  is  vertical  thru  its  center.  Their  mo- 
ment about  the  same  axis^  OF,  is 

M^Wil+-W2  (1) 

This  is  called  the  Bending  Moment. 

As  the  beam,  when  loaded  and  slightly  bent,  is  at  rest,  the  two 
moments  must  balance,  that  is 
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from  which  a,  the  internal  stress  at  a  unit's  distance  from  the  neutral 
axis,  can  be  found  as  all  other  quantities  are  known. 

The  intensity  of  stress  is  greatest  at  the  extreme  fibers.     In  the  case 
of  a  beam  with  rectangular  cross-section,  the  greatest  stress  is 

h 


hence 


h 


and  the  equation  of  moments  becomes 

6  2 


(3) 


andJFi 


62 


from  which  the  maximum  allowable  load,  Wiy  can  be  found  if  pi  is  the 
maximum  allowable  intensity  of  stress  in  the  fibers  of  the  beam. 


E 


I 


Tig.  180 


Examples. 

1.     Find  the  extreme    fiber    stress    in   a   cantilever    steel    beam, 
«4'  long,   %"  wide  and  12"   deep   if  a 
weight  of  one  ton  is  hung  at  its  end.    ZiJL^. 
(Fig.  135.) 

A\  B.  Reduce  dimensions  to  inches 
and  the  ton  to  lbs.  Steel  weighs  about 
490  lbs.  per  cubic  ft.  It  is  evident  from 
(1)  that  the  Bending  Moment,  i.  e.,  the  moment  of  the  External  forces, 
will  be  greatest  when  I  is  greatest.  Hence  the  cross-section  we  have 
to  consider  is  at  AB^  where  I  is  the  full  length  of  the  cantilever. 

Ans.     2>i  3=17,880  lbs.  per  square  inch. 

St.     If  pi  had  been  limited  to  8,000  lbs.,  how  large  could  Wi  have 
been?  Ans.     353i  lbs. 

3.     A  beam  14"  by  ^"y  and  20'  long,  supports  a  uniform  load  of 

180  lbs.  per  running  foot. 
Fig.  136.  The  beam  is  of  wood 
which  weighs  38  lbs.  per  cubic 
foot.  What  is  the  maximum 
fiber  stress  in  the  beam? 


F."*":-'v,«.~.v*-"-  =  *-:•••/. 

^^TTRrriinfflWffiSSflff.^jW  ffliTfii^ ', 

A 

C       K       D                  B 

1^^ 

^^»~~__.. 

^  ^  _  .^  _                  • 

yi 

JP1«.  186 

rt« 


By    symmetry,   F2=- (weight  of   beam  and  load).     The  greatest 

2 
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stress  is  evidently  at  the  center.  The  external  forces  acting  on  the 
half  K  to  make  it  bend  about  an  axis  at  C  are:  Fs^^half  of  the 
entire  load^  acting  upat  B;  and  half  of  the  entire  load^  acting  down  at  Z>; 

hence  pi  •  —  =  ( )  ( |»  etc. 

6         \   2    /V4       2/ 

145.    The  moment  of  inertia  of  plane  surfaces. 

Going  back  now  to  142 


Jf  =  a/^(Wz)  =  a/.'d^ 


it  is  evident  that  while  a  means  intensity  of  stress  at  a  unit's  distance 
from  the  neutral  axis,  the  integral  is  only  a  function  of  the  surface; 
it  is  the  sum  of  all  the  products  resulting  from  multiplying  every 
elementary  area  by  the  square  of  its  distance  from  an  axis  in  its 
plane.  This  integral  is  sometimes  called  ''The  Second  Moment  of  the 
Surface,"  but  the  more  common  name  is  ''The  Moment  of  Inertia" 
of  the  surface.  It  is  very  generally  designated  by  the  capital  letter  /• 
If  the  axis,  from  which  z  is  measured,  passes  thru  the  centroid  of  the 
surface,  it  will  be  written  /<,. 

Of  course  /  will  vary  with  the  size  and  shape  of  the  surface,  for 
example,  the  cross-section  of  a  beam.  In  the  case  of  a  rectangle,  we 
found  it  to  be  , ,  3 

We  shall  soon  find  values  for  I^  for  triangles,  circles  and  other 
figures  of  use  in  engineering.  The  general  formula  which  every 
student  should  keep  in  mind  is 

M  =  al, 

in  which  M  is  the  Bending  Moment  of  external  forces  with  reference 
to  the  neutral  axis  of  the  cross-section  of  the  beam  where  the  stress 
is  to  be  examined;  and  al  is  the  Moment  of  Resistance  of  the  beam 
at  the  same  cross  section. 

146.  The  radios  of  gyration.  As  the  name  "Moment  of  Inertia" 
was  borrowed  from  another  department  of  Mechanics,  which  is  much 
older  in  history,  so  the  name  "Radius  of  Gyration"  has  been 
taken  from  the  same  source.     It  is  here  defined  simply  by  the  formula 

A 
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in  which  k  is  the  ''radius  of  gyration,"  and  A  is  the  area  of  the  sur- 
face  under  consideration.*  / .  usually  can  be  separated  into  two 
factors,  one  of  which  measures  the  area  of  a  cross-section,  and  the 
other  will  be,  by  definition,  the  value  of  J(?»  When  /  is  Z^,  k  becomes  k^ 

In  the  case  of  the  rectangular  beam 


/o  = 


12 


>  A=bh,  kJ  — 


12 


6 


Engineering  hand-books  usually  contain  tables  giving  values  of  Zg, 
A  9  k^  for  all  beams  in  ordinary  use,  and  pi,  the  maximum  allowable 
stress  in  the  materials  used,  which  greatly  facilitates  the  work  of 
designing  or  calculating  the  strength  of  beams. 

147*  Take  a  prismatic  beam,  whose  cross-sectioii  is  an  isosceles 
triangle,  suitably  loaded  with  a  uniform  load,  which,  with  the  beam 
itself 9  weighs  w  lbs. 


H- — ^r 


Tig.  187 


per  linear  foot. 
Fig.  137,  Thebeam 
is  supported  in  a 
horizontal  position 
by  piers  at  the  ends. 
Let  us  find  the  maxi- 
mum fiber  stress  at 

a  distance  x  from  the  end  P.     The  cross-section  at  A  gives  the  sur- 
face of  action,  which  is  shown  enlarged.     Fig.  (6). 

1.     Now  we  know  that  the  greatest  stress  will  be  at  the  top  of  the 

beam  at  the  point  K,  which  is  distant  from  the  line  of  no  stress,  —  A, 

S 

inasmuch  as  the  neutral  axis  passes  thru  the  centroid  of  the  triangle. 

Accordingly 

^h 


*  The  name  "second  moment"  would  appear  to  be  more  logical  than  the 
"moment  of  inertia."  The  expression  zdA  is  the  (so  called)  moment  of  an  ele- 
mentary area.  When  this  moment  is  multiplied  by  z,  we  seem  to  get  a  moment 
of  a  moment,  or  a  "second  moment." 

However,  the  term  "moment  of  inertia"  is  in  good  use  and  will  be  retained  as 
will  the  mysterious  term  "radius  of  gyration.'*  Both  will  be  accounted  for  later 
on  in  this  book.    All  that  the  students  need  to  know  now  about  either  of  these 

terms  is,  what  algebraic  functions  they  represent.    /«-  \zHA  and  ^'^-i' 
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So  we  must  find  a.     Now»  we  know  that 

M 
or  a  =  — 

Hence,  in  order  to  solve  our  problem,  we  must  find  both  M  and  Z^. 

2.  M  is  the  moment  of  the  external  forces  acting  on  the  beam* 
.segment,  PA.     Those  forces  consist  of  the  "support**  Fi=  —  acting 

up'y  and  the  weight  of  PA^  which  is  wx  acting  dovm,  "centered"  at  the 

middle  point  of  the  segment.     Hence,  the  moment  about  the  netUral 

4ixis  fl^  ^  is  , 

3f  =  — x  —  wx,—  =^  —  (Ix—x^) 
2  2       2 

We  must  next  find  Z^,  the  Moment  of  Inertia  of  the  triangular  section; 
see  the  enlarged  figure  in  Fig.  1S7. 

3.  For  finding  Z^,  take  an  element  {ydz). 

So  that  we  have  I^^  js^ydz. 

2 
Since  OK  =  —  A,  we  get  by  proportion 

3 


y=  -•  I  -h  —  z] 
^      h     \S  J 


h  2 

The  limits  for  integration  for  z  evidently  are and  H —  A,  so  that 

3  3 

3 

T  =  **' 
36 

2 
Now,  the  extreme  fiber  is  at  the  point  Ky  distant -A   from    KF,  so 

3 

that 

-(Ix—x^) 

%h     M        Sth     ^             '       ^      12t/?„       , 
1)1=  —  •  —  = •  36= (l  —  xjx 

3       Z^         3  6A3  bh} 

4.  It  thus  appears  that  the  extreme  fiber  stress  varies  as  does  the 
product  of  the  two  segments  of  the  beam:  x  and  l  —  x.  It  was  shown 
in  the  calculus  that  the  product  of  two  numbers  whose  sum  was  con- 
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slant  was  a  maximum  when  the  numbers  were  equal.     Hence,  the 
maximum  value  of  p  occurs  when  a:  =  —  which  gives 

148.  Engineer's  hand  book.  Of  course,  we  knew,  without 
mathemathics,  that  the  greatest  stress  (greatest  danger  of  breaking) 
was  at  the  middle  of  the  beam,  and  had  we  turned  to  the  Engineer's 
hand  book  we  should  have  found 

Max.  Bending  Moment  =  —  5  /  =  —  J 

8  36 

1  ¥ 

2  18 

and  if  we  put  c==  —hy  and  3f  =  — •  Ak^  =  a/o, 

3  c 

we  should  have  had,  as  found  above: 

wP            3      bh     A*       ^,    ^          SwP 
—  s  Pi .  — .  —  .  —  so  tnat  Pi  = 

8       ^     2A      2     18  ^       bh^ 

149.  Some  relative  properties  of  the  areas  and  stresses  above 
and  below  the  nentrai  axis  of  a  triangle.*  The  reader  has  noted  the 
fact  that  the  algebraic  sum  of  the  normal  stress  on  a  cross-section  of  a 
horizontal  beam  is  zero.  This  is  self-evident  if  the  axis  YY  (the 
neutral  axis)  is  an  axis  of  symmetry;  it  does  not  look  quite  so  evident 
if  the  section  is  a  triangle  as  in  Figure  137.  However,  if  we  find  the 
total  stress  (tension)  above  the  neutral  axis;  and  then  the  total  com- 
pressive stress  below  the  neutral  axis,  and  find  them  of  equal  magni- 
tude and  with  opposite  signs,  the  proof  of  the  doctrine  laid  down 
long  ago  (that  the  algebraic  sum  of  the  horizontal  forces  must  be  zero, 
because  the  beam  is  at  rest)  will  be  complete. 

1.    Taking  the  general  formula  for  the  stress.  Fig.  137  (6) 


F^afyzdz 

Substituting  y=-(-A— 2) 

A  ^  3         / 


*  While  the  discussion  which  follows  may  not  seem  to  be  very  practical,  it  deals 
with  genera]  principles  which  are  vital,  and  in  an  emergency  may  be  important. 
Engineers  have  been  known  to  quarrel  over  matters  here  discuBsed. 
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and  integrating  for  the  surface  above  FK  we  have 


'-ffd*-) 


zdz 


(t  - 1)1- 


ah  /h:i?       Zz\  \       4abh^  .  . 


h  \  S        3/_L         81 

2.  If  now  we  integrate  for  the  stress  below  FK,  we  shall  have 

ft/2  L  \ 

y*  T  lo '*~^7  ^  before. 

(It  must  be  remembered  that  z  is  itself  negative.) 
Accordingly  we  have 

•  _      4abh*  • 

81 
and  Fi+Fj  =  0,  as  was  expected. 

The  proposition  Is  universally  trae  if  the  nentral  axis  passes  thra  the 
centroid  of  the  surface. 

3.  But  the  Moments  of  the  stresses  above  and  below  are  not  equal 

for  the  triangle,  as  is  readily  shown. 

Taking  the  formula  ^ 

M  =^aj  yzHz 

and  integrating  for  the  moment  of  the  stress  above  YYy  we  have 

Mi^—  1      {^h-z\:fdz^—ahh^ 
h  J^    \S         I  243 

4.  Integrating  for  the  moment  of  the  stress  below  the  neutral  axis 
we  have  /»o  ,        ,  n^ 

*J_A^^  '  A   V  3      S       4/J_» 

"  ahh* 


972 


so  that  — ^  =  — »  Ml  being  the  larger. 
Mi      11 

I         16 
Sinee  a  is  the  same  for  the  both  areas»  —  «=  —  (29^ 

1 2  11 


THE    STUDY    OF   A    TRIANGULAB    CROSS-SECTION 


115 


The  sum  Mi+Mt^M^a 


6A» 
86 


/l  +  /t»/o  = 


6A« 


36 


and 

as  already  found. 

5.     The  ^'Center'*  of  the  uniformly  varying  stress  above  the  neutral 
axis  is 


Zi  = 


Ml       248  h 


Fi 


81 


ahht 


which  is  just  half-way  from  FF  to  J^. 

6.     The  ''Center'*  of  the  uniformly  varying  stress  hdow  the  neutral 

Mt 


axis  IS 


aj- 


so  that,  numerically. 


ahh^ 
97g  _      11 

81 


8  ^   48        16 


It  must  now  be  evident  that  the  internal  normal  stress  of  a  beam 
forms  a  couple  at  every  section  whose  force  is  Fi,  whose  lever  arm  is 
£,  and  whose  moment  is 


«  y      \ahV  ^   9  ,      abh* 
riL^  X  — «= 

,       ,    -        ,  81  16  36 

as  already  found. 

150*    Results  may  be  summarized. 

1.  ^1  is  to  ^t  as  4  is  to  5. 

2.  Fi  =  F,. 

3.  Ml  is  to  Mt  as  16  to  11. 

4.  /i  is  to  /s  as  16  to  11. 

h 

5.  OCi  =  —  center  of  stress  on  Ai. 

8 

6.  0C%  *  —  *»  center  of  stress  on  At. 

48 


Jf-oL 


7.  OCi+OC,-i-  :^A. 

16 

8.  Lf-Jfi+lft-Jf=o 


bh* 
36 
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A  similar  set  of  results  and  comparisons  can,  of  course,  be  made  for 
every  cross-section  of  a  beam  whenever  the  areas  on  the  two  sides 
of  the  neutral  axis  are  unequal,  which  is  often  the  case,  because  the 
material  used  is  not  as  strong  and  elastic  in  tension  as  it  is  in  com- 
pression, as,  for  instance,  when  the  material  on  one  side  of  the  neutral 
axis  is  concrete  and  on  the  other  side  of  the  neutral  axis  is  steel,  or 
a  combination  of  steel  and  concrete.  Such  cross-sections  will  be 
considered  in  later  sections. 

181  •  This  chapter  does  not  aim  to  cover  the  extensive  subject 
of  beams.  Some  simple  forms  have  been  introduced  to  illustrate  the 
subject  of  uniformly  varying  stress,  and  to  develop  the  function, 
"Moment  of  Inertia,**  and  show  how  intimately  connected  it  is  with 
the  study  of  stress  and  the  strength  of  beams. 

1.  Before  solving  and  proposing  a  variety  of  problems  for  finding 
values  of  /,  it  may  be  well  to  state  again  some  assumptions  we  are 
making,  and  to  put  down  in  words  and  in  the  language  of  mathe- 
matics, the  general  equations  we  are  to  apply. 

2.  All  beams  and  girders  are  assumed  to  be  of  homogeneous  material, 
whatever  may  be  the  cross-section,  and  to  have  uniformly  varying 
normal  stress  at  every  cross-section,  when  they  are  slightly  bent  under 
moderate  loads.     In  all  cases  this  important  formula  holds: 

The  Bending  Moment  of  external  forces  acting  to  bend  the  beam 
at  any  section  is  numerically  equal  to  the  Moment  of  Resistance  of 
the  internal  stresses  acting  at  that  section. 

If  p  is  the  stress  in  the  extreme  fiber,  c  the  distance  of  the  extreme 
fiber  from  the  neutral  axis,  and  M  the  Bending  Moment,  the  above 
dictum  is  more  accurately  expressed  as  follows: 

c  c 

S.  The  general  formula  for  the  Moment  of  Inertia  when  FF  is 
the  axis  of  reference  is 


"jj  ^""dzdy. 


When,  however,  the  element  of  the  surface  can  be  a  diflPerential  strip 
parallel  to  the  F-axis,  the  formula  is  greatly  simplified  by  assuming 
the  element  ydz^  so  that  we  have 

7  =  jz^ydz, 

1S2.     Moments  of  Inertia,  fundamental  examples. 


MOMENT    OP    INERTIA    OF   CIRCLE   AND   ELLIPSE 
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1.     Find  Jo  for  a  circle  whose  radius  is  r.     Fig.  139.     The  element 
of  the  surface  is  ydz 

/.  =  «  I    z^ydz 


Introducing  0,  we  have 

y  =  2rcoad.     2  =  rsin^.     dz  —  rcoaOdd 


andL 


'0dd 


lie.  180 


2Od(20) 


^0=  -T-  =^7  =^V»sothatV=  - 
4  4  4 


For  a  semi-^rcle  about  its  base 


/  = 


(25) 


«.     The  I^  of  a  Circular  Ring,  radii  n  and  rj. 

4  4  4  4 

3.     Find  I^  for  an  ellipse. 


Let  the  equation  of  the  ellipse  be^  +  ?■  =  1  and  let  the  axis  of  ref- 
erence  be  FF.  "       c* 


nc  140 


From  Fig.  140,  it  is  evident  that 
s^ydz 

Introducing  0,  we  have 

y=^bcosO.     2  =  csin^.     dz  —  ccosOdO 
so  that 


sm^dcos^ddd 


/»= 


irc^h 


~"  ^ •  —  —  AlCgi    •  •  AP-  ~"  ~" 


(26) 
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MOMENTS  OF  INSBTIA  OF  8UBFACBS 


4.    The  Moment  of  Inertia  of  a  triangle  about  an 
axis  thru  its  vertex  parallel  to  the  base.    Fig.  141. 

The  element  is  ydz^  in  which 


iriff.  141 


hence 


h 

4  2  V« 


(«8) 


5.     Had  we  used  the  base  as  the  axis  of  reference,  we  should  have  had 
(Fig.  141). 

h 


=^r(A-.'K^.f.==^(^^--i^)=^' 


(29) 


6 


7.     The  relations  of   the  three  values  of 
/  for  a  triangle  are  thus  shown  in  Fig.  142. 

158.    An  exterior  axis   in   the  plane. 

The  Moment  of 
Inertia  of  a  sur- 
face with  refer- 
ence to  an  axis 


bkK 

4     - 


7«=7  z-A.}  \ 


Zo 

4 

J'T 

Xo 

c 

ItJ 

N — 

•         1 
I         1 

E 

1         1 
1         1 

Z 

ng.  i«a 


Wig.  148 


not  passing  thru 
the  centroid  may  be  found  directly  by  inte- 
gration, as  has  just  been  shown,  but  it  is 
often  more  convenient  to  make  /  depena 


upon  Jo  for  a  parallel  axis.     Thus: 
To  find  /  for  the  axis  ZZ,  Fig.  148: 


Iz  =  fy^zdyy  but  y^c+y' 


(so  that  dy=dy'). 

If  ZqZq  is  parallel  to  ZZ^  and  the  distance  from  ZZ  to  the  centroid  is  r. 

Hence  /,=J*(c*+2cy'+»'*)2dy' 

= c* Jzdy'+ac Jy'(ziy')  +fy'^zdy' 

Since  the  first  integral  is  plainly  the  area  of  the  given  surface;  the 
second  integral  is  the  moment  of  a  surface  about  its  own  centroid 
axis,  which  must  be  zero;  and  the  last  is  merely  /,.     Hence  the  rule: 

I,=I„+Ac*  (1) 
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The  Moment  of  Inertia  of  a  surface  with  reference  to  any  axis  in  its 
plane  is  equal  to  I^  for  a  parallel  axis  thru  the  centroid  of  the  surface, 
"pluM  the  product  of  the  given  area  multiplied  by  the  square  of  the  dis- 
tance between  the  two  axes. 

1*  Thus  the  f,  for  the  triangle  in  1S2  could  have  been  found  from 
the  knowledge  of  « « , 

36         2     \3    /  \86       36/         4 


for 


9.     Conyersely,  knowing  /^,  J^  for  a  parallel  axis  can  be  found  from 

the  formula  r      t       a^  /t^\ 

I^^I^-A(^  (2) 

3.     For  a  rectangle  about  its  base  we  have,  since  /^  =  — 

12 


12         4 


hh^ 


4.     For    a    semicircle    about    Z^Z^ 
Fig.  144,  ^ 

/4r  V 


Hence 


lo- 


irr*      irr^    16r* 


8 


2      971* 


727r 


<»^-«*'-'^-(^)'*  <" 


ZJ 

\  /» 

1 

/    ! 

L^ 

1 

1 
1 

/f' 

1 

1 
1 

?» 

Net 

1 
1 

1 

jnc.  140 


of  the  formula: 


5.  Finally,  knowing  I  and  c  for  any  axis, 
we  can  find  /  for  any  known  parallel  co-planar 
axis.  Suppose  we  have  /i  and  c  for  No.  1; 
and  we  wish  to  find  h  for  No.  2.     Fig.  145. 

1 S4.  The  Moment  of  Inertia  of  a  compos- 
ite surface.  It  is  first  necessary  to  find  the 
centroid  of  the  surface,  then  /^is  found  by  use 

/,forZA  =  S/,+2(^c^) 


The  addition  in  practice  is  algebraic,  since  both  I^  and  A  may  be 
negative,  as  will  now  be  illustrated.     See  Fig.  146. 
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Example.  The  line  FF  is  an  axis  of 
symmetry,  and  must  contain  the  cen- 
troid  Go*  Take  any  convenient  line  as 
a  preliminary  Z-axis  as  Z^Z\ 

The  total  area  is 

^A  =  —  +61A1-262A2+  -  biht 

The  total  moment  with  reference  to 
Z'Z'  is 


%  6 


In  the  case  of  the  two  absent  rectangles,  both  areas  and  moments  are 
negative.  In  the  case  of  the  triangle  the  area  is  positive  but  the 
moment  is  negative.     Hence 


2/0= 


JIA 


Sir/ 

TTr' + 2fci  Ai  —  462A2 +bihz 


Having  found  arid  located  G^*  find  the  I^  for  the  areas  separately, 
with  reference  to  thefr  own  centroid  axes.  Then  find  24c^  and  add 
results. 

Numerical  example — 

Let  r  =  2,  61  =  6,  Ai  =  4,  fh^S,  h  =  S,  6  =  7/4 

Find  the  position  of  G^  and  the  value  of  7^. 

1S5.  Built  up  beams,  struts  and  columns  or  posts  are  very  fre- 
quently made  of  separate  steel  bars  or  plates  securely  riveted  together 
so  that  the  cross-section  consists  of  parts,  and  the  moment  of  inertia 
must  be  found  as  in  the  last  example. 

When  a  post  or  column  is  used  to  carry  a  vertical  load,  its  stiffness^ 
whereby  it  resists  lateral  bending,  is  an  important  element  in  its  strength; 
and  its  moment  of  inertia  is  needed  with  reference  to  more  than  one 
axis  thru  the  centroid  of  a  section.  For  example,  in  the  case  of  an 
ellipse  (Fig.  140)  we  have 

/y  =  J  s?dA, and  Ig^ J  y^dA 

N.  B. — When  two  Moments  of  Inertia  are  found  for  the  same 
surface,  about  different  rectangular  axes,   with  0  at  the  centroid. 
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the  larger  will  be  called  /  or  lu  and  the  smaller  may  be  called  J  or  If 
Thus  for  the  ellipse  whose  major  axis  is  2a,  and  whose   minor  axis 

1 1  = and  J  = 


..fa-. 


"o^^ 


156*  Commercial  shapes  of  rolled  steeL  In  determining  shapes 
of  rolled  structural  steel»  exact  dimensions  are  given  including  rounded 
corneis  and  fillets,  as 
is  shown  in  Fig.  147; 
but  in  computing 
Moments  of  Inertia 
for  strength  and 
weight  they  are  often 
ignored  or  their  fillets 
are  assumed  to 
balance  the  rounded  corners,  as  in  Figs.  148-9,  which  are  taken  with 

notation  and  formulas  from  the  *'Carnegie  Pocket 

Book." 


«.»" 


nc.  147 


l.jr 


AM 


«.s 


t  F- 


f 


> 


IC h"     -J 

»C.  14S 


I        Let  the  student  check  the  values 
^     A    o{  Ay  I  and  J. 

I        /  =  Mom.  In.  for  a  neutral  axis 
ijf-..A    parallel  to  a,  flange. 

J  — Mom.  In.  for  a  neutral  axis 
parallel  to  a  web. 


^n/-Beam.    Fig.  148. 
Area  =  i4=d<+(«+y)2a 

12  L  2  J 


-  hh- 


h)  +  li*+ 


iib^-t*)] 


A  Channel  Section.     Fig.  149. 
Area = d< + (* + y)z 


N.B.— "The  flanges 
of  both  J-beamB  and 
standard  channels 
have  now  a  uniform 
slope  of  2  inches  to 
the  foot" 


Hence 


b-t 


=  6  for 


1«[  4  J 


k-l 

/-beams,  andr:^=3 
for  channels. 


4 
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BBAUS  AND   COLUMNS    IN   ACTDAL  USE 


Fig.  151  eoiuists  of:  a 
Web-Plate  ^iW;  each 
Flansre  has  2  Angles 
6"x6"i%',  and  S  PI  ate  a 
14*1%'. 

Fig.  163  is  a  cross-section 
of  a  Column  of  the  Chicago 
&  N.  W.  R'y  Office  Build- 
ing, Chicago;  6  Plates 
16'»%"';  2  Plates  I6'i'M»*; 
2  Plates  12U'x^';  4  Angles 
e-xe'xSi". 


d 


Fig.  154  is  a  croaa-section  of  Column  280,  Waldorf-Astoria  Hotel,  New  York. 

It  conaista  of:  10  Plates  ZZWi.'A"-,  4  Plates  W-if^-\  4  Anglaa  6'i4'x'Mb'- 
8  Angles  6".3yi"x%'. 

Fig.  15E  is  a  croaa-section  of  a  Column  in  Chicago  Steel  Co.  Building,  Chicago. 

Itconsistsof:  2  Plates  32"xi&';  2  Plates  23''x%'';  4  Plates  18'x'Wb";  2  Plates 
le'xTie";  4  Anglea  6'x6'x'if.';  12  Angles  6"x6'xTia";  4  Angles  6'x4'xli'. 


LOWEB     CHORDS   OF    THE    QUEBEC   BBIDGE 
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Fiff.  156,  is  a  cross-section  of 
the  lower  chord  in  the  Quebec 
Bridge  which  failed  during  the 
erection* 

It  consisted  of  materials  as  fol- 
lows: 

Outer  Ribs:  2  Plates  54V9i6'' 
Each      1  Plate  bi^x^" 

1  Plate  Zl^^x^^e" 

2  Angles  8^x6V%o' 

Inner  Ribs:  8  Plates  64'x^%o' 
Each      2  Plates  A^rxmn" 

2  Angles  8*x8V^''xi%o' 

Lattices  across  the  top  and 
bottom  of  all  four  ribs. 


Fiir.166 


IO'3'*Ot/eran 


2'tr 


2^7' 


'  ii»* 


2'9i''S.1oB.or/rngiffs 


■***- 


2-11 


2'9i''B:io  B,of  Angles 


Double  Lacing  8"^! 


Fifir.  157 


Fig.  167  is  a  cross-section  of  the  lower  chord  of  the  new  Quebec  Bridge,  as 
designed  for  the  position  of  the  one  that  failed.  The  exquisitely  drawn  cut,  is 
almost  self-explanatory.     However,  the  section  requires: — 


8  Plates  Sl.B-'x^' 

8  Plates  81.5''xl%'' 
16  Plates  WxV  for  flanges 
16  Angles  8^x8'xl''  for  nbs 
10  Angles  6'^x6'x%'  for  diaphragm  plates 

2  Plates  88'x^M6''  for  diaphragms 


4  Plates  83''x%''  vertical  between  ribs 
16  Angles  6''x4''xi'2*  for  vertical  plates 
8  Angles  4"x4*xV2''  for  diaphragms 
4  Lattice  Lacings  8''xl'' 
8  Plates  y^i"  thick  horizontal  between 
central  ribs 
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1ST.  A  variety  of  examples  showing  cross-sections  of  beams  and 
struts  in  actual  use  is  given  above.  The  moment  of  inertia  of  each  one 
may  be  found  from  the  dimensions  given. 

Remarks  upon  Figs.  156  and  157. 

The  chord  member  which  failed,  A9L,  had  lattice  bracing  along  the 
edges  of  the  ribs  as  shown  by  the  broken  lines.  The  purpose  of  this 
bracing  was  to  prevent  the  buckling  of  the  ribs  sideways.  Prof. 
Geo.  F.  Swain,  of  Harvard,  who  made  a  careful  study  of  the  design, 
is  of  the  opinion  that  failure  was  primarily  due  to  the  inadequacy  of 
that  bracing. 


CHAPTER  X. 

Moments  op  Inertia — (Continued). 

The  Relation  Between  Strength  and  Moment  op 

Inertia. 

158.  The  strength  of  a  beam  is  measured  by  the  load  it  can 
carry  with  safety.  The  test  of  strength  may  come  from  a  load  at  the 
end  of  a  cantilever,  or  at  the  center  of  a  beam  supported  on  piers. 
In  either  case  the  bending  moment  is  proportional  to  the  load;  hence 
M,  the  bending  moment,  or  its  equal,  the  Moment  of  Resistance,  is  a 
measure  of  its  strength.     It  was  found  that 


in  which  c  is  the  distance  from  the  neutral  axis  to  the  extreme  fiber, 
and  pi  is  the  greatest  intensity  allowed.     It  follows  that  the  strength 

of  a  beam  is  directly  proportioned  to  7, 
and  inversely  proportional  to  c,  pi  being 
the  same. 

1.  To  illustrate,  suppose  a  beam 
has  an  elliptical  cross-section  and  that 
it  is  loaded  first  with  its  major  axis 
vertical,  and  second  with  that  axis 
horizontal.     Fig.  158. 


»«.  IM 


STRENGTH    EDGEWAYS    VS.    FLATWAYS 


U5 


We  have 


Ml—  —  •  =pi(7ra6)  •  - 

a        4  4 

jjf      Pi  iraV  f     ,  V  6 

6         4  4 


Hence 


Ml 


a 
5 


or  the  strengths  are  to  each  other  as  the  semi-axes. 

2.     Again  take  a  rectangular  beam. 
Fig.  159.     When  it  is  "edgeways" 

Jfi=  -^  •  —  =i>i(^o)  — 


When  "flatways'* 

Jf,= 

2pi 

A6» 

=j)i(A6) 

h 

6 

1!< 

« 

so  that 

_  * 
ft 

i 


♦ -* ■* 
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This  means  that  a  floor  joist  VnVi*  will  safely  support  six  times 
as  much  when  on  edge  as  when  flat.  This  is  abundantly  confirmed 
by  personal  experience.     Proper  UUeral  support  is  assumed. 

3.     A  third  case  is  hardly  a  matter  of 
experience.  Suppose  a  square  beam  is  placed 
•   with  sides  vertical.     Fig.    160.     Its 
strength  is 
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lf.=  ?P?.il=pK-«)£ 


S 


U 


6 


If  its  diagonal  is  vertical. 


c  12  6 


Ml 
Mi 


s 


or  the  strength  of  No.  1  is  1.4  times  that  of  No.  2. 

The  unmathematical  reason  is  plain:     In  No.  1  the  whole  extreme 
layers  of  fiber  are  utilized  for  the  stress  p\i  in  No.  2,  only  a  single  fiber 
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THE   STRENGTH   OF  AN   /-BEAM 


frA 


S 


f 


!♦ 
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on  the  top  and  the  bottom  has  the  stress  pi  while  the 
increased  material  near  the  horizontal  diagonal  adds 
very  little  to  the  strength. 

1S6*  The  moral  derived  from  the  above  illustra- 
tions is»  to  put  as  much  of  the  material  as  far  from  the 
neutral  axis  as  possible,  leaving  near  the  neutral  axis 
only  enough  to  preserve  the  unity  and  stability  of  the 
beam.    This  will  be  illustrated  by  two  ideal  examples. 

1.  Compare  the  strength  of  a  steel  bar  4'  square 
with  an  /-beam  made  of  the  same  amount  of  steely  the 
flanges  being    l'x4',  and  the  web  l^xS''.     Fig.  161. 

Mi^Pi —  =pilO— for  No.  1. 
6  3 


1      /4(10)«       S.(8)»\  ^,    1   ,     XT     ^ 

Mi^vi'  -  •  (  —  —  -  "-^^-^    =  Pi41  —  for  No.  2. 
5      V    12  U    /  15 


Hence      — 
Ml 


41 


15 


10* 
3 


«  4  nearly. 


or,  the  /-beam  with  the  same  weight  of  material  is  almost  four  tim^a 
as  strong. 

2.  A  certain  load,  W^  is  to  be  carried  by  a  cantilever  beam  of 
length  L  '  Compare  the  weight  of  a  beam  in  the  shape  of  a  solid  cylin- 
drical rod,  with  the  weight  of  a  cylindrical  tube  of  the  same  length, 
with  an  exterior  diameter  n  times  as  great,  and  equally  strong. 

The  expression  for  the  strength  of  a  solid  cylinder  is 

4  4 

If  the  exterior  radius  of  the  tube  is  nr^  and  the  inner  radius  x,  we 


nr 


nr 


Equating  the  two  expressions  for  if,  since  they  are  equally  strong, 

and  solving  for  a:*,we  have  . 

T^^t^yn^  —  n 

Hence,  the  area  of  the  ring,  which  is  the  cross-section  of  the  tube,  is 

At  =  ir(nV  —  r*  Vn*  —  n) 


COMPABE    THE    TUBE  WITH    THE    BOD 
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Since  the  weights  of  two  beams  of  the  same  length  are  to  each  other 
as  the  areas  of  their  cross-sections,  we  have. 

Weight  of  solid  cylinder  _  Ai  ^  irr^ 

Weight  of  tube  At       vr^(n^—^Jn^  —  n) 

=       —  nearly 
1 


(since  '^n^—n  —  n^ —  etc.)*  which  means  that:  — 

( twice  ) 
If  the  tube's  exterior  diameter  is  j  .|.  ^  r  ^  great  as  that  of  the 

aolid  cylinder,  and  equally  strong,  it  will  weigh  only  one  ]  ^^    [ 

as  much;  and  so  on:  under  ideal  conditions,  which  would  be  quite 
unreal  if  n  be  made  too  large. 

The  saving  of  weight  while  preserving  strength,  thru  the  use  of  tubes, 
is  the  secret  of  light-framing  and  light-rolling  stock.  For  a  discus- 
sion of  the  stiffness  of  hollow  shafting;  see  Chapter  XIX. 

157.  The  aiis  for  the  maximnm  value  of  7^.  The  student  is  now 
prepared  to  see  that  while  an  unsymmetrical  surface  may  have  an 
indefinite  number  of  values  of  I  for  different  axes  across  it,  there  always 
must  be  one  greatest  I^y  and  one  least.  In  engineering  practice  both 
the  greatest  and  the  least  are  very  important.  It  is  now  necessary  to 
show  how  they  are  found  and  valued. 

Let  O,  Fig.  162,  be  the  centroid  of  a  plane 
surface,  and  OZ  and  OF  a  set  of  rectangular 
axes  so  taken  that  Ig  and  7^  can  be,  and 
have  been,  found.  Let  the  larger  be  Ig.  Let 
OZi  and  OFi  be  a  second  set  of  rectangular 
axes  meeting  at  O,  and  determined  by  the 
angle  0.  Let  P  mark  the  position  of  an  element 
of  the  surface,  <PA,  whose  co-ordinates  are 
(z,y)  and  (zi,  yi)  for  the  respective  axes.  '^-  *•• 

The  quantities  ^m—Jj  V^^A  and  ly^^j  J  ^d^A  are  supposed  to 

have  been  found.     The  surface  element  d^A  may  be  thought  of  as  dydz, 
or  dy'dz'. 

From  the  figure, 

yi=^PQ-'RN  =  ycosd  —zsind  ) 
zi^r^RQ+ON^yainO+zcosO  j 
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Hence       /^,= J  J  yi^cPA  =  J  J  (j/'cos^^-gj/zsin  ^cos^+2*sin«^(PA 
/«i  =  cos*^7,  — 2sin^cos^ J  J  y2(P-4+sm*tf7y. 

SimlleLrly  Iy,^sin^0l^+^8in0cosdffyzd^A+cos^dly. 

The  integralj  J  yadM  is  sometimes  called  (for  the  sake  of  a  name) 
the  Product  of  Inertia.     More  conveniently  it  will  be  called  simply  K 


-ff 


zyd?A. 


When  necessary  its  value  will  be  found  by  integration.  If  either 
OZ  or  OF  is  an  axis  of  symmetry,  K  is  zero,  since  the  di£Ferential  terms 
in  the  integral  are  in  pairs  which  balance. 

Therefore,  we  have 

/„  =  cos*^/,— 2sin^cos^lf+sin*^/y  (1) 

ly^  =  sin«  e  /^+2sin  0coa0K+co8^0Iy  (2) 

Adding,  we  have 

/.i+/^i-/,+^  (8) 

Knowing  7.  and  7y,  and  having  calculated  I^u  lyi  can  be  found  from 
the  last  equation. 

1.  Take  for  example  the  simple  case  of  an  ellipse  and  suppose  we 
want  7,1. 

We  know  that  ^      irba*        ,  ,       iraV 

7-=» »  and  7^= 

4  ''4 

and  by  inspection  we  see  that  K^O. 

Let  ^=^ 

4 

Then  7,i=  -^ ^  -7„,  -Trah- 

Interesting  values  follow  if  ^=  -  and  if  0=  — 

6  S 
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Going  back  to  Eq.  1,  we  see  that  the  value  of  I^i  varies  as  0  varies, 
and  will  have  either  a  maximum  or  a  minimum  value  when  — ^  is 

zero.     Hence,  differentiating  (1)  and  remembering  that  7^,  ly  and  K 
are  constants,  we  have 

^  «  -«sintfcos^/,+2(sin*^-cos»^;i:+2sintfcos^/^ 
du 

or         %  =  -2sin^co«^(/,-/y)+2(sin2^-cos*^)X 
dtf 

Placing  the  second  member  equal  to  zero  so  as  to  find  the  values  of 
0  for  the  greatest  and  least  values  of  /,,  we  have 

(7.  -  ly)  sin  2^  =  -  2  cos  20. K 

tan  2^= -11?^  (4) 

If  jK  =  0:  2^  =  0  and  ir;  ^*"^^ 

or  ^  =  0  and-'  hence  in  the  case  of  the  ellipse,  the  major  and 

minor  axes  of  the  ellipse  are  the  axes  for  minimum  and  maximum  values 
of  7. 

IS 8.     When  K  is  not  zero.    The    angle    2^   always   has   two 

values  differing  hyit;  hence  ff  has  two  values  differing  by  -,  one  acute, 

2 

the  other  obtuse,  so  that  the  axes  for  greatest  and  least  values  of  7  are 
at  right  angles.  In  all  cases,  since  Ig>Iy9  the  axis  for  maximum  7, 
makes  an  angle  numerically  less  than  45^  with  the  original  Z-axis. 
The  axes  for  7(max.)»7;  and  7  {min,)=Jf  are  called  the  Principal 
Axes  of  the  Surface. 

Since  £  —  0  for  an  axis  of  symmetry,  it  follows  that  that  axis  and 
its  perpendicular  thru  the  centroid  are  the  Principal  Axes. 

ISO.    The  value  of  Ki  for  the  axes  OZi  and  OYi. 
Substituting  the  values  of  yi  and  Zi  from  (157)  in  the  expression 

Ki-j  J  ViZid^A,  we  have 

Ki—  i  C[y^ sind cosB+zyicos^O-sin^S) "S? sinO cosffld^A 

Comparing  the  value  of  Ki  with  the  value  of  —^^  we  see  that 
so  that,  when  d7,  is  zero,  JKi  =  0  and  conversely. 
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Hence,  the  ''Product  of  Inertia"  is 
zero,  for  the  Principal  Axes,   without 
gf  regard  to  symmetry. 

150.  Angle  irons.  It  is  frequently 
necessary  to  know  the  maximum  and 
minimum  values  of  I^  for  a  cross-section 
of  an  "Angle  Iron**  shown  approximately* 
in  Fig.  163.  It  has  no  axis  of  sym- 
metry»  and  the  solution  of  an  illustra- 
tive problem  will  be  best  with  numer- 
ical values. 

The  centroid  is  found  by  taking 
moments  of  areas  about  AB  and  AC. 

The  centroid  is  distant  from  AB  1.33*',  and  from  AC,  0.83' 

The  position  of  the  centroid  is  shown  at  o. 


Fiff.  les 


160.    How   to  find  Z^,  ly  and 

K.  They  can,  of  course,  be  found 
directly  from  the  figure  by  means  of 
the  formula  for  parallel  axes,  but 
the  following  is  more  simple,  f 

1.     Draw  two  axes,  Z'  and  Z', 
parallel  to  OZ,  and  thru  the  centroids  ^ 
of  A I  and  Az  respectively.  Fig.  164.  ^^ 

Then      Iz^In+AiSi+It^+A^* 
But     AiSi=^A2S2y  and«  =  «i+«2. 


r' 


T 


hence 


«i  = 


A2S  J  AiS 

,  ana  S2  = 


A1+A2 


Y" 


'i 


_B 


,tf 


-^ ^ 


=r; 


-Z 


SO 


that         Ai8^+A2Si^^ 


and 


A^+A2 

^1^2V  +  ^2^lV  _    AiA28^ 

(^1+^2)*        AI+A2 

AiA28^ 


lie.  IM 


Is  =  Iz'  +  Iz.+ 


(1) 


In  the  same  way  it  is  readily  shown  after  drawing  the  axes  Y'  and 
Y'  that  ,   ,   . 


/„  =  /^+/^+ 


AiAiT' 
Ai+At 


(2) 


*  In  angle  irons  as  actually  used,  the  salient  angles  R  and  C  are  rounded,  and 
the  re-entrant  angle  D  has  a  fillet.    See  Fig.  147. 

t  This  elegant  analysis  appears  to  be  due  to  Muller-Breslau. 
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2.    To  find  K^jj  yzcPAi  we  take  the  parts  Ai  and  A2  separately 
so  that  K^K'+K".     We  see  that 

2  =  2'— ri 
and  yz^y'z' —ny' —siz'+siTi 

hence        K'==ffyVd^Ai-rJfy'd^Ai-'Siffz'd^Ai'\'8iriffd^Ai 

But  the  axis  Z'Z'  is  an  axis  of  symmetry  of  Au  hence 

ffy'z'JPAi^O 

As    the  axes    z'  and  y'  pass    thru  the  centroid  of  Au  we  have 
jfy'cPA^O,  and  rr  z'cPAi^O;  and  sincej  j^d^Ai^Ai 
we  have  X'  =  sifiAi  and  similarly  -K*'  =  82riA% 

But,  as  before  «i  =  — - —  ,  and  82  =        ^ 


A1+A2  Ai+A^ 

A2T  J  -4  if 

fj  SB ^  and  r2  = 


A\'\-A2  Ax-{-A2 

hence  if =/^'+|i:'=  ^ili^!^  +  ^ii!f!!fL 

and  if  =  dl^  (S) 

3.     The  numerical  values  of  /^j,  /^  and  if  are  now  easily   found. 

5 
From  Fig.  163  we  have  -4i  =  2,  A2-  - 

4 

and  from  figure  164 

,=  (2_l)=Iandr=i+^-.i 
V        4/       4  4       4       2 


Hence 


^(4)»+'-(i) 
«  2\2/ 


^*  2+i 

4 

/,  =  2.69+2.35  =  5.05 

4(i)'  +  i(ir  2x^-xi 

y  _    vg/        2V2/  4       4 
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/y  =  0.692+ 1.731  =2.423 
K * ?-=2.02 

4.  It  will  be  noted  that  all  these  quantities,  tho  they  refer  to  axes 
meeting  in  the  centroid  of  the  surface,  do  not  involve  a  knowledge  of 
where  that  centroid  is.  The  quantities  8  and  r  are  the  co-ordinates  of 
the  centroid  of  A^  with  reference  to  the  axis  meeting  at  the  centroid 
of  Ai.  When,  however,  we  calculate  the  angle  6  for  a  principal  axis, 
and  proceed  to  draw  that  axis,  the  centroid  of  the  entire  surface  must 
be  used  as  found  above. 

The  angle  6  is  determined  by  formula 

=  -1.53 


tan 

^^= 

-iK 

5.06 

4.04 

-2.42 

2^  = 

-56° 

50' 

e^ 

-28° 

25' 

Having  the  numerical  values  of  Iz^  lyy  K,  6  and  the  co-ordinates  of 
the  centroid  of  the  entire  surface,  we  can  plot  the  center,  draw  the 
principal  axes  and  compute  the  values  of  I  {max,)  and  (J  min.). 

5.  The  computation  is  somewhat  simplified  by  combining  equa- 
tions (1)  and  (2)  157  ,  with  the  equation 

tan  2^=^^ 

and  we  get  ^       ^ 

I  ^I,^K  tanO*  (4) 

Combining  this  last  equation  with  /+/  =  /a+/y,  we  get 

J=-Ij,+Ktan0  (5) 


*  Eq.  4,  167,  gives 

Iy  —  Iz-\-  i-an  20      '  2 sin ^cos  9 

Substituting  in  (1)  we  get 

r      r        rr/o  •    «        ^      sJn  ^  (cos» <?  —  BJn 6»     \ 

, /2  sin  ^  C0B>  <?  —  sin  ^  cos*  ^  +  Bin«  ^  \      ,       „ 
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Since  X  =  2.02  and  tan  (-28^  25')  =  -0.541,  we  have 

7  =  6.145  &i2=1.88 

/=1.33  fe^  =  0.41 


13 


k  being  the  radius  of  gyration. 


since  Ai+At=  — >  and  fc^=  > 

4  A,+A2 

1B1«  When  the  angle-iron  which  we  have  been  studying  is  used 
as  a  beam,  the  axis  for  /  should  be  horizontal,  and  the  distance  to  the 
extreme  fiber  should  be  computed  or  measured  from  an  accurate  draw- 
ing. See  Fig.  163.  Then  the  greatest  Moment  of  Resistance  the 
bar  is  safely  capable  of  is 


-'"■max 


^XJki*=?--  / 


(1) 


Ci  Ci 

However,  if  an  angle-iron  is  used  as  a  strut  of  post,  it  is  liable  to 
bend  by  buckling,  and  as  the  buckling  is  always  in  the  plane  of  least 
resistance^  it  is  only  the  least  Moment  of  Resistance  which  is  to 
be  counted  upon. 

M^^=^'-Ah*  =  ^J  (2) 

Steel  "angles"  may  be  rolled  of  various  dimensions,  with  some 
allowances  for  round  corners,  and  a  fillet,  but,  in  fact,  only  certain 
standard  sizes  are  in  the  market. 
A  general  formula  for  ki  and  k^  is 
hardly  worth  while  here. 

162.  When  the  arms  of  the 
angle  iron  are  equal,  as  in  Fig.  165, 
there  is  an  axis  of  symmetry,  AD. 
Consequently,  X  =  0,  and  AD  and 
the  perpendicular  thru  thecentroid 
of  the  surface  are  the  principal 
axes.  The  Moment  of  Inertia,  /^, 
is  readily  found  by  subtracting  the 
moment  of  inertia  of  the  triangle 
A'B'D^  with  reference  to  the 

axis  OZy  from  the  moment  of  inertia  of  the  triangle  ABDy  and  doubling 
the  result.  The  moment  of  inertia,  7^,  is  found  by  subtracting  the 
moment  of  inertia  of  the  small  square  from  the  moment  of  inertia 
of  the  large  square,  after  finding  the  centroid  of  the  surface. 

The  distance  OC  is  found  from  the  equation 

(OC)  [(6)^  -  (5)2]  =  (5)2  Vi  =  (5y((JC') 

Using  the  dimensions  shown  in  the  figure,  find  I^  and  /y. 


n*.  165 


i 
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198.     A  Z-bar.     A  Z-bar  usually  has  equal  flanges,  and  tho  the 

croas-section  haa  no  axis  of  symmetry,  its  centroid  is  readily  seen. 

With  the  axis  and  dimensions  as  shown 

in  the  figure  (Fig.  166),  find  the  Principal 

Axes  and  the  max.  and  min.  values  of 


lie      \i2  V  2  /y 

1«  2 


K--ac(b-cKa+c).   See(3)l«0.* 


kJ=  —,  and  kJ  =  -= 
'A  "A 


Now,  as 


1,-1, 


the  angle  0,  which  is  a  negative  angle,  is  readily  found,  as  are  the 
priacipal  moments  of  inertia: 

Ii=I^~KUnB 

/i  =  /„+Ktanft 
Example. 

Let         a=— .  6  =  «,  c=-.  inches,  sothat^-^i+A,+4,-8.6«5 
4  4 

12  \4  4        64/       2V4        4        16/ 


li\        64 


A,=A,^ac,g  =  b 
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Hence  fc/=  ^-^  =4.88,  so  that  fc,  =  2.21 

8.625 

and  kj  =  — -  =  1.79,  and  Jt«=  1.34 

^      8.625  ^ 

tan  2^  =-1.42 
2^= -54^51' 
^=-27^25' 
tan  ^=-0.519 
X  tan  ^=-9.835 
/i  =  42.12+9.835  =  51.96 
h  =  15.44  -  9.835  =  5.60 

SO  that  fci*  max  =  ^^^  =  6.02 

8.625 

and  W  min=  ^^  =0.649 

8.625 

Hence  &i  =  2.45,  and  £2  =  0.81. 

164.  The  relation  of  M  to  /.  In  computing  the  strength 
(moment  of  resistance)  of  a  beam,  it  must  not  be  forgotton  that  it 
is  not  enough  to  know  the  moments  of  inertia.  Suppose  we  have, 
as  is  the  case  of  the  Z-bar,  the  max.  /i  and  the  min.  Is.  The  ratio  of 
strength  is 

Ml      ci  cJi  .. 

—  =  ^  —r'  (22) 

Mi       pi    J        C1I2 
—  •is 

Ci 

This  shows  that  the  strength  varies  directly  as  the  J,  and  inversely 
the  extreme  fiber  distance.     For  the  Z-bar 

Mi       1%     PN  *         5.60"    PN' 
Now,  from  Fig.  166,  PN^  -cos^+  (a+  -)  sin^=4.10 

P'iV'=  -  sin  ^+^s^  =  cos^=  1.71 
2  2 
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Hence  ^^       ^^^^    ^^^       ^^^^ 

--r  = • = =3.9  nearly. 

J/a         5.60    4.10       22.96 

1B5*     Z-bars  are  used  as  purlins  in  the  framing  of  roofs,  the 
flanges  taking  the  slope  of  the  roof.     Z-bars  are  used  in  the  construe- 

tion  of  columns  and   struts,  especially   where   it  is 
necessary  to  have  ready  access  to  all  surfaces  for  the 


fl 


purpose  of  painting.     The  method  of  using  them  is 
shown  by  Fig.  167,  which  gives  a 
general  horizontal  section. 

The  combination  of  4  Z-bars, 
united  by  an  interior  plate,  makes 


an  open  column  whose  principal 
moments    of    resistance    are    readily    calculated,  as 
the  axes  are  parallel  to  those  already  used.     The 
central  connecting  plate  has  usually  the  same  ^"^^i^^i^ 
thickness  as  the   Z-bars. 

In  large  columns,  two  wide  thick  plates  are  riveted  to  the  outer 
flanges  of  the  Z-bars,  as  shown  in  the  drawing,  Fig.  168.  There  is, 
however,  a  slight  lack  of  economy  in  the  use  of  material  as  compared 
with  some  other  forms. 


CHAPTER  XI. 

Elementaby  Gbaphical  Statics. 

166.    Direct  stresses  in  the  members  of  a  frame. 

1.  The  frames  considered  in  this  chapter  are  ideal;  they  are  as- 
sumed to  be  rigid;  all  members  lie  in  a  vertical  plane;  all  joints  are  by 
means  of  pins  which  are  central  to  the  connected  bars;  and  the  only 
stresses  (unless  otherwise  stated)  taken  into  account  are  the  direct 
stresses  due  to  concentrated  imposed  loads.  All  loads  are  applied  at 
pins,  and  their  vectors  are  external  to  the  frames;  that  is,  a  load  on 
a  lower  pin  is  represented  by  an  arrow  below  the  pin;  if  on  an  upper 
pin  the  arrow  is  above  the  pin.  Every  pin  is  in  equilibrium  under  the 
action  of  a  system  of  balanced  forces,  and  in  every  case  the  stress 
diagram  will  show  for  the  balanced  forces  a  static  polygon. 

2.  A  bar  in  tension  will  be  called  a  "tie";  one  in  compression  will 
be  called  a  "strut.'*  It  should  go  without  saying  that  a  tie  pulls 
on  both  pins,  and  a  strut  pushes  on  both  pins.  All  drawings  of  frames 
and  diagrams  should  be  executed  on  a  drawing  board,  with  good  in- 
struments and  on  a  scale  at  least  twice  that  used  in  this  book.     Great 
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pains  must  be  taken  in  drawing  parallel  lines.  In  laying  off  load 
vectors  and  in  measuring  stress  vectors,  the  same  scale  must  be  used, 
but  the  scale  itself  is  entirely  arbitrary,  tons,  lbs.,  kilos,  poundals 
or  dynes. 

167«  Review  static  polygons.  At  this  point  the  student  will  do 
well  to  review  (TO)  and  make  sure  that  he  can  draw  the  static 
polygon  for  a  set  of  co-planar  forces,  whose  lines  of  action  meet  at 
a  point  and  balance,  provided  all  directions  are  given  and  all  magni- 
tudes but  two  are  known. 

It  is  also  necessary  to  recall  the  fact  that  the  arrows  on  the  lines  of 
a  static  polygon  show  the 
directions  in  which  the 
members  meeting  at  a 
pin  act  upon  it,  so  as  to 
balance.  For  example, 
suppose  the  bars  1,  S,  3, 
4,5,  Fig.  169,  act  upon 
a  pin  at  P,  and  their 
actions  are  accurately 
shown  by  the  force  poly- 
gon which  closes,  as  the 
arrows  follow  each  other 

around  the  Area  P.  These  arrows  show  that  Nos.  1,  3  and  5  must 
be  struts;  and  that  Nos.  2  and  4  are  ties.  The  student  will  do  well 
to  study  the  figure  169  carefully  so  as  to  see  the  system  followed. 

168.  Given  an  irregular  cantilever  frame  supporting  at  different 
pins  six  equal  loads.     Fig.  170. 

1.  We  begin  with  the  pin  Ay  because  that  is  the  only  one  whose 
static  polygon  (triangle)  can  at  first  be  drawn.  The  forces  are  the 
weight  Wu  and  the  actions  of  a  and  b;  Fig.  (6)  shows  the  static  tri- 
angle, QPNy  whose  area  is  also  lettered  A.  Taking  the  forces  in  clock- 
wise order  round  the  pin,  i.  e.,  Wu  Aj  6.  the  triangle  shows  that  a 
acts  up  against  the  pin,  and  is  therefore  a  strut;  and  that  b  acts  to  the 
lefty  from  the  pin,  being  therefore  a  tie. 

2.  The  next  pin  is  B  acted  upon  by  four  forces :  a  already  found 
to  be  a  strut  acting  doivn  on  £;  a  known  load,  W29  and  the  bars  c  and  d. 
Taking  the  known  forces  in  clockwise  order,  and  using  the  stress  line, 
NPy  for  a  as  drawn,  we  add  Wi^PS;  then  a  line,  ST,  parallel  to  C, 
and  get  back  to  our  starting  point,  iV,  at  the  upper  end  of  a,  by  a  line 
TN  parallel  to  d.  We  thus  have  for  the  pin  B  the  static  polygon : 
a  —  JF2  -  c — d,  or  NPS  T  —  N.    The  polygon  should  be  clearly  identified 


lie  108 


188 


GRAPHICAL    STATICS 


no  matter  what  other  lines  are  in  the  neighborhood.     It  is  seen  that 
c  is  a  strut,  and  dis  a  tie. 

5.  We  next  consider  the  pin  C,  acted  upon  by  two  known,  and 
two  unknown  forces.  Starting  at  Q,  we  trace  6— d,  and  close  back 
to  Q  by  «  — /.  The  reader  must  clearly  identify  the  polygon  b — d—e—f, 
or  QNTR  —  Q,  thinking  of  the  directions  of  the  actions   as  he  goes 

around :    e  is 
^^'^  down^  and  /  is 

up.  All  the  bars 
acting  on  the 
pin  C  are  ties. 

4.  Five  forces 
act  on  Dy  of 
which  three  are 
known.  Begin- 
ning with  e  at 
the  point  R,  we 
retraces— c,  lay 
down  Wz,  draw 
g  and  h,  and  we 
have  the  poly- 
gon Z).  Remem- 
ber that  every 
static  polygon 
must  close. 

5.  In  draw- 
ing polygon  for 
Ey  we  must 
begin  with  Wa* 
since  the  known 
forces  must  be 
taken  first  in 
clockwise  order; 
and  as  /  must 
follow  IF4,  the 
latter  must   be 

laid  off  above  Wi\  hence  we  have  Wi-^f—h—i^j,  the  last  two  being 
determined  by  required  directions,  and  the  necessity  of  returning  to 
the  point  S. 

6.  The  polygon  for  F  is  readily  drawn,  beginning  and  ending  with 
the  point  T, 

7.  The  four-sided   polygon  for   G:  j  —  l—m  —  n,  being    a   quadri- 
lateral with  an  internal  intersection,  is  readily  seen  in  Fig.  (b). 
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8.  The  reader  should  re-draw  the  figure  from  the  frame  alone, 
identify  every  polygon,  and  note  the  nature  of  the  stress  in  every  bar. 
If  he  puts  an  additional  load  at  G,  he  will  find  that  the  stress  lines  for 
"P  and  j  will  not  overlap. 

lBO«  A  careful  study  of  the  above  exposition  will  bring  to  the 
reader's  notice  several  important  relations  between  Fig.  170  and 
Fig.  1706. 

1.  We  followed  a  clockwise  order  in  considering  the  forces  acting 
on  a  pin;  as  for  example,  the  pin  /;  we  had  four  known  forces;  so  we 
took  them  thus:  o— m  — fc— fFe  — g  — r;  right-handed;  in  identifying 
the  polygon^  we  took  the  stresses  in  the  same  order,  but  we  went  about 
the  area^I  in  a  left-handed  direction. 

2.  Not  only  does  every  pin  or  point  of  intersection  in  the  frame 
have  an  area  in  Fig.  (6),  but  every  terminal  meeting  point  in  (6)  has  an 
area  in  Fig.  170.  For  example,  take  the  point  X,  in  (6)  where  the  stress 
lines  of  Z,  m,  k  meet;  in  Fig.  170  the  bars  Z,  m,  k  surround  the  area  X. 

S.  Again,  we  see  that  at  the  point  Q,  in  Fig.  (6),  the  force  lines  of 
W4y  b^f^  and  Wi  meet;  now,  turning  to  Fig.  170  we  see  that  the  barsf,  6, 
and  the  indefinitely  extended  load  lines,  Wi  and  Wiy  bound,  or  shut  off, 
the  indefinite  area  represented  by  Q  in  Fig.  170.  Similarly,  the  area 
K,  Fig.  170,  corresponds  to  the  meeting  of  the  boundary  lines  Wt,  k 
and  W^. 

4.  We  note  that  the  bar  k,  in  Fig.  170,  is  the  line  separating  the  areas 
X  and  Y  (like  a  division  fence) ;  it  is  evident  that  the  bar  k  might  be 
read:  *'the  bar  Z F"  (like  the  Mo.-Kansas  line);  and  the  stress  in  that 
bar  as  XF  in  Fig.  b, 

5.  It  will  be  seen  that  the  external  forces,  i.  «.,  the  loads  Wa,  Wu 

Wty ^6>  all  fall  in  the  same  vertical  line  in  (6),  and  in 

regular  order  as  one  passes  around  the  frame  externally  in  a  clock- 
wise manner.     The  line  of  loads  is  called,  "The  Load  Line." 

6.  If  all  the  areas,  within  and  without  the  given  loaded  frame, 
were  suitably  lettered,  any  pin  could  be  identified  by  naming  the 
areas  around  it;  thus  the  pin  A  could  be  read:  "the  pin  QPN,**  which 
is  the  way  we  read  the  static  triangle  of  the  forces  at  that  pin. 

The  last  two  suggestions  will  be  adopted  hereafter  in  lettering 
frames  and  stress  diagrams. 

170.  Method  of  lettering.  A  single  example  will  show  its 
advantages. 

Fig.  171  shows  a  second  example  of  an  irregular  cantilever  frame 
with  a  definite  load  at  each  pin.  AU  areas  are  lettered  both  within 
and  without,  and  the  order  of  procedure  at  every  pin  is  indicated 
by  a  curved  arrow.    The  stress  diagram  is  shown  in  Fig.  6.    The 
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reader  will  readily  see  in  Fig.  171  the  bars  CD  and  AH\  and  in  (6)  the 
magnitude  of  the  stress  in  CD  and  again  in  AH.    If  he  wishes  to 

know  the  nature  of  the  8iress 
^"''  in  CD,   he  must  think   of  its 

action  on  one  of  the  pins.  If 
he  thinks  of  the  upper  pin,  he 
will  read  that  pin  (that  is  the 
areas  around  it)  as  G  —  C—D  — 
E  —  F;  now  he  will  read  the 
stress  polygon  also  as  G  — C  — 
D  —  E  —  Fy  and  note  that  he 
read  C  —  D  dovmwards;  hence 
the  action  on  the  upper  pin  is 
down;  so  CD  is  a  tie.  Had 
he  thought  of,  and  read,  the 
lower  pin,  he  would  have 
(mentally)  said  D  —  C^  which 
reads  up  on  the  stress;  so  it 
pulls  at  the  lower  end  as  well. 
In  the  same  way  he  finds  that 
ED  is  a  strut. 

171.  CantUever  truss.     Draw  a  stress  diagram  and  scale  off  the 
stresses  for  the  bars  shown  in  Fig.  172. 

172.  Roof  Trasses. 

Ex.  1.  Plain  Roof  Truss^  with 
equal  loads  on  all  upper  pins. 
Fig.  173.  By  symmetry  the  supports 
are  equal.  Directions :  Draw  first  the 
Load  Line,  lay  off  the  loads  and 
supports  to  scale  and  letter  them 
from  K  round  to  X,  Next  draw  the 
static  triangles,  XAR  and  XKJ, 
Next,  the  static  polygons  QRAB 
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and  BAXC  on  the  right, 
and  JKLI  and  XJIH  on 
the  left.  Finally,  draw  for 
the  remaining  upper  pins. 
The  symmetry  of  the  figure 
will  be  an  aid  to  accuracy. 
The  many  sided  polygon 
y^  j^  for  the  central  lower  pin  will 
be  found  already  drawn. 
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The  drawing  will  be  finished  when  the  character  of  every  member  is 
shown  by  the  letter  s  (strut)  or  (  (tie). 

Ex,     2.     A  Hip  Roof.     Fig.  174.     The  points  A  and  D  in  (b)  coin- 
cide.    Point  out    the    polygon 
for  the  pin  near  E  in  the  figure, 
174  (6). 

Ex.  3.  Invent  a  roof  truss 
having  only  triangular  areas  in 
the  frame,  and  place  on  it  sym- 
metrical loads.  Letter  and  draw 
the  stress-diagram,  and  scale  it. 

^         178.     Unstable  frames.     Before  giving  more 
problems,  a  word  must  be  said  about  unstable 

'     frames. 

Q         1.     Suppose  a  frame  with  pin  joints  is  hinged  at 
X   and  Z  and 

BB  loaded  as  shown 
in  Fig.  175.  [The    ^ 

*    reader  of  what 

8  follows  must  draw 
the  stress-diagram 
as  he  readSf  or  he 
will  not  appreciate  the  thought.]  To 
find  the  stresses  on  the  assumption 
of  stability,  we  lay  oflf  the  loads  Wu  W%  and  Wz\  then  begin  with  the 
pin  CD  A.  We  can  next  go  to  either  the  upper  pin  or  the  lower  as  in 
each  case  there  are  only  two  unknowns.  Going  to  the  upper,  we  say : 
CABE  —  C  and  draw  AB  and  BE.  Now,  going  to  the  lower  pin,  we 
say:  BADF  —  B;  and  the  only  unknown  is  FB;  but,  if  it  be  drawn 
in  the  direction  given,  the  polygon  will  not  close-,  hence  the  frame  is  not 
statical^  and  cannot  support  a  load. 

If  a  diagonal  bar  from  Z  is  put  in,  it  will  divide  the  area,  and  the  poly- 
gon will  close  with  a  stress  line  BP,  the  length  of  which  stress  line  shows 
how  much  a  diagonal  tie  was  needed.  Equally  well  (and  sometimes 
better)  the  other  diagonal  could  be  put  in  as  a  strvi.  It  is  thus  seen 
that  a  four-sided  area  in  a  frame  is  unstable  with  pin  joints.  Even 
when  the  joints  are  nailed,  screwed,  glued,  bolted  or  pinioned,  they 
lack  the  stability  which  a  diagonal  strut  or  tie  readily  gives.  A 
<liagonal  wire  with  its  ends  well  secured  is  better  than  much  nailing 
and  glueing.  Notice  the  weakness  of  screen  frames,  tables  and  benches 
when  lateral  forces  act,  and  the  sagging  of  doors  and  gates  without 
<liagonaIs  when  heavily  loaded. 
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£.  A  rectangular  frame  without  a  diagonal  is  made  rigid  only  by  a 
large  expenditure  of  material  and  labor  on  the  joints.  The  economy 
and  safety  gained  by  the  use  of  struts  or  metallic  ties  are  worthy  of 
more  consideration  by  carpenters  and  cabinet-makers.  Note  the 
stiffness  of  aeroplanes.  A  four-sided  frame  often  may  profitably 
have  two  diagonal  ties.  A  tie  rod,  wire  or  bar  is  a  very  simple  affair^ 
requiring  little  material  and  little  workmanship  as  compared  with  a 
strut. 

174.     Queries  to  be  answered  by  drawings. 

1.  If  only  a  diagonal  tie  is  put  in,  would  the  tension  in  it  be  greater 
or  less  than  the  compression  in  the  strut,  had  the  other  diagonal  been 
used? 

2.  Suppose  the  diagonals  are  of  different  lengths,  the  area  B  not 
being    rectangular?     Answer    as    above. 

3.  Suppose  both  diagonals  are  put  in,  which  would  take  the  stress P 
This  is  rather  "indeterminate**;  generally  the  tie  or  the  one  with  the 
closest  fittings.  This  query  is  answered  later  under  Deformations, 
if  the  fittings  are  perfect  and  independent,  and  all  bars  are  elastic* 
with  known  dimensions,  and  the  strut  does  not  buckle. 

4.  It  was  seen  a  few  lines  above  that  the  diagonal  inclined  dovm- 
ward  towards  the  support  was  a  strut,  while  that  inclined  upward 
towards  the  support  was  a  tie.  When  a  vertical  frame  is  subject  to 
horizontal  forces  (in  its  plane)  which  may  act  either  way,  two  diagonal 
ties  suffice  for  both  contingencies,  and  are  vastly  simpler  than  a  single 
bar  built  to  act  as  either  tie  or  a  strut  as  may  be  required. 

Fig.  176  shows  a  rectangular  screen  frame,  exposed  to  the  action  of 

horizontal  forces  tending  to  rack  the  joints. 

When  the  force  at  B  is  acting,  the  tie,  BD, 
supports  the  frame;  when  the  force  at  A  is  act- 
ing, ^C  is  in  tension.  In  either  case,  if  the  feet 
are  blocked,  the  action  upon  the  parts  DE  and 
CF  causes  them  to  bend,  and  develop  stresses 
which  will  be  discussed  later  on. 

w«7i7e  "^  ""  1  ''*•    Roof  trusses  under  symmetrical  loads* 

1.  By  means  of  "purlins'*  (girders  which  cross 
from  rafter  to  rafter),  the  loads  on  large  roofs  are  brought  to  the  trusses 
at  the  joints,  or  at  supported  points  which  might  be  joints.  AU  loaded 
pointSj  therefore,  may  be  supposed  to  be  joints  with  pins. 

2.  Draw  the  stress  diagram  for  the  loaded  roof  shown  in  Fig.  177, 
and  mark  the  character  of  each  member.  Though  the  rafters  may 
be  continuous  from  eaves  to  ridge,  they  may  be  supposed  to  have 
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pins  where  the  loads  are 
applied.  The  stress  in  JK 
is  found  to  be  greater  than 
in  EM. 

3.     Figures  178  and  179 

p 


are  possible  designs  of  a  roof 
truss,  which  the  reader  may 
loady  letter  and  draw.  a 

176.  Loads  both  above  and 
below.  A  roof  truss  is  often 
required  to  carry  loads  sus- 
pended from  the  lower  pins. 
In  that  case  the  closed  polygon 
of  loads  and  supports  (external 
forces)  is  a  vertical  line,  some  parts  of  which  are  used  four  times. 

For  example,  take  the  simple  truss.  Fig.  180,  in  which  the  lower  ties 
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(called  the  lower  chord)  are  arranged  to  give  more  head-room  below 
as  shown  in  the  sketch.    The  ''load  line''  (the  external  forces  taken 

in  order  around  the  truss, 
beginning  at  F)  should  be 
drawn  first.  The  succession 
of  forces  is  shown  by  lines 
not  quite  vertical  on  the  right 
of  the  proper  load  line. 
Fig.  180b,  on  next  page. 

177.  A  Fink  trass.  It 
often  happens  that  a  frame, 
or  truss,  has  its  long  struts  trussed  (to  prevent  bending  or  sagging) 
by  what  may  be  called  secondary  trusses,  thereby  creating  what  to 
a  novice  seems  an  impossible  case;  this  is  well  illustrated  in  what  is 


OBAPHICAL    STATICS 


called  the  "Fink  Truss."  Fig.  181.  It  is  seen  that  the  rafters,  after 
having  been  bisected,  are  again  sub-divided  by  small  secondary  trusses, 
tho  they  are  not  wholly  inde- 
pendent. For  the  sake  of 
simplicity,  uniform  loads  are 
given.  There  is  no  difficulty 
with  three  pins  at  either  end. 
Oa  going  to  a  fourth  pin,  one 
finds  both  roads  blocked, 
each  pin  having  three 
unknowns.  The  difficulty 
may  be  overcome  in  different 
ways,  but  the  simplest  wi!l 
be  for  the  student  to  calcu- 
late the  stress  in  XG  by  the 
method  of  moments.  The 
whole  trussed  rafter  to  the 
light  support  is  loaded  with 
"  SOT  (centered  at  the  middle 

pin),  and  is  held  in  equilib- 
rium by  the  support,  by  XG, 
and  by  an  action  at  the  upper 
end,  Z.  Taking  the  upper 
end,  Z,  as  an  axis  of  moments, 
we  have  the  moment  equa- 
tion, calling  the  span  s, 

4  2 

If  the  height  A  =  — ^ , 

2  V3 
we  find  that 

.YG  =  20  Vs  =  34.64, 

which  is  laid  off  to  scale 
from  X,  Fig.  181(6)  deter- 
mining the  point  G  on  the 
diagram.  Now  take  the  pin 
DCXG.  The  rest  of  the 
problem  is  easy. 

17S.  Unsymmetrlcal 
Irnds.    1.  Vertical  loads 


Fig.  189 
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directly  over  supports  do  not  affect  the  stresses  in  the  members  of  a 
truss,  hence  they  do  not  appear  in  the  diagram.  Pin  loads  are  rarely 
equal,  and  it  is  found  that  when  the  interior  members  (the  **brac- 
ing*')  are  most  severely  stressed,  the  loads  are  not  symmetrical.  In 
such  cases  the  supports  are  unequal  and  should  be  calculated  (most 
readily  by  the  method  of  moments),  as  already  illustrated  in  Chapters 
III  and  V.     See  Fig.  182. 

To  find  the  support  at  one  end,  take  a  moment  axis  at  the  other  end. 
In  getting  moments,  use  any 
convenient  unit  of  length; 
the  absolu  te  length  of  a  truss 
is  of  no  importance.* 

2.  Ex.  Let  Z  be  the  axis 
for  finding  F2.  The  upper 
joints  divide  the  span  into 
eight  equal  parts;  the  lower 
joints  into  three  equal  parts. 
Hence,  let  the  span  be  24  units;    then  we  have  for  finding   V2 

24F2  =  12+36+36+120+180+252  +  252+256+64 
F2  =  50j,  and  consequently  Fj  =  35L 

The  stress  diagram  will  be  found  to  be  unsymmetrical. 

3.  There  are  other  ways  of  finding  Vi  and  F2,  chiefly  by  drawing, 
but  none  are  more  simple  or  more  readily  used;  even  the  above  solu- 
tion may  be  made  more  simple  (and  the  student  should  simplify  every 
mathematical  and  mechanical  process)  by  noting  that  12  =  4+8; 
14  =  6+8,  and  16  =  8+8,  so  that  the  loading  is  equivalent  to  a  sym- 
metrical load  which  gives  27  T  on  each  wall,  a  load  of  24r  on  the  center 
pin  of  the  right-hand  rafter,  and  a  load  of  8  T  on  the  right-hand  lower 

3  2 

pin.     The  right-hand  support,  F2, carries  -of  the  247,  and  -  of  the  ST. 

4  3 
So  that  the  whole  support  on  the  right  is 

F2  =  27+18+5^=50j 

all  of  which  is  seen  without  putting  pencil  to  paper.     (The  student 
should  go  over  this  paragraph  till  every  step  is  clear.) 

170.  Inclined  loads,  wind  pressures.  When  load  lines  are  not 
vertical,  the  supporting  forces,  one  or  both,  are  not  vertical,  and  the 
external  forces  acting  on  a  truss  form  an  open  static  polygon.     Some- 

*  Given  the  concentrated  loads,  the  mere  size  of  a  truss  has  nothing  to  do  with 
the  direct  stresses  in  its  members,  tho  it  has  much  to  do  with  the  way  in  which 
the  members  shall  be  given  sufficient  strength  and  stiffness. 
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times  the  stresses  due  to  vertical  loads  and  those  due  to  inclined  loads 
(the  wind)  are  found  separately  and  added.  The  following  illustra- 
tion takes  them  all  together. 

1.  Steel  trusses  are  generally  anchored  firmly  to  the  windward 
wall  (on  the  side  which  is  exposed  to  the  highest  winds),  while  the 
free  ends  are  either  resting  on  rollers,  or  placed  in  grooves  or  shoes 
which  admit  of  an  easy  horizontal  motion.  The  end  is  left  free  so 
that  the  truss  may  expand  or  contract  as  the  temperature  rises  or 
falls,  or  lengthen  and  shorten  again  when  loads  are  put  on  and  taken 
o£F,  without  moving  the  walls.  Accordingly  the  supporting  force 
at  the  free  end  is  vertical,  or  nearly  so. 

It  is  usually  assumed  that  wind  pressure  is  normal  to  the  surface 
of  action,  and  that  it  is  uniformly  distributed.  Neither  assumption 
is  very  near  the  truth.*  The  wind  pressure  per  square  foot  is  a  very 
uncertain  quantity.  It  depends  chiefly  on  the  velocity  of  the  wind 
and  the  slope  of  the  roof;  and  somewhat  on  the  extent  of  surface. 
Its  action  is  concentrated  at  the  joints  as  is  the  *'dead'*  load. 

2.  To  find  the  stresses  in  the  members  of  the  roof  truss  shovm  in  Fig, 
188,  which  carries  dead  loads,  and  toind  pressures.  The  support,  F2,  is 
found  by  getting  the  moment  of  the  wind  pressure  about  an  axis  at 
Z,  the  fixed  end,  and  adding  the  support  due  to  the  symmetrical 
dead  load.     [The  drawings  are  on  the  opposite  page.] 

The  support  due  to  the  dead  load  is  1£  tons. 

The  total  wind  pressure  is  36,  and  its  '"center**  is  at  the  middle  of 
the  rafter.  If  r  be  the  length  of  the  rafter,  the  wind's  moment  is  18r. 
Let  the  inclination  of  rafter  be  30^  =  )8. 

Then  the  support,  Vt'  due  to  the  wind,  at  the  wall  on  the  left,  has 
a  moment  arm,  Sr  cos  /S;  hence  we  have  the  equality  of  moments 

aFj'r  cos  )8=18r 

F2'  =  -^  =6  V3  =  10.39 
cosp 

and  K2  =  12+ r2'  =  22.39 

Now,  the  static  polygon  for  external  forces  can  be  drawn,  beginning 
with  X«7,  which  is  22.39.  Since  the  polygon  must  close,  the  last  line» 
SX,  shows  the  magnitude  and  direction  of  the  support  Fi.  The 
builder  must  see  that  this  support  is  furnished.  The  eflFect  of  the 
wind  is  plainly  shown  in  the  stresses  of  rafters  and  bracing  on  the 
windward  side,  and  the  chords  XA  and  XC, 


*  See  a  paper  on  Wind  Pressure  by  Prof.  F.  E.  Nipher,  Proceedings  of  St» 
Louis  Academy  of  Science. 
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ISO.  Supports  modified  by  wind  pressures.  The  student  who 
has  read  Chapter  V  will  recall  that  the  resultant  of  vertical  and  in- 
clined loads  could  have  been  found  graphically  by  means  of  the 
Chain  Polygon,  and  that  the 
components  of  the  force 
balancing  it»  i.  e.,  Vi  and  Fs, 
could  also  have  been  found  by 
the  method  there  explained. 
However  it  is  dou  btf  ul  if  there 
is  a  simpler  solution  than  that 
just  gi  ven »  but  the  student 
should  not  assume  that  there 
is  no  other  method. 

Ex.  Let  the  student  add 

wind  pressures  to  the  load  on  the  truss 
showninFig.  177,  assuming  that  the  wind- 
ward support  is  anchored,  while  the 


other  rests  on 
rollers. 

The  magnitude  of  possible 
stresses  in  the  bracing  should 
determine  their  design  and 
specified  strength.  It  is  false 
economy  to  save  material  by  building  a  truss 
so  light  and  weak  that  it  fails  in  a  storm. 
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Bridge  Trusses. 

181*  The  two  trusses  of  a  bridge  are  connected  by  cross-girders 
which  usually  rest  upon  the  pin  joints  of  the  trusses.  These  girders 
carry  stringers,  and  the  stringers  carry  the  roadway;  hence  the  loads 

^  are  applied  to  the  trusses 

at  the  joints.  The  weight 
of  a  member  itself  is 
divided  equally  between 
its  ends.  Bridges  may 
have  "thru"  or  "trellis" 
spans  for  moving  loads  to 
pass  between  the  trusses,  or  "deck"  spans  when  the  roadway  and  its 
immediate  supports  are  above  the  trusses.  The  stresses  in  members 
are  readily  found  graphically,  the 
results  may  be  checked  by  other 
methods. 

182.  A  "Warren  Girder,"  or  tri- 
angular truss.  Fig.  184.  The  tri- 
angles are  equilateral,  and  only  loads 
on  the  lower  pins  are  considered.  The 
load  line  is,  in  order, 


FED 


Ji£ 


Sig.  184    (a) 


^^^SSk 


+JK-KL-LM-MN-NP+PJ, 

The  fact  that  the  letters  Z),  E  and 
F  fall  together  shows  that,  under  a 
symmertical  load,  the  bars  DE  and  EF  have  no  stress.     This  is  thus 
explained:  the  stress  in  FE  (tension),  caused  by  the  load  JfiV,  is 

exactly  cancelled  by 
the  compression  caused 
by  the  equal  load  LM. 
Were  the  loads  NM 
and  ML  unequal,  both 
FE  and  ED  would  be 
under    stress. 

2.  A  deck  span.  The  supports  are  each  2W,  and  the  load  line 
begins  +PJ.  Fig.  185.  With  this  ideal  loading  the  bars  DE  and 
EF  are  idle,  but  such  would  not  be  the  case  with  irregular  loading. 
Had  the  bridge  been  one  panel  longer,  there  would  have  been  no  idle 
member.     Make  a  drawing  to  confirm  this. 

3.  Draw  a  stress  diagram  for  a  thru  span,  and  one  for  a  deck  span, 
with  eight  or  ten  panels  under  uniform  loads.  Mark  struts  and  ties, 
and  take  note  of  laws  of  increase  and  decrease  of  stress  in  members. 


Fig.  186 
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188.  Combination  trusses.  When  panel  lengths  are  too  great 
for  roadway  stringers,  two  Warren  girders  are  sometimes  combined, 
as  shown  below.  One  rests  on  miusonry,  as  in  Fig.  184,  and  the  other 
hangs  on  piers  of  steel  or  masonry  as  in  Figure  185.  Such  a  com- 
bination is  known  as  a  Lattice  Girder. 

2.  Draw  a  diagram  for  the  suspended  truss  with  its  six  loads,  and 
a  separate  diagram  for  the  other  with  its  five  loads.    Fig.  186. 

Scale  off  all  the  stresses  for  the  different  members,  and  add  the  stresses 
in  the  chords  wher- 
ever they  have  been 
used  in  both  trusses. 
Finally  write  the 
stresses  found  on 
the  members  them- 
selves,  as  represented 
in  the  drawing. 

It  will  be  seen  that  the  end  panels  of  both  chords  are  used  but  once. 
Let  the  component  girders  be  drawn  on  good  paper  with  an  actual 
span  of  1^  inches. 

8.     Lattice  girders  are  often  met  with  which  have  three  or  four 

component  trusses.  In 
such  cases  some  of  the 
end  members  are 
inclined  at  special 
I  I    angles.     See  Fig.  187. 

P  lig.  187  ^  O  O 

184.  Two  typical 

bridge  trusses  are  shown  in  their  simplest  form  in  order  that  the 
student  may  see  their  characteristic  features,  and  by  personal  expe- 
rience may  learn  the  beauty  and  simplicity  of  the  graphical  analysis 
when  one  has  good  drawing  instruments  at  hand. 

L    The  Pratt  Truss,  shown  in  Fig.  188. 

2.  The  "Double  Priatt"  has  short  vertical  struts  and  long  diagonal 
ties.  The  two  trusses 
have  the  same  chords 
and  end  struts,  but 
separate  diagonals. 
The  load  on  the 
vertical  rod,  near 
the  end,  is  divided,  usually,  half  and  half.     See  Fig.  189. 

Draw  the  diagrams  separately,   measure  stresses  and  where  the 
members  are  superposed,  add  the  stresses. 
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A  DOUBLE  PRATT 


Vie.  180 
A  HOWE  TRUSS 


185.  A  Howe  truss.  If  a  load  is  perfectly  symmetrical  (and  it 
rarely  is)»  the  dotted  members*  which  are  both  ties,  will  not  be  needed; 

with  a  moving  load  both  are 
needed,  but  not  both  at  once. 
The  student  will  note  the  long 
diagonal  strvis  in  the  *'Howe," 
and  the  long  diagonal  ties  in 
the  "Pratt/'    The  ^*Howe" 

went  out  of  use  when  steel  replaced  wood   in   bridge   construction. 

Fig.  190. 

For  a  full  discussion  of  "Framed  structures"  which  the  above  few 
pages  are  intended  to  lead 
up  to,  the  student  is  referred 
to  Building  Construction 
and  Bridge  Engineering. 

Calculations  base  on 
stress  diagrams.  In  all  the 
problems  of  the  present  chapter,  the  magnitude  of  stresses  in  frame  mem- 
bers was  determined  graphically,  and  the  degree  of  accuracy  depended 
upon  the  quality  of  the  instruments  and  the  skill  of  the  draftsman  in 
laying  off  and  measuring  lines  and  angles.  But  it  is  easily  seen  that 
the  diagrams,  even  when  made  "free-hajid,"  lend  themselves  to  trig- 
onometric calculation.  A.n  examination  of  any  one  of  the  diagrams 
will  suffice  to  discover  how  an  unknown  length  can  be  computed,  as 
all  angles  are  known. 

1.  For  example,  let  the  student  calculate  the  stresses  in  several 
members  of  the  Fink  truss.  Fig.  181,  and  also  of  the  Pratt  Truss, 
Fig.  188,  and  compare  results  with  his  measurements  of  his  stress- 
diagrams.  He  is  quite  likely  to  find  defects  in  his  instruments  and 
faulty  drawing. 

2.  Let  the  student  make  a  stress  diagram  of  the  cantilever  truss. 
Fig.  42. 

186.  The  endless  variety  of  designs.  There  is  no  limit  to  the 
number  of  frames  for  roofs  and  bridges.  "King  Post"  and  "Queen 
Post*'  roof  trusses  offer  no  difficulty,  but  no  unusual  design  should 
be  built  without  a  careful  drawing  which  shows  both  the  nature  and 
the  magnitude  of  the  stress  in  each  piece.  The  writer  once  saw  a 
roof  truss  for  a  church  actually  built  with  a  tie  (an  eye-bar),  where 
there  should  have  been  a  strut.  The  builder's  "horse-sense'*  was 
inferior  to  a  stress  diagram.  A  drawing  of  thetruss  follows. 
Fig.  191. 
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The  reader  may  assume  any  reasonable  loading,  and  proceed  with 
the  drawing,  using  one  of  the 
members,  FO;  and  note  the 
stress  in  it.  Then  make  a  second 
diagram  with  the  other  diag- 
onal, FO.  See  which  would 
alone  be  a  tie,  and  which  alone 
would  be  a  strut.  The  reason 
why  the  truss  does  not  fall  is, 
that  the  rafter  is  continuous  to 
the  ridge  and  very  strong,  and 
its  stiffness  saves  it. 


CHAPTER  XII. 

Internal  Stress. 

Composition  and  Resolution  of  Stresses. 

187«  In  Chapter  IX  it  was  shown  that  at  every  internal  point 
of  a  loaded  beam  there  was  stress  normal  to  a  cross-section  plane,  and 
a  shearing  stress  in  the  same  plane. 

The  definition  that  "force  is  an  action  between  two  bodies,"  is  to 
apply  to  two  contiguous  parts  of  a  body. 

Let  A  9  B  and  C  be  parts  of  a  horizontal  loaded  beam.     Both  A  and 

C  and  the  load  tiw  are  acting  on  £,  and 
holding  it  in  equilibrium.  There  are  actions 
at  every  point  of  the  planes  which  bound 
£,  and  those  actions  vary  from  point  to 
point. 

But  that  is  not  all.  If  a  prism  like  that 
at  D  be  formed  by  three  general  planes 
cutting  the  same  rectangular  loaded  beam, 
there  is  stress  (actions)  at  every  point  of  every  lateral  face.  The 
adjacent  material  is  pressing  or  pulling  Z),  and  is  dragging  or  tending 
to  drag  it  up  or  down;  and  yet,  as  Z>  is  at  rest,  we  know  that  all  such 
actions  actually  balance.  The  prism  may  be  very  small,  infinitely  small, 
yet  have  three  sides  or  faces,  and  the  stresses  on  those  sides  are  normal, 
oblique  and  tangential.  It  is  the  purpose  now  to  study  the  stresses  on 
every  plane  that  can  pass  thru  a  given  point  in  a  loaded  beam,  particu- 
larly planes  which  are  perpendicular  to  the  plane  of  external  forces 
(loads  and   supports). 
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188.  Simple  stress  and  Its  components.  Fig.  198  represents  a 
bar  in  tension  but  under  no  other  stress.  If  the  crosi-fedumal  area  S  is 
uniform,  the  "Normal  Intensity"  is  _,,„ 

T 

upon  every  unit  of  surface  of  a  right  section. 
If  an  oblique  section,  AC,  is  made,  the  stress 
is  oblique,  and  as  the  section  has  the  area  Si  =  S 
sec  6,  we  have 

_T 

^'  s~se^e' 

If  now  }>  be  resolved   into   its   normal  and 
tangential  components,  we  have 

Pn  =  p  cos  d  =  pz  cos*  0 
«(^iH  P,  =  psin^=Pr  sin  0  cos  d 
If  a  second  plane  HK  be  taken  so  that  its  inclination  to  a  right  sec- 
tion is  ^  =  ■ 6,  we  shall  have 

Pn'^Pz  cos*^  =  j>i  sin'^ 
Pt'  ~  Px  sin  <l>  cos  <ji  =  Px  cos  0  sin  B 
Hence  P»+Pi.'  =  Pi.  and  P(  =  p,' if  <^+^-ir/2. 

This  is  particularly  important,  and  is  stated  as  follows:  If  two 
oMiqne  planes  having  their  normals  in  the  same  axial  plane  are  at 
right  angles,  the  tangential  components  of  the  oblique 
stresses  are  equal.  A  graphical  representation  of  magni- 
tudes of  the  stresses  on  an  oblique  plane  is  readily 
shown :  The  value  of  p„  ia  found  by  projecting  p,  twice 
thru  the  angle  0.    Fig.  194. 

189.  Compound  stress.  More  often  than  not, 
material  is  subjected  to,  or  sustains,  more  than  one 
simple  stress.  When  the  simple  stresses  are  known,  the 
stress  on  any  given  plane  is  readily  found  if  all  the 
normals  lie  in  the  same  plane.  This  may  be  illustrated  by  finding 
the  stress  on  a  third  plane  when  the  simple  stresses  on  two  planes  are  given, 

1.  Take  the  case  of  the  shell  of  a  steam  boiler  or  a  cylindrical  gas 
tank.  Let  the  radius  of  the  cylinder  be  r,  the  thickness  of  the  shell 
be  c,  and  the  gauge  pressure  of  the  steam  or  gas  per  square  inch  be 
q  in  excess  of  the  external  air-pressure.     The  total  direct  longitudinal 
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tension  is  qwr^  due  to  the  pressures  upon  the  ends  of  the  cylinder,  which 

must  be  sustained  by  the  shell  at  every  cross-section,  whose  area  is 

A  =  2irrc.  , 

_  ^'^^    _  9^ 


Hence  Py  = 


* 
if  the  direct  longitudinal  tension  is  Py. 

2.  In  addition  to  this  longitudinal  tension,  there  is  a  *'hoop  tension'* 
which  is  found  by  considering  the  tension  in  a  hoop  one  inch  wide 
around  the  cylinder.  The  resultant  internal  pressure  on  one  half  of 
the  hoop  is  the  same  as  the  pressure  would  be  on  a  diametral  strip  one 
inch  wide;  hence  StrXq^^T^  where  T  is  the  tension  at  every  cross- 
section  of  the  hoop.     See  Fig.  195. 

Hence  T  =  rq. 

Now,  the  cross-section  of  the  hoop  is  c  XI,  so  that 

This  shows  that  the  intensity  of  the  hoop  tension  is  ttoice  the  intensity 
of  the  longitudinal  tension.* 

3.  Unless  otherwise  stated  as  to  the  drawings  which  follow,  the 
planes  thru  OX  and  0  Y  are  thought  of 
as  perpendicular  to  the  plane  of  the 
paper,  and  intersecting  in  an  axis  OZ 
(not  shown);  and  all  oblique  planes  of 
action  are  parallel  to  OZ. 

4.  It  is  now  required  to  find  the  stress 
on  the  plane,  or  at  the  section  AB, 

which  makes 
an  angled  with    ^ 
OY.   Fig.  196. 
Let  ON  be 
normal  to  the 

section.     By  the  formulas  just  derived,  resolv- 
ing px  into  components  on  AB. 

Pn—Px  cos*  Of         v/^  V'T  sin  0 


Pt  ^Px  sin  ft' cos  ^; 


Resolving  p,, 


lig.  i9e 


Vn  ■*  Vy  sin*  ^,         Pt'  *=  Py  sin  6  cos  B 


*  The  observing  student  will  recall  the  fact  that  there  are  two  rows  of  rivets 
along  a  longitudinal  seam  of  a  steam  boiler,  but  only  one  row  on  a  cross-sectional 
seam. 
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The  magnitudes  of  p,',  p„',  pt',  p/,  etc.,  are.  found  by  projection  in 

Via   197  

*■  OZ-p,;  OY^Py-,  OC^OC'^p^';  OZ)  =  OZ)'-p/. 

OiV=p,  =  p,'+p/; 

NR-'Pt'-pt'^p, 

OR=p, 

From  the  figure  it  is  seen  that  pj  and 
*p^  have  the  same  sign,  while  pi  p^ 
have  opposite  signs. 

Hence  we  have  the  final  equations 

Pn  =  l>»'+p/==P:tCOS*^+PySin«^  ] 

Vt  =  Vt  -  Vt  =  (Px  - Pv)  sin  ^cos  ^  ) 

If  we  lay  oflp  p^  on  OiV,  and  p^  at 
right  angles  to  ON  on  the  «idtf  of  the 
larger  of  p/  and  ;>/,  then  p^  =  OR  is  the 
stress  on  the  plane  AB  per  unit  of 
surface.  It  is  thus  seen  that  the  stress 
p^  is  oblique,  and  that  the  obliquity, 
that  is,  the  angle  with  the  normal,  is  ^, 
and  that 

lie.  197      \j5  px  cos^  d+py  sin*  6 

Substituting  for  Px  and  Py  the  values  qrjc  and  gr/2c,  we  have 


©^  =  —  (1 +COS*  0)\Pt^  —  sin  ^  cos  ^ 
2c  2c 


tan<^  — 


sin  ^  cos  6 

1  +COS*  ^ 


lOO.  When  the  stresses  on  OX  and  OY  are  normal  and  known, 
it  is  much  simpler  to  use  the  static  triangle.  Suppose  we  wish  to  find 
the  stress  on  a  general  plane  which  is  parallel  to  the  inter-section  of 
the  planes  OX  and  OF,  and  which  makes  an  angle  0  with  OF.    Fig.  198. 

1.  ON  is  normal  to  AB^  hence  XON  =  d,  Take  an  elementary 
prism,  whose  faces  are  parallel  to  the  planes  AB^  OX  and  OY^  whose 
altitude  is  c,  and  whose  bases  have  the  edges  bk^dx,  ak^dy^  ab=^ds. 
It  is  evident  that  dy  =  ds  cos  ^,  and  dx  =  ds  sin  0. 
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Now  the  face  of  the  prism,  akXc^  has  the  stress  px  on  every  unit  of 
surface;  hence  the  stress  on  that  face,  which  we  will  call  0£,  and  lay 

off  on  OZ,  is  —  ^ 

0-E  ■«cpx  cos  V  a* 

Similarly,  the  stress  on  the  face, 
kb,  is  found  to  be 

OD^^cpysindds 

The  resultant  of  these  two 
stresses  is 

OR  =  cds  (p,«  cos*e + py'  sin*  6)  * 

If  the  intensity  of  stress  on 
the  third  face  is  represented  by 
p^  the  total  stress  on  that  face 
2s  pycds,  but  that  stress  must 
balance  the  resultant  OR.  Hence 
the  static  triangle,  OER,  and 

RO  =  PrCdSf 

Pr  —  (Pz^  COS*  ^+Pv^  sin* 6)^ 

This  formula  could  easily  have  been  found  by  reducing  ;p^=  (Pn*+P«')* 
in  the  former  solution,  188. 

£.     It  will  be  noted  that  the  height  of  our  prism,  and  the  hypotenuse 

ds  have  disappeared;   only  unit  stresses  remain. 
Hence,  we  will  use  only  unit  stresses,  and  in  the 

place  of  OE  —  cpx  cos  Ods,  we   will    use   OF=px 
cos  6.     Fig.  199. 

If  we  lay  off  on  OX  px  cos  6  =  OF,  and  on  OY, 
Py  sin  0  ~  OGy  and  draw  the  diagonal,  that  diagonal, 
if  drawn  towards  0,  and  read  RO,  will  represent 
in  length  and  direction  the  unit  stress  which 
balances  the  stresses  p^  and  py.  This  statement 
is  readily  grasped  if  the  student  bears  in  mind 
that  the  stress  of  adjacent  material  on  ds  must 
balance  the  stresses  on  the  faces  dx  and  dy,  since 
the  prism  is  in  equilibrium. 

191  •  The  ellipse  of  stress.  Fig.  199.  Let  AB  he  the  plane  on 
which  the  stress  is  to  be  found.  Draw  the  normal,  ON,  and  lay  off 
on  it  both  p^^OH  and  py  —  OK,  each  to  scale,  and  project  them  upon 
their  respective  axes,  thus  getting  the  co-ordinates  of  R  and  the  mag- 
nitude of  Pf  to  scale. 
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THE    ELLIPSE   OF   STRESS 


In  the  case  of  the  steam  boiler  under  internal  pressure,  it  was  found 
that  Px!Vv~^^  ^^^  \ii2it  relation  was  special;  in  general  they  may  have 
any  ratio.  Whenever  p^.  and  py  are  normal,  and  are  the  only  stresses 
on  their  respective  planes,  which  are  perpendicular  to  each  other, 
they  are  called  the  principal  stresses,  and  their  planes  of  action  are 
called  the  principal  planes,  and  the  magnitude  of  p^  on  any  oblique 
plane  lies  between  the  magnitudes  of  p^g  and  py.  From  this  construc- 
tion it  is  evident  that  the  locus  of  R  as  the  plane  AB  changes  its  posi- 
tion, is  an  ellipse,  whose  semi-major  axis  is  p^^  and  whose  semi-minor 
axis  is  Py.  If  we  call  OF  =  x  and  OG  =  y,  we  have  x  =  p^cosd,  and 
y  =  Py8ind;  eliminating  ^,  we  have 

The  figure  is  known  as  the  Ellipse  of  Stress. 

The  *^obliquity^*  of  the  stress  is  shown  by  ^,  and  the  components  of 

Pr9  ON  and  NR^  are 

ON^p^,  and  NR  =  p^ 

Their  analytic  values  have  already  been  found  by  projection; 

ON  =  Pn=^  Px^os^d+py  sin'^,  and  NR  —  Pt—  (Px ~  Py)  coaffsind. 

1  ^      A     (Px'-Pu)  sin  6  cos  6 


Px  cos*  0+Py  sin*  6 


192.    Caution. 


Unless  great  care  is  exercised,  the  young  student 
will  overlook  an  important  matter  in  thinking 
about  finding  the  component  stresses  on  an  oblique 
plane,  when  px  and  py  are  given  as  the  stresses 
on  two  rectangular  planes. 

The  temptation  is  to  resolve  pz  into  p^^  and 
Pi\  and  Py  into  pj'  and  p/  as  shown  in  Fig.  200, 
which  is  all  wrong. 

It  is  no<  the  unit  stress,  px9  on  the  plane  OY^ 
which  is  to  be  resolved  into  its  components;  it  is 
the  unit  stress  on  the  plane  AB  which  is  to  be 

resolved.    That  stress  is  not  px^  it  is  pxcosd,  and  that  is  resolved  into 

Px  cos*  ^  =  pn'>  ^^^  Px  cos  ^  sin  ^  =«  p/. 

108.  1.  The  practical  value  of  a  problem  like  that  of  a  boiler 
shell  lies  in  the  fact  that  it  shows  at  a  glance  that  when  for  any  reason 
an  oblique  section  in  the  shell  is  made,  and  the  adjacent  plates  are 
connected  by  butt-straps,  bolts  or  stays  the  direction  of  the  bolts  or 
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Fig.  901 


stays  should  not  be  normal  to  the 
section,  but  should  be  parallel  to  the 
direction  of  stress,  that  is,  making  the 
angle  <f>  with  the  normal.    See  Fig.  SOI . 

104.  Given  stresses  of  different 
kinds.  In  the  above  example  of  the 
shell  of  a  steam  boiler  or  tank  of  com- 
pressed gas,  both  the  longitudinal  and 
hoop  stresses  were  tensile.  In  the  shell 
of  a  steel  water  tower  which  carries  a 
comparatively  heavy  structure  on  its  top,  the  vertical  stress  is  com- 
pressive and  the  horizontal  stress  is  tensile. 

1.  Let  R  in  inches  be  the  mean  radius  of  the  bottom  ring  of  the 
tow^er;  let  the  ring  have  a  width  of  one  inch,  and  a  thickness  of  c  inches. 
If  W  be  the  entire  weight  of  the  empty  tower,  the  intensity  of  the 
vertical  stress,  which  we  will  call  pj,  in  pounds  per  square  inch  is 

W 
^ttRc 

Let  h  be  the  height  in  feet  of  the  column  of  water  when  the  tower  is 
full.  The  hydrostatic  pressure  per  square  foot  (Chapter  IV.)  is  why 
and  the  pressure  per  square  inch  is 

wh 
g  = > 

144 

in  which  w  is  the  weight  of  a  cubic  foot  of  water. 

X  Consequently,  the  tension 

in  the  ring  is 


T^qR^ 


whR 
144 


and  the  intensity  of  the  ten- 
sion per  square  inch  is 

T      whR 
c       144c 

2.  It  will  be  assumed,  for 
the  sake  of  better  compari- 
son of  this  problem  with  the 
last,  that  px  is  numerically 
greater  than  py.  The  ele- 
mentary triangle  can  be,  as  shown  in  Fig.  202,  with  faces  dij,  dx  and  ds. 
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Take  the  vertical  compressive  stress  as  positive  acting  up  against 
dy;  and  the  horizontal  stress  as  negative  pulling  on  dx  towards  the  left. 
The  action  on  ds  must  balance.  We  lay  off  OF=pxCos0,  as  before, 
and  OG  =  Pb  sin  5,  since  p„  is  negative.  The  resultant  unit  stress 
on  ^8  has  the  same  magnitude  it  had  when  p^  was  positive,  but 
its  direction  is  different,  and  the  "obliquity"  is  the  large  angle 
iV0fl  =  ^  =  2^— <^', /Jbeinga  symmetrical  point  on  the  other  side  of  OX, 
and  <f>'  what  the  obliquity  toould  kave  been  had  p„  been  positive.  The 
student  must  not  fail  to  see  clearly  that  the  stress  on  the  plane  ^5 
or  da,  and  every  parallel  plane,  is  in  the  direction  RO.  The  point  R  is 
still  on  the  circumference  of  the  ellipse,  whose  semi-axes  are  p,  and  p„. 

105.    Equal  principal  stresses  of  the  same  kind.    1.    If  Px  =  p„^ 

the  ellipse  becomes  a  circle,  and  it  is  evident  both  from  the  formulas 

and  from  the  construction  that 

T  P(-0,  and  p,.  =  p,.     Thisisthe 

/"  case  of  fluid  preaeure  which  is 

I'      '  known  to  be  equal  on  all  planes 

at  a  point,  and  therefore  in  all 

directions,  and  always  normal 

A  to  confining  surfaces. 

^^~-— «_^^^  8.  Equal  stresses  of  opposite 

P»  _    kinds.      In    this    case,  since 

pi='~P„,  Fig.  203, 

OG-.OF  ■.OR  =  dx:dy:da 

inasmuch  as  the  A's  FOQ  and 
A  dx,  dy,  da  are  similar,  and  FG 

is  p  e  r  p  e  n  d  i  c  u  1  a  r  to  ds,  and 
therefore  parallel  to  ON.  Hence  the  angle  iIOX  =  the  angle  6,  which 
establishes  the  important  facts  that,  whea  Px  and  p„  are  eqnal  and  of 
opposite  signs,  we  have 

S.     The  two  conclusions  just  reached  are  briefly  stated  as  follows: 

(a)     If  px  =  py,  then  p,  =  p,  and  <^  =  0. 

(fc)     If  pz=  —py,  then  Pr  =  Vz  and  <f>  =  i0; 

they  led  Prof.  Rankine  (or  some  one  before  him)  to  adopt  them  as 
the  basis  for  graphical  solutions  of  special  problems  of  stress. 

196.  Stress  on  rectangular  planes.  Assume  from  a  moss  of 
material  in  a  state  of  internal  stress,  an  elementary  rectangular  prism. 
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1^ 


AT 


Wk 


whose  edges  are  perpendicular  to  the  direction  of  all  stresses.  Let 
ABCD,  Fig.  204,  be  the  base  of  such  a  prism  in  a  region  of  uniform 
stress*  The  actual  size  is  of  no  consequence, 
so  it  may  be  thought  of  as  infinitely  small. 

Resolve  the  resultant  stress  on  the  parallel  ^Pt 

faces  AB  and  CD^  into  a  normal  stress  of  I 

intensity,  p^    and    a    tangential   stress   of    **    ^' 

intensity  p,,  the  latter  parallel  to  the  lines  ^^^-^ — ^ ^^ 

AB  and  CD.  In  like  manner  resolve  the 
resultant  stress  on  the  parallel  planes  AD  and 
BCy  using  R  instead  of  p. 

The  normal  actions  on  opposite  faces  directly  balance  each  other. 
Hence  the  two  couples  formed  by  the  remaining  stresses,  which  are 
purely  tangential,  must  balance,  since  the  prism  is  in  a  state  of 
equilibrium;  that  is 


11g.9M 


i 


Hence 


mpt Xface  AB^  uR^ Xface  BC 
Pi^R^  since  mXf ace  AB^nXf ace  BC.^y  (volume) 


This  extends  the  Theorem  of  188  to  the  case  which  takes  in  the 
resultant  of  several  simple  stresses,  providing  the  two  sets  of  parallel 
planes  are  perpendicular  to  each  other. 

Conclusion.  If  the  stresses  on  two  sets  of  parallel  planes  of  a  body 
be  tangential  to  those  planes,  and  in  directions  perpendicular  to  the 
intersections  of  those  planes,  those  stresses  must  be  of  equal  intensity. 

197.  Uniform  state  of  stress.  In  the  case  of  the  cylindrical  shell 
of  a  steam  boiler,  and  in  the  narrow  ring  at  the  base  of  a  water  tower, 

the  state  of  stress  was  uniform  thruout.  In 
the  case  of  a  disk  acted  upon  by  three  tension 
straps  in  the  same  plane.  Fig.  205,  we  can  con- 
sider the  state  of  stress  as  uniform  only  for 
the  region  in  the  vicinity  of  C,  the  area  where 
their  lines  of  action  meet. 

It  is  useful  to  reflect  upon  the  stresses 
acting  upon  the  faces  of  different  elements, 
in  the  region  of  uniform  stress,  when  we  know 
the  stresses  on  two  planes  which  are  at  right  angles  to  each  other, 
and  to  the  plane  of  stresses. 

For  example,  let  Fig.  S06  show  enlarged  areas  in  a  region  of  uniform 
stress. 

Group  1.  The  triangles  I,  II,  III,  IV  represent  right  prisms  with 
bases  in  the  face  of  the  same  disk,  with  the  stresses  on  rectangular 
faces  drawn  consistently. 
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Group  2.  Draw  the  arrows  for  II,  III,  IV 
consistently  with  those  for  prism  I  of  group  2. 

198,  General  problem  of  stress.  1.  Given 
the  stresses  on  two  rectangular  planes,  XZ  and 
YZy  parallel  to  the  plane  XY,  to  find  the  stress 
on  a  general  plane,  AB,  parallel  to  OZ.  Fig.  207. 

Assume  the   tri-  x 

angular  prism,  OAB. 
The  stresses  on  OA 
and  OB  are  given. 
The  prism,  whose 
base  is  OABy  is  in 
equilibrium;  hence 
the  stress  on  AB  must  balance  the  stresses 
on  OA  and  OB.  Let  the  altitude  of  the 
prism  be  unity. 

Let  the  known  unit  stress  on  OA  be  resolved  into  its  normal   and 
tangential  components,  Py  and  p^     Similarly  let  the  stress  on  OB  be 
resolved  into  p^.  and  p^.     Note  that  p^  on  OA  =p^  on  OB. 
The  stress  in  the  direction  of  OX  is 


^  N       Group 
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Pj^OB+p^OA  =AB  {pj, cos6+p^sin6)=OE. 
The  stress  in  the  direction  OF  is 

Py  OA +PtOB  =  AB  (py  sin  O+p^  cos  0)  =  OD 


(1) 


(2) 


The  resultant  OR  is  the  total  stress,  which  must  be  balanced  by 
Pr.AB:  that  is 

AB.pj.  =  AB  |^(2>a.cos  0+Pt  sin  0y+{py  sin  d+p^cos  9y\ 

Pr=\Pa:^cos2^+2>/sin2^+p^^+2p^sin^cos^  (2>jp+j?y)y    (3) 

As  the  length  AB  disappears,  we  may  consider  it  unity;  hence,  that 
factor  will  be  omitted  in  projecting  OE  and  ER  upon  ON  and  upon 
NR.  From  Fig.  207,  the  projection  of  OB  =  the  sum  of  the  pro- 
jections of  OE  and  ER:  hence 

Pn  =  ON  =  p^cos^  9'^Vt  sin  9  cos  0+Py  sin^d+p^  sin  0  cos  6 

Pn  =  ON  =  Pj.  cos^  ^+Pv  sin^  O+^p^  sin  0  cos  6  (4) 

and  pt  =  NR  =  p^  sin  6  cos  0+Pt  sin^  0  —  {py  sin  6  cos  O+Pt  cos*  0) 

Vt  ={Px''Pv)sin0  cos  ^ + j>t  (sin*  6 — cos*  ^  (5) 
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The  obliquity,  NOR  =  <f>,  is  given  by  the  value 

i&n<l>^pjp^  (6) 

Principal  Stresses. 

8.  From  £q.  3,  it  is  seen  that  the  value  of  p^  varies  with  0  from 
^{Vx'\'Pt)  to  '^{Vv'^Vt)  ^^  each  quadrant  as  the  normal  ON  swings 
about  O;  hence  there  must  be  maximum  and  minimum  values  of  p^y  ^^ 
which  cases  d{pr)^/dd  must  be  zero.     Differentiating  the  value  of  p^*,  we 

^®*         d(p^)V(i^  =  (V-Px')  2sin^cos^+22>«(cos*^-sin«(9)  (px+Py) 
Placing  the  above  equal  to  zero,  and  solving  for  0,  we  get 

(Px  "  Py)  sin  St0  =  Stp^  cos  St6 

tan  2^  =-??*-  (1) 

Px-Pv 

If  the  expression  for  d{p^^ld6y  after  dividing  by  {px+Py)*  is  com- 
pared with  the  value  of  p^,  Eq.  (5),  it  will  be  seen  that,  when  d{p/)  is 
zero,  pt  is  zero,  and  accordingly  p^ = p^. 

3.  This  leads  to  the  general  conclusion  that  as  9.0  has  two  values, 
180°  apart,  the  values  of  0  are  90°  apart,  and  four  values  satisfy  the 
equation  for  p^.  If  pt  is  positive  (as  assumed  in  the  figure)  the  values 
of  %0  are  in  the  1st  and  3rd  quadrants.  Since  sin  0  cos  0  is  positive, 
p^  is  a  maximum. 

If  ^0  is  in  the  2nd  and  4th  quadrants,  sin  0  cos  0  is  negative,  and  p^  is 
a  minimum.  As  tan  %0  is  always  a  possible  quantity,  it  follows  that  0 
is  always  a  real  angle,  and  hence  it  follows  further,  that  in  every  region 
of  uniform  stress  there  are  two  planes,  90°  apart,  on  wliicli  the  stress 
is  wholly  normal;  and  that  on  one  the  stress  is  the  greatest,  and  on 
the  other  the  least,  of  all  the  stresses  on  planes  like  AB  passing  thru 
the  axis  OZ. 

Those  two  planes  are  called  the  Principal  Planes,  and  the  Stresses 
on  them  are  the  Principal  Stresses. 

4.  In  our  further  discussion  of  internal  stress,  the  principal  planes 
will  be  taken  as  the  co-ordinate  planes,  and  px  will  be  taken  as  the 
maximum  stress.  In  the  illustrative  problems  of  the  boiler  shell 
and  the  steel  water-tower,  the  stresses  px  and  py  were  principal  stresses. 

199.  Propositions  relating  to  the  ellipse  of  stress.  The  principal 
stresses  at  a  point  may  be  resolved  into  the  sum  and  the  difference 
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of  two  component  stresses,  as  shown  by  the  following  identical  equa- 
tions: ,  V 

^  Px+Pv    ,  Px-Py 
2  2 


Pv 


^  Pt+Pv  __  Pi—Pv 


(1) 


If  we  take  the  first  component  of  each,  we  have  two  principal  stresses 
equal  and  of  the  same  kind.     When  we  take  the  second  components 

together  (  +  — — —  >  and  —  ^ — ^  I »  we  have  equal  principal  stresses 

of  opposite  kinds. 

1.     The  stress  on  any  plane  is  readily  constructed  as  follows:  Using 

the  first  component  in  both  px 
and  py,  we  apply  the  rule  for 
equal  stresses  of  the  same  kindy 

and  lay  off  ?^^^  =  OM  on  the 

2 

normal.  Fig.  208.   Then  taking 

the  other  component  we  have 

the  case  of  equal  stresses  of  op- 

posite  kinds,  and  we  lay  off 

ifR=P^~Py  making    NMR 

2 

=  2^;  and  we  have  OR  =  p^  the 
stress  required  on  the  plane  AB. 
One  half  of  the  complete 
parallelogram  is  shown  with 
lis.  S08  broken  lines,  since  it  is  unnec- 

essary to  draw  it  in  full. 
The  algebraic  value  of  OR  is  readily  found  as 

OR^  =  OM^+MR^+MM.MR  cos  2^. 


Pr  =  '^  (jPz^  cos^  ^ + pi  sin^  6) 


(2> 


which  was  found  in  190»      Also  the  obliquity  is  found   from   the 
same  triangle,  ^ 

sin<f>=^^^'sm2d.  (3) 

^Pr 

2.  Equally  simple  is  the  following:  ON  is  the  normal  to  the  plane 
AB.  OX  and  OY  are  the  principal  planes.  The  principal  stress,  p^, 
on  the  plane  0  K,  is  laid  off  on  the  normal  ON.     The  principal  stress^, 
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Pyt  on  the  plane  OX,  is  also  laid  off  on  the  normal  to  OK.  M  is  the 
middle  point  of  KN,  and  0M=={px+Py)/i9  and  the  radius  of  the  small 
circle  is  KM  =  (px—py)/i. 

It  is  then  evident  that  OE^px  cos^,  that  OD  =  py  sin^,  and  that  NE 
and  KD  intersect  in  R  on  the  ellipse  whose  semi-axes  are  Px  ^^^  Vy 

8.  The  construction  employed  above  for  finding  p^  affords  easy 
illustrations  of  several  special  cases.  The  point  M  is  always  on  the 
circumference  of  a  circle  whose  center  is  0,  and  whose  radius  is 
(Px+2>y)/2;  R  is  always  on  the  circumference  of  a  circle  whose  center 
is  J/,  and  whose  radius  is  (Px'-Py)/^-  When  ^  =  0,  OMR  is  a  straight 
line,  and  Pr  =  Pz'  As  ON  turns  from  OX  to  the  right,  MR  turns 
equally  to  the  left.  When  ^  =  90°,  OMR  doubles  back  upon  itself,  and 
OR  =  Pr  =  Py.  By  projecting  OR,  or  its  components,  OE  and  ER, 
upon  ON,  and  then  upon  a  perpendicular  to  ON,  we  have 


Also 


OQ-Pn-  Px  cos^  6 +py  sin^  0 

RQ  =  Pt  =  MR  sin  20  =  (px — py)  sin  6  cos  d 


(4) 
(5) 


200«    Special  cases.    Case  1. 

the  stress  has  the  greatest 
obliquity,  when  the  principal 
stresses  are  of  the  same  kind. 
Referring  to  Fig.  209,  it  is  at 
once  seen  that  the  line  OR 
must  be  tangent  to  the  circle 
about  M,  giving  ^  its  maxi- 
mum value;  so  that 

MR 


To  find  the  plane   upon   which 


riff,  soo 


(1) 


sm0= =    - — —-  =  — cos2C/ 

^        OM         Px+Py 

If  Px  =  ^Py  (as  in  a  boiler  shell),  the  maximum  obliquity  is 

sin<^  =  l/3;     <^=19°20'; 

and  its  plane  makes  the  angle,     6^  =  54°  40',  with  the  axis  of  the  shell. 

p^^  =  OK.ON,i.e. 


Also, 


Pr  =  ^Px  Py 


that  is»  the  magnitude  of  the  most  oblique  stress  in  the  shell  of  a 
boiler  is  a  mean  proportional  between  the  greatest  and  the  least  stresses. 

Since  the  angle  RMN  =  2^,  the  angle  6,  which  determines  the  plane 
of  most  oblique  stress,  is  found  graphically  and  by  £q.  (1). 

Case  2.     To  find  the  plane  on  which  the  stress  is  most  oblique,  the 
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value  of  that  obliquity,  and  the  magnitude  of  the  stress,  when  the 
principal  stresses  are  of  opposite  kinds. 
When  py  is  negative,  we  have 

(Px  -  Pv)  >  iPx + Py)  y  and  MR  >0M^ 

but  R  is  still  on  the  ellipse,  whose  semi-axis  are  px  and  py^  and  on  the 
other  side  of  OX  from  ON.     See  Fig.  210  for  a  general  case  when  py 

is  negative.   No 

tangent  from  0 

to  the  circle  if /J 

is  possible,  but 

the  maximum 

obliquity    is 
««.iio   obviously 

^  =  90°,  and  the 

stress  is  wholly 

tangential. 

Fig.  211  shows  the  construction  and  gives  the 
angle  6^  thereby  determining  the  plane  of  greatest  obliquity. 

The  formulas  of  199  still  apply.     In  this  case  see  Fig.  211. 


Viff.  811 


2 
OK  =  py, 

cos  2^  = 


2 
ON^Px 


Px+Py 
Px-Pv 


and 


p^^  =  OK.  ON  =  pt 


2 


Pr=   ^Pxi-Py) 

Example,     If  p^^  =  8000,  Py  =  -  6000,  cos  2  ^  = 


2000 
14000 


-i,^  =  4907' 

7 


p^=  V48000000  =  4000  V3  =  p4 


Case  3.  Find  the  plane  on  which  the  tangential  component  of 
Pr  is  a  maximum,  when  the  principal  stresses  are  both  positive.  A 
perpendicular  dropt  from  R  upon  ON  is  itself  a  measure  of  p^  and  its 
maximum  value  is  evidently  MR={px  —  py)l^>  Tho  not  shown  in 
any  of  the  above  figures,  it  can  be  drawn  in  209,  and  it  will  be  shown 
that  ^  =  45°. 
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Figure  210  would  show  the  construction  and  the  plane  when  py  is 
negative,  if  iO  were  made  90^.* 

201«     Before  taking  up  the  next  problem,  the  student  should 
see  that  for  every  position  of  ON,  and  of  the  plane  AB,  on  which  the 


»«.  sit 


stress  is  sought,  there 
is  a  figure  OyMjR,N,K, 
showing  p^  0y  and  <^. 
The  angle  6  can  be 
measured  from  either 
end  of  the  major  axis. 
OR  always  lies  between 
ON  and  OX,  when  Px 
and  Py  have  the  same 
sign.  Only  two  ad jacent 
quadrants  of  the  ellipse 
are  necessary,  since 
every  p^  is  a  semi-diam- 
eter of  the  ellipse,  and  the  obliquities  on  each  side  of  the  plane  AB 
are  the  same.     See  Fig.  213. 

202«  Stresses  on  two  given  planes  being  folly  l^nown,  to  find  the 
principal  planes  and  stresses.  The  intensities,  kinds  and  obliquities 
of  any  two  stresses  whose  planes  of  action  are  perpendicular  to  the  plane 
of  their  directions,  being  given,  it  is  required  to  find  the  principal  stresses 
and  the  axes  of  stress. 

Case  1.  When  the  given  stresses  are  of  the  same  hind.  Since  the 
given  stresses  are  on  the  given  planes,  the  angle  between  the  normals, 
NON',  is  a  known  angle. 


»«.  SIS 


*  If  a  sprocket-wheel  with  any  convenient  radius  be  fixed  in  the  plane  of  the 
axis,  OX  and  OY,  with  its  center  at  O;  and  a  second  wheel  in  the  same  plane, 
with  a  radius  haJf  as  long,  be  mounted  at  ilf  on  an  axis  which  is  carried  by  an  arm 
OM  revolving  in  the  plane  XY  about  O;  and  if  a  chain  connect  the  two  wheels  as 
an  open  belt,  every  point  connected  with  the  moving  wheel  will  describe  an  ellipse 
as  the  arm  OM  turns  about  O.  See  Fig.  212.  The  mental  or  actual  picture  of  such 
a  piece  of  apparatus  is  helpful  in  the  above  discussion. 
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1.  Graphic  solution.  Assume  point  0  as  the  center  of  the  ellipse 
and  draw  the  normals  ON  and  0N\  Lay  oflF  the  given  obliquities, 
<f>  and  <f>\  and  draw  to  scale  OR  =  p  and  OR'  =  p\ 

Now,  we  know  that  in  each  normal  there  is  a  point  Jf ,  so  placed 

that  OM  =  ^^LlJOfy  and  that  the  distance  MR  for  one  figure  must  be  the 

same  as  MR'  for  the  other.     To  find  Jf,  we  pick  up  one  group,  say 

NOR^  and  lay  it  so  that  0'  falls  on 
0,  and  iV'  on  iV,  with  OR'  on  the 
'^  same  side  with  OA.  Fig.  214.  Since 
M  is  on  ON  and  equally  distant  from 
R  and  R\  we  bisect  the  line  RR' 
by  the  perpendicular  CM,  and  M 
is  found.  If  now  we  draw  a  circle 
with  M  as  center  and  MR  as  radius,  we  have  ON  =  p^  ai^d  OK  =  py^ 
and  e  =  \NMR  and  6'  =  iNMR'.  The  angle  NON'  must  be  equal  to 
the  sum  or  difference  of  the  two  ^'s;  that  is,  if  the  normals  are  in 
separate  quadrants,  NON' ^9+0' =-NMX+R'MX\  If  in  the  same 
quadrant,  A^O.V'  =  ^'-^. 

These  last  equations  serve  as  a  check  upon  the  integrity  of  the  data. 

2.  Trigonometric    solution.     Since    MR^MR\ 

p^+OM^'-^pOMcos(l}  =  p'^+6M^-2p'  OMcos(f>' 


hence    OM  =^ 


P^-p"^  _  Px  +  Pi 


^{pcos(f} — p'  COS(f>') 


and       MR=  ^^^lJEm  =  ^([(P^lPi^'  +p2_(p^+p^)  ^^osi^ 

Vx-Vv 

Both  the  graphic  and  the  trigonometric  solutions  are  much  simplified 
in  certain  special  cases. 

Case  2.     When  the  given  stresses  have  opposite  signs. 

Let  the  numerically  greater  be  p,  and  the  other  (which  is  essen- 
tially negative),  be  p\  The  construction  differs  from  Fig.  214  since 
p'  must  be  drawn  negative,  and  when  the  two  normals  are  superposed 
with  the  obliquities  laid  off  on  the  same  side,  the  p  and  p'  will  appear 
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on  opposite  sides,  as  in  Fig.  215.  Jf  is  found  as  before,  and  the  circle 
with  MR  as  radius  shows  0N  =  Px9  and  OK  =  py,  which  is  negative. 
The  axes  of  the  ellipse  can  now  be  laid 
off  on  Fig.  215,  and  the  ellipse  drawn 
thru  A. 

203«  Special  cases.  There  are 
some  special  cases  of  practical  value, 
which  it  is  worth  while  to  consider. 

Special  Case  1.  When  the  given 
stresses  are  of  the  same  kind  and  in 
planes  perpendicular  to  each  other. 
It  follows  that  pt  and  p/  are  equal, 

and  the  figure  when  the  normals  are 

superposed,  takes  the  form  of  Fig.  216. 

Resolve  p  into  p^  and  p^;  and  p'  into 

Pn  and  p/. 

p^  =  ON  =  OM-\-MR 

_    Pn  +  Pn 


Wig.  ais 


Vlff.  816 


p 


2 


+ 


4 


(Pn-Pn'y 


+  Pt* 


_    Pn  +  P 


.1^4 


(Pn-PnV 


+  Pt' 


^d'  =  R'MN, 


Py  = 

Std^RMN, 

6+6^  =  90^ 

tan  2^=-^-?^ 

Pn-Pn 

These  formulas  are  used  in  finding  the  maximum  stresses  in  beams 
and  shafts, 

204«     Conjugate  stresses.      When  material  is  subjected  to  two 
independent  co-planar  oblique  stresses  in  such  a  way  that  the  planes 
upon  which  one  acts  are  parallel  to  the 
direction  of  the  other  stress,  the  stresses 
are  called  "conjugate." 

Fig.  217  represents  a  portion  of  a  steel 
plate,  a  part  of  which  is  subjected  to  con- 
jugate stresses.  The  stress  P  acts  upon 
the  planes  AA^  which  lie  in  the  direction 
of  the  stress  F,  which  acts  upon  planes 
BBy  which  lie  in  the  direction  of  the 
first  stress,  P. 
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The  two  normals,  ONj^  and  OiV^,  are  drawn,  as  are  the  obliquiiies 
NjjOP  and  N^OF,  which  are  seen  to  be  equal,  as  each  is  equal  to  the 
angle  between  the  normals,  less  a  right  angle. 

When  the  stresses  P  and  F  are  of  the  same  kind,  the  axis  of  maximum 
stress  lies  between  them.  If  one  of  the  given  stresses  is  negative,  the 
axis  of  minimum  stress  lies  between  the  normals  as  drawn.  It  may  be 
remarked  that  every  stress  on  a  plane  AB  (see  Fig.  £08)  has  its  con- 
jugate stress  on  another  "plane  A'B'  parallel  to  OR;  and  the  lines  p  and 
p'  are  conjugate  semi-diameters  of  the  ellipse  of  stress. 

This  property  of  conjugate  stresses  introduces  a  novelty  in  the  graphi- 
cal solution.  The  maximum  stresses 
are  found  as  follows,  graphically;  and 
by  formulas. 

1.  When  the  stresses  are  of  the 

same  kind,  since  the  obliquities  are 

equal,  not   only    do    the  superposed 

normals  coincide,   but  p  and  p'  par- 

««•»  tially  coincide.     Fig.  218. 

OM^^^^^^  =  i  (p+p')sec6 


«  ^         4  ^4  cos^9 

since  {px  -  PyT  =  {px + VyY  "  ^PxPy* 

and  by  geometry,  pp'  —  PxPy  from  the  figure. 

2.    When  the  stresses  are  of  different  kinds.    Fig.  219. 

OR-=p,  OR'-^p'  (negative) 

ON  =  Px  positive 

OK  =  Py  negative. 

OC  =  i{OR-OR')  =  h(Px+Pv)cos<l>. 

Vi+Vv  ^   V+V' 
2  2  cos<^ 

MR^  -  V^"  =  \'  ^—-rr  -PP 
2  >  4  cos20 

Py  and  p'  being  negative. 

205«  The  stresses  being  thrusts,  and  the  greatest  obliquity  the 
material  will  bear  being  given,  it  is  required  to  find  the  ratio  between 
two  conjugate  pressures  whose  common  obliquity  is  known. 


0M  = 


Vlff.  818 
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Think  of  a  granular  material  like  sand,  clay,  or  dry  powder.  Com- 
mon observation  tells  us  that  when  piled  conically,  such  material 
will  rest  indefinitely  with  a  certain  maximum  slope.  That  slope 
varies  with  different  materials  and  with  different  conditions  of  the 
same  material.  When  the  slope  is  a  maximum,  it  is  unstable,  and  if 
disturbed  it  takes  a  smaller  slope.  See  refer- 
ence to  the  sloping  banks  of  the  Panama  Canal, 
later  on. 

Let  OR = p,  OB'  =  p',  <f>  their  common  obli- 
quity, and  )8=the  maximum  obliquity  the 
material  can  be  relied  upon  to  stand.  Required,  o' 

the  value  of  the  ratio  —  •      See  Fig.  220. 

The  only  known  quantities  in  the  above  problem  are  <f>  and  )8. 

Assume  a  normal  0N\  draw  OA,  making  the  angle  at  O  equal  to 
^;  and  draw  0T\  making  the  angle  T'ON'  —  fi.  With  any  point  M 
in  ON'  as  a  center,  draw  a  circle  tangent  to  0T\  The  ratio  of  p'  to  p 
is  found  from  the  figure. 

OR  =  OC+CR  is  a  value  of  p; 
OR'^OC-CR  is  a  value  of  p\ 


OC^OMcos<f>,        CR^^^MRY-iCMy 

but  Jf  fl  =  if  r  =  OM  sin  j8,  and  CM  =  OM  sin  <^ 

j^  p '  ^  03fcos<^-OJfV(sin»)8~sin«<^) 
V  0Mco8<l>+ OM  V(sin*y8-sin*<^) 
p'  _  cos<^— Vsin*)8— sin^<^ 


(1) 


P        co3<f>  +  Vsin^^  -  sin»<^ 

If  ^  =  0,  as  in  important  cases  it  is,  the  conjugate  stresses  are  the 
principal  stresses  py  and  pxt  and  we  have 

Pu  =  Ir^^  («) 

Pj.        1+sinp 

Also,  if  ^»)8,  it  is  seen  from  the  figure  as  well  as  from  the  formula 
that  , 

These  formulas  are  used  for  finding  the  value  of  p'  or  py,  when  p, 
fi  and  <f>  are  known,  in  studying  the  stability  of  slopes,  retaining 
walls,  and  foundations. 


PART    IL 

CHAPTER  Xni. 

Kinetics.     Translation  of  Solid  Bodies  Under  the  Action 

OF  Constant  Unbalanced  Forces, 

206«  When  the  forces  acting  upon  a  body  do  not  balance,  i,  «., 
when  they  have  an  unbalanced  resultant,  the  body  is  not  at  rest  nor 
is  it  in  a  state  of  uniform  motion.  It  is  easy  to  think  of  a  body  moving 
thru  empty  space  acted  upon  by  no  force  whatever.  There  could  be  no 
force  if  there  were  no  other  body  to  act.  There  would,  therefore,  be 
nothing  to  increase,  check  or  modify  its  motion;  it  would  then,  of  neces- 
sity, continue  indefinitely  its  motion,  whether  of  translation  or  rotation, 
or  both.  However,  such  a  thing  is  purely  imaginary;  there  are  no 
such  bodies  in  the  physical  universe.  All  bodies- are  more  or  less  acted 
upon  either  by  attraction,  repulsion,  or  surface  contact,  by  every  other 
body,  near  or  far,  large  or  small.  The  joint  action  of  sun,  moon  and 
stars  is  by  no  means  small,  but  as  human  constructions  (with  which 
alone  applied  mechanics  is  concerned)  share  that  action  and  its  effect 
in  common  with  all  that  is  on  or  within  the  earth,  we  are  unconscious 
of  it,  and  in  our  present  theories  of  rest  and  motion  we  ignore  it. 

207*  Uniform  motioii.  Thus  far  in  this  book,  it  has  been 
assumed  that  bodies  acted  upon  by  balanced  forces  were  at  rest.  We 
now  must  see  that  they  might  as  well  have  been  moving  uniformly; 
the  conditions  of  stability  would  have  been  the  same.  In  a  measure, 
personal  experience  confirms  this.  In  a  railway  car  moving  steadily 
on  a  smooth,  straight  track,  or  on  a  large  ship  moving  steadily 
along  in  still  water,  we  stand  or  move  about  as  tho  the  car  or  vessel 
were  at  rest.  The  forces  acting  on  us  are  so  perfectly  balanced  that 
we  suflFer  no  change  in  our  motion.  But  the  instant  the  forces  do  not 
balance,  the  motion  is  modified  and  we  feel  the  effect,  by  being  in- 
stantly "thrown"  forward,  backward,  or  to  one  side.  The  motion 
is  no  longer  "uniform,"  which  means  preserving  the  same  speed  and 
the  same  direction. 

It  is  not  always  easy  to  see  just  how  the  forces  balance,  but  the  fact 
that  they  do  balance  is  shown  by  the  uniformity  of  their  motion.  A 
train  of  cars  is  pulled  across  the  plain  at  constant  speed.  We  can 
measure  the  tension  in  the  draw-bar  of  the  engine,  but  we  cannot 
as  easily  see  just  where,  and  in  what  proportion,  the  resisting  forces 
(170) 
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act:  the  backward  action  of  the  rails  under  every  wheel;  the  unequal 
pressure  of  the  air  due  to  winds;  the  friction  of  the  air;  the  possible 
horizontal  component  of  the  earth's  attraction.  If  all  these  combine 
to  exactly  balance  the  action  of  the  locomotive,  the  motion  is  uniform; 
otherwise  it  is  not  uniform. 

In  this  part  of  the  book,  we  are  concerned  with  unbalanced  forces, 
and  the  effect  they  have  upon  the  motions  of  the  bodies  upon  which 
they  act. 

ftOS.  Translation  and  rotation.  There  are  two  kinds  of  motion. 
When  a  body  so  moves  (without  regard  to  what  makes  it  move)  that 
every  point  on  or  in  it  moves  in  the  same  direction  at  the  same  rate; 
that  is,  when  every  straight  line  on  or  in  the  body  points  continually 
in  the  same  direction — the  motion  is  called  translation. 

When  a  body  so  moves  as  a  whole,  that  a  single  point  of  it  retains  its 
position,  the  motion  at  every  instant  is  called  rotation. 

These  definitions  are  clear  enough,  but  the  student  must  beware 
lest  he  make  them  mean  too  much.  Thus,  suppose  a  connecting  rod 
(Fig.  221)  with  two  equal  cranks 
turning  upon  fixed  centers,  distant 
from  each  other  by  the  exact 
length  of  the  rod.  When  in  motion, 
not  only  the  crank  pins,  but  every 
paint  in  or  rigidly  connected  with  the  rod  is  moving  in  a  circle;  but 
while  the  cranks  have  motions  of  rotation,  the  connecting  rod  has  a 
motion  of  translation.  The  circles  described  by  points  in  the  rod  are 
equal,  the  radius  in  every  case  being  equal  to  that  of  the  circle  described 
by  the  centers  of  the  crank  pins.  Points  in  the  cranks  describe  circles 
of  varying  size,  all  having  their  centers  in  the  axis  of  the  shaft  or 
bearing.  Were  the  cranks  and  rod  those  on  two  drivers  of  a  moving 
locomotive  engine,  the  rod  would  still  have  a  motion  of  translation, 
tho  no  point  would  move  in  a  circle.  The  "trochoid'*  described  by 
every  point  will  be  discussed  later  on. 

209*  Rotatfon.  If  a  single  point  in  a  rigid  body  is  fixed  in  posi- 
tion, while  the  body  moves  by  any  route,  no  matter  how  devious,  from 

one  general  attitude  to  another,  the  change  from 
first  to  last  position  may  be  produced  by  simple 
rotation  about  an  axis  passing  thru  0.  The  axis 
itself  is  found  as  follows  (Fig.  222) : 

Let  0  be  a  point  in  a  rigid  body  which  does  not 
change  its  position  while  the  body  moves  in  accord 
with  a  certain  set  of  conditions  from  No.  1  to  No.  2.  Suppose  that 
point  Au  moves  to  -^2,  while  B  moves  from  Bi  to  Bi.     As  the  body  is 
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rigid,  0.^1  =  0.42,  OBi  =  OBi  and  AiBi^^AzBt^  hence,  if  Ai  At  and  J?i  A 
be  bisected  by  planes  respectively  perpendicular  to  those  lines,  they 
must  both  pass  -  thru  0  and  intersect  in  some  line  OX.  Now  it  is 
clear  that  every  point  in  OX  might  have  retained  its  distance  from  A 
and  B  during  that  movement,  for  take  any  point  in  OX,  as  E.  Since  it 
is  in  the  plane  which  bisected  Ai  At,  the  distances  EAi  and  £^12  are 
equal.  In  like  manner  we  see  that  EBi^EB^.  Hence,  on  account 
of  these  equalities,  E  may  have  retained  its  position*  Hence,  OX  suffices 
as  the  axis  of  rotation.  If  it  be  pointed  out  that  A  and  B  might  have 
reached  their  second  positions  by  zigzag  courses,  it  can  be  added  that 
every  element  in  that  varied  motion  had  an  axis  of  its  own,  and  that 
the  whole  movement  could  have  been  effected  by  rotation  about 
one  axis. 

Not  all  motions  are  simple,  either  pure  translation  or  pure  rota- 
tion. May  bodies  have  motions  which  are  combinations  of  the  two. 
Note  the  motions  of  screws  and  nuts  when  turned,  the  motion  of  pro- 
jectiles, and  in  general  "secondary"  members  of  machines  (those 
which  are  guided  in  their  motions  by  members  which  are  themselves 
moving). 

The  discussion  of  the  motion  of  bodies,  without  regard  to  the  forces 
which  cause  them,  comes  under  the  head  of  kinematics^  which  will  be 
touched  upon  later  in  this  book. 

210*  Time.  Motion  takes  time.  In  Statics  we  had  no  thought 
of  the  lapse  of  time.  Henceforth  every  problem  will  involve  the 
thought  of  a  never-ceasing,  constant  flow  of  the  stream  of  time.  All 
other  quantities  vary  according  to  different  laws,  time  alone  has  a 
constant  increment.  Hence,  in  dynamic  problems,  ty  the  time  elapsed, 
or  "elapsed  time,"  is  the  independent  variable,  whose  differential, 
dty  is  constant. 

The  unit  of  elapsed  time  is  a  second,  or  its  multiple,  the  civilized 
world  over.  Men  of  science  differ  in  their  units  of  length,  their  units 
of  force,  their  units  of  mass,  as  they  do  in  their  units  of  commercial 
value;  but  in  their  unit  of  time  they  agree.  In  engineering,  the  most 
common  unit  is  the  second,  the  next  in  order  is  the  minute,  and  still 
less  frequently  the  hour. 

In  speaking  of  time,  we  shall  always  mean  "elapsed  time,"  between 
two  events,  from  a  start  to  a  finish,  or  the  interval  between  two  dates. 
The  quantity  t  never  means  a  date. 

2 11*  Distance;  the  foot.  Motion  requires  room,  or  space,  or, 
more  accurately,  one  of  the  dimensions  of  space,  length  or  distance. 
The  unit  of  length,  by  means  of  which  all  linear  motion  will  be  meas- 
ured in  this  book,  is  the  foot,  which  is  defined  by  the  International 
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Bureau  of  Heights  and  Measures,  as  0.3048  of  a  French  meter.  A 
meter  is  39.37  American  and  British  inches.  Both  the  meter  and 
foot  are  legal  in  this  country. 

212*  Velocity.  Velocity  measures  the  rate  of  a  body's  motion. 
If  the  motion  is  uniform,  it  measures  the  distance  moved  during  a 
unit  of  time,  which  is  found  by  dividing  the  number  of  units  of  length 
in  a  given  distance  moved  by  the  number  of  units  in  the  time  occupied 
in  the  moving;  in  algebraic  language 

i;  =  —  (when  V  is  constant). 

In  former  equations  every  letter  meant  a  number  of  units  of  some 
particular  thing;  the  statement  will  hold  for  future  equations,  and  they 
will  signify  nothing  beyond  abstract  arithmetic  unless  the  reader 
has  a  clear  idea  of  every  unit  involved.  No  one  should  be  misled  by 
the  elliptical  statement  that  we  "divide  distance  by  time."  When 
the  terns  of  a  fraction  are  associated  with  different  units,  the  de- 
nominator (divisor)  is  an  abstract  number;  if  they  are  associated 
with  the  same  unit,  they  form  simply  an  abstract  ratio.  For  example, 
*i  =  13  feet,  divided   by  «2  =  14  feet,  is  merely  the  abstract  ratio  U; 

^  =  13  feet 

but  when  we  have: >  this  means:  )  of  13  feet  in  one  second. 

<  =  2  sec 

When  V  is  not  constant,  its  value  at  any  instant  is  expressed  by  the 

ds 
differential  co-efficient  r=  —  (1) 

dt 

This  is  the  first  equation  in  dynamics.  It  is  always  true  whether 
the  motion  is  uniform  or  not.  Its  derivation  is  simple.  Suppose  a 
body  has  already  moved  a  distance  s  in  the  time  t^  and  that  it  moves 
an  additional  distance  A^  in  the  additional  time  A^     The    fraction 

— gives  the  average  velocity  during  that  additional  time,  but  it  may 
A^ 

not  be  the  actual  velocity  at  either  the  beginning,  end  or  middle  of 

As;  but  it  is  the  velocity  at  some  intermediate  point.     If  now  both 

A^  and  A^  are  diminished  until  they  become  dt  and  ds^  it  is  evident 

ds 
that  the  value  of  the  quotient  —  gives  the  value  of  v  at  the  point 

dt 
when  the  distance  was  s.    Hence  follows  formula  (1). 

218*  Acceleration.  1.  When  the  velocity  changes,  the  change  is 
always  gradual.     The  change  may  be  rapid  or  slow,  but  it  proceeds 
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gradually  at  some  rate  or  with  a  varying  rate.  The  rate  of  change  in  a 
body's  motion,  which  is  best  defined  by  its  mathematical  equation: 

dv 
a=  — 

dt 

is  called  acceleration^  and  it  depends  partly  upon  the  mass  of  the  body 
moved,  and  partly  upon  the  magnitude  of  the  unbalanced  force  which 
causes  it  to  move.  We  know  by  experience  that  with  the  same  mass 
the  greater  the  unbalanced  force  the  more  rapidly  does  the  velocity 
change.  Suppose  a  light  truck  is  being  drawn  along  a  platform  at  a 
uniform  velocity,  the  forces  acting  on  it  being  balanced.  Now,  sup- 
pose a  child  steps  up  behind  it  and  gently  pushes,  the  pull  in  front 
continuing  unchanged;  the  velocity  at  once  slowly  increases,  show- 
ing that  the  acceleration  is  small.  If  now  the  child  is  replaced  by  a 
man  who  pushes  much  harder,  the  change  is  more  rapid,  and  a  is 
greater.  In  short,  we  recognize  Newton's  second  law  of  dynamics, 
that  the  acceleratioii  of  the  velocity  of  a  moving  body,  produced 
by  the  action  of  an  unbalanced  force,  is  proportional  to  that  force. 
That  is  to  say,  if  the  force  Fi  (always  unbalanced)  acting  on  a 
certain  body  causes  an  acceleration  ai,  and  another  force  F2  (under 
similar  conditions)  causes  an  acceleration  Os,  we  must  have  the  pro* 
portion :  „ 

F2  fl2 

2.     If  now  we  have,  by  careful  experiments,  found  the  acceleration 

which  a  known  unbalanced  force  acting  upon  a  body  produces,  this 

equation  enables  us  to  find  the  acceleration  another  known  force 

F2 
would  produce  in  the  motion  of  the  same  body;  for  04=  —  ai.    That  is, 

Fi 

knowing  Fi  and  ai,  we  can  find  the  acceleration  03  for  an  assigned 
value  of  F2;  or  we  can  find  the  value  of  F2  for  an  assigned  value  of  Os; 

F2=^n 
ai 

Now,  we  do  know  with  great  accuracy  the  acceleration  which  the 
unbalanced  pull  (attraction)  of  the  earth  is  able  to  give  to  a  solid  body 
upon  the  earth's  surface.  Take  note  that  the  body  must  be  in  a 
vacuum,  free  from  all  magnetic  influences,  and  at  a  certain  level 
and  latitude  (at  the  sea-level,  and  45°  north).  Under  those  con- 
ditions the  pull  of  the  earth  is  exactly  W  standard  pounds  of  force, 
and  the  acceleration  it  can  cause,  when  wholly  unbalanced,  is  32.1740 
feet  per  sec.  in  a  velocity  of  feet  per  sec.     This  number  is  generally 


FUNDAMENTAL  FORMULAS  175 

called  Qy  and  like  other  accelerations,  is  often  read  g  ft  per  sec.  per  sec, 

ft  2 
or  g  — '  -•    However,  when  the  units  of  length  and  time  are  well  under- 

stood,  it  will  be  sufBcient  to  say  that  the  acceleration  is  so  many 
(naming  the  number)  feet  per  second.* 

3.  The  reason  why  the  sea  level  and  the  latitude  (not  far  from  Paris) 
are  specified  is  that  when  one  goes  high  in  the  air,  or  into  a  deep  mine; 
far  north,  or  nearer  the  equator;  the  earth's  pull  on  a  body  is  sensibly 
different,  and  consequently  g  will  be  different.  To  be  above  or  below 
the  sea  level,  and  nearer  the  equator,  makes  the  actual  pull  of  the  earth 
less;  to  go  north  at  the  sea  level  makes  it  greater.  As  the  ratio  of 
the  number  W»  to  the  number  ^,  is  always  the  same,  for  the  same  body, 
and  as  these  numbers  are  rarely  separated  in  real  problems  of  applied 
mechanics,  variations  in  W  due  to  local  conditions  can  generally  be 
neglected.  If,  however,  g  is  used  by  itself  its  local  value  may  well  be 
used.     The  value  of  g  for  the  City  of  St.  Louis  is  very  nearly  32.1. f 

214.  The  measure  of  mass.  N.  B.  Thruout  this  Chapter  the 
letter  F  will  always  represent  an  unbalanced  force,  or  the  unbalanced 
resultant  of  two  or  more  forces.  Returning  now  to  our  equation  which 
declares  the  equality  of  two  ratios,  and  substituting  W  for  Fi,  and  g 
for  ai,  we  have,  omitting  subscripts, 

^=^-  (1) 

W       g 

This  is  a  most  important  fundamental  equation,  and  one  to  which, 
or  to  its  immediate  derivatives,  the  student  will  at  once  return  when 
he  has  a  real  problem  in  dynamics  to  solve. 

The  first  derived  form  is  ri^ 

F=—a  (2) 

9 


*  The  student  who  consults  other  writers  must  not  be  confused  by  such  expres- 
sions as:  an  acceleration  of  "13  feet  per  second  per  second";  or  "13  ft.  per  second 
square";  or  "13  ft.-pr-sec-pr-sec. "  These  expressions  are  exceedingly  elliptical, 
tho  they  are  based  on  a  desire  to  define  velocity  and  acceleration  at  the  same 
time.  The  above  quoted  expressions  all  mean:  an  increase  of  IS  ft.  per  second  in 
a  velocity  of  feet  per  second.  When  it  is  perfectly  understood  that  velocity  means 
80  many  feet  per  second,  that  understanding  need  not  be  constantly  put  into  words. 

tSome  eminent  writers  make  the  very  injudicious  statement  that  "^=the 
force  of  gravity, " — to  the  great  confusion  of  the  minds  of  students.  The  number 
17  is  no  more  the  force  of  gravity  than  is  any  other  number,  10,  13,  62.2,  or  1000. 
Every  number  measures  the  force  of  gravity  acting  on  a  certain  mass:  g  meas- 
ures the  force  acting  on  a  unit  of  mass. 
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.      W  .   . 

in  which  the  ratio  —  explicitly  appears.     It  is  quite  universally  repre- 

9 
rented   by  one  letter,  m,  which  stands  numerically  for  the  mass  of 

W 
the  body  which  weighs  W,     Hence  the  simple  formulas  m  =  —  and 

F--ma.  ^     (3) 

a  formula  used  in  all  systems  of  units,  and  should  be  memorized  as: 
The  (unbalanced)  force  (F)  is  (numerically)  equal  to  the  number  of 
units  of  mass  in  the  body  acted  upon,  multiplied  by  the  number  of 
units  in  the  acceleration  produced,  or  elliptically:  The  unbalaneed 
force  equals  mass  times  acceleration. 

2 15.  Impulse  and  momentum. 

Since  a  =  — 

dt 

the  last  equation  in  2 14  gives   rii._     . 

which  some  writers  regard  as  the  fundamental  form.  The  first  mem- 
ber being  (numerically)  the  product  of  an  unbalanced  force  by  the 
time  during  which  it  acts  upon  a  free  body,  and  is  called  an  *' Impulse,'* 
The  second  member,  being  a  differential  of  mv  (which  is  called  the 
momentum  of  a  moving  body),  represents  the  change  in  the  momentum 
produced  by  the  Impulse  in  the  time  dt;  so  that  equation  states  the 
general  law,  that  A  change  of  momentum  is  equal  (numerically)  to 
the  Impulse  producing  it;  or  An  Impulse  is  equal  (numerically)  to 
the  momentum  it  produces. 

If  F  is  constant,  the  equation  can  be  integrated,  the  integration 
being  from  ti  and  Vu  to  t^  and  v^; 

F(t2-ii)  =  m(:v2-vi) 

The  time  of  action  is,  of  course,  the  interval  between  the  interval  ti 
(from  an  arbitrary  starting  instant),  and  the  finishing  interval  tt. 
The  momentum  at  the  start  was  mvu  and  the  momentum  at  the  finish 
was  mv2f  so  that  the  gain  in  momentum  is  the  difference  shown. 

It  should  be  noted  that  the  word  **impulse"  does  not  of  necessity 
mean  that  the  time  of  an  action  is  short,  but  it  may  be  so. 

216.  The  equations  of  dynamics.  Before  solving  the  problems  of 
dynamics,  it  will  be  well  to  bring  together  the  equations  embodying 
definitions  and  the  fundamental  principles  as  applied  to  the  trans- 
lation of  solid  bodies. 
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By  definition 

By  definition 
Eliminating  dU 


ds 

V—  — 

dt 

"di       dt^ 
vdv  =  ads. 


(1) 


These  are  for  pure  motion  without  reference  to  force. 
For  motion  caused  and  modified  by  unbalanced  forces^  acting   in 
the  direction  of  the  motion: 


W 
F 

Fdi 


9 

W 

—  a 

9 
tndVm 


dv 

7?ltt  =  7?l  — 

di 


(«) 


These  equations  are  always  true  whether  F  be  constant  or  not. 

It  is  self-evident  that  when  a  body  is  compelled  by  an  unbalanced 
force  to  move>  it  moves  in  the  direction  in  which  the  force  acts.  In 
what  immediately  follows*  it  will  be  assumed  that  the  motion  is  trans- 
lation in  right  lines. 

Motion  Under  Constant  Forces. 

When  the  resultant  unbalanced  force  acting  upon  a  body  is 
constant^  the  acceleration  is  constant,  and  the  equations  of  motion 
are  readily  integrated.     Multiplying  Eq.  (1)  by  dt  and  integrating 


dv=^a\   dt 

ds 
*"  dt 

=  fo  I  dt+a  I  tdt 


(8) 


da 


t* 
s^+vjt+a- 


(4) 


vdv 


r  1 

=  a  I  as 

Jo     y 


(5) 


»2  — «  2 


v^^^ias 
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If  when  t==Oy  8  was  «<,,  the  lower  limit  for  J  da  would  bej  ds,  and 

we  should  have  had  .     .  .     <*  /«x 

s^So+Vf^+a-  (6) 

If  ©0  =  0,  and  *o  =  0  (which  means  that  the  body  moves  from  rest),  the 

above  equations  become 

v  =  at 

s  =  hai^}  (7) 

These  integral  equations  are  not  to  be  used  unless  the  force  is  constant. 

Eqs.  (3)  to  (6)  are  the  general  equations  for  the  rectilinear  motion 
of  bodies  under  the  resultant  action  of  constant  unbalanced  forces. 
The  motion  may  be  in  any  directiony  up  or  down,  inclined  or  hori- 
zontal. The  student  must  have  no  bias  in  favor  of  vertical  motions. 
Great  care  must  be  taken  to  discover  in  every  problem  the  correct 
value  of  the  resultant  unbalanced  force.  Forces  acting  with  the  motion 
are  positive;  those  acting  against  the  motion  are  negative.  The  student 
must  always  keep  in  mind,  while  considering  the  motion  of  a  particular 
body,  not  how  it  acts  upon  other  bodies,  but  how  other  bodies  act 
upon  it. 

Problems. 

217.  Problem  to  illustrate  the  use  of  formulas.  1.  A  body 
weighing  400  pounds  starts  from  rest  and  moves  upon  a  rough  hori- 
zontal plane,  being  drawn  by  a  motor  which  maintains  a  constant 
horizontal  puU  upon  it  of  180  pounds,  until  the  velocity  attained  is 
expressed  by:  "A  mile  a  minute."  As  soon  as  that  velocity  is  reached, 
the  draw-bar  is  released  and  the  body  moves  on  till  it  comes  to  rest. 
Find  distances,  velocities  and  times.  The  co-efficient  of  friction  is  tV. 
The  only  unbalanced  force  to  be  ignored  is  that  of  the  resistance  of 
the  air.  The  direct  action  of  the  earth's  pull  is  balanced  by  the  vertical 
upward  action  of  the  plane.     The  moving  body  we  will  call  B. 

There  are  three  forces  acting  on  B,  viz.:  the  motor,  the  earth  (by 
attraction  of  gravity),  and  the  rough  plane.  The  motor  acts  posi- 
tively  180  lbs.  The  earth's  action  of  400  lbs.  is  exactly  balanced  by 
the  normal  action  of  the  plane,  and  hence  does  not  aflPect  F.  The 
plane,  by  friction,  acts  tangentiaUy  against  the  motion  by  an  amount 
iV  of  400  lbs.,  which  is  negative.     Hence 

F=+180-40  =  140lbs.;  ro  =  0;<o  =  0. 
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By  formulas  of  216^       a=  ^n  =  9—  — g 

^  IF       400        20 

r  =  a<  =  —  at 
20 


**A  mile  per  minute"  means  88  ft.  per  sec.  «rr,  hence  the  time  during 

which  F  acts,  tu  is  20X88 

t\  = seconds, 

and  the  space  passed  over  during  <i  is  by  Vi*  >=  Statx 

(88)*X10,    ^ 
«i  =»  — feet. 

When  the  draw  bar  is  released,  the  conditions  change  and  our  prob- 
lem enters  upon  a  second  epochs  and  we  must  begin  again  by  finding 
the  new  unbalanced  force,  Fa.  The  motor  has  ceased  to  act.  The 
pull  of  the  earth,  W^  is  balanced  as  before;  all  that  remains  to  make 
Ft  is  the  friction  which  is  (—40  lbs.):  hence  Fi«  —40. 

Proceeding  as  before,  we  find  a^ 

^^_  (-40)g  ___  g 
400  10 

We  have  now  f?o  =  88,  since  the  new  epoch  begins  with  the  initial 
velocity  88,  and  as  v^Vo+Qit,  we  shall  have,  when  the  body  stops, 
andr  =  0: 

o  =  88-^<2 
10 

.,=  :???  seconds, 

g 

which  gives  the  time  occupied  by  the  second  epoch. 
For  J2  we  have  from  (5)  216 

o-(88)2=-?.j2 

5 

5(88)%     . 
s%  = feet, 

g 

which  is  the  distance  moved  during  the  second  epoch. 

88/20 

g 


88  /20  \ 

The  whole  time  t^ti+h-  — ( h  10  I  sec. 

a  \7  / 
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The  whole  distance  s  —  Si+St^ 


(88)»  ^±  +5)  f^t. 


g 


(The  relation  between  9  and  t  is  interesting.) 

400 
Had  we  substituted  m  for all  of  our  results  would  have  been 

g 

functions  of  m  instead  of  functions  of  g.     Let  the  student  derive  them 
all,  thus 


ai  = 


140 


m 


40  ^ 
02=  —  — etc. 
m 


The  inaccuracy  of  weights  and  measures  and  the  uncertain  value 
of  the  co-efficient  of  friction  in  engineering,  hardly  justify  the  decimal 
in  the  value  of  g,  and  the  value  32  will  generally  suffice.  Results 
purely  numerical  can  be  obtained  by  substituting  32  for  g  above. 

Many  problems  consist  of  epochs  which  the  student  should  care- 
fully distinguish. 

Problem  2.  Suppose  a  body  is  being  hauled  from  rest  up  a  rough 
inclined  plane  by  a  constant  tension  in  a  rope,  which,  at  a  certain  point 
on  the  plane,  breaks;  the  body  soon  stops  and  may  slide  back.  While 
in  action,  the  rope  is  paraUel  to  the  plane.  Discuss  the  entire  move- 
ment. 

Here  there  are  three  epochs,  and  we  shall  have  Fi,  F2,  Fz\  Oi,  02,  aj; 
i\y  tif  tt;  and  su  which  is  given,  Si,  Sz.  The  student  should  picture  in 
his  mind  distinctly,  the  beginning,  the  current  (or  general)  instant, 
and  the  end  of  each  epoch  before  he  puts  pencil  to  paper,  or  looks  up 
a  formula. 

Epoch  I.     At  the  beginning  ^  =  0,  r  =  0,  <  =  0. 

At  the  current  instant,  there  are  general  increasing  values  of  «,  v  and 

t.  Three  forces  are 
acting,  as  before, 
but  one  component 
of  the  weight  acts 
against  the  motion, 
viz.:  WsinO;  the 
other  CO mpo- 
nent  IF"  cos  0  =  N  is 
balanced  by  the 
normal  reaction  of 

the  plane;  and  the  resistance  due  to  friction  is  fN^fWcosO^  in  which 

/  stands  for  the  co-efficient  of  friction. 
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We  therefore  have      F^^+p_w,ir,d-fWcose 
and  ax  follows  at  once,  from  the  formula,  ai»  --^* 

As  si  is  given,  the  student  finds  f?i  and  ii. 

At  the  end  of  the  epoch,  when  the  rope  breaks,  i=^tu  s*^  si,  and  v=^vu 
which  becomes  Vq  for  the  second  epoch. 

Epoch  II.  It  is  best  to  let  time  and  space  begin  over  again  from 
zero,  but  Vq  =  Vi, 

Ft—  --W Bind— fW CO809  since  P  is  no  more;  Os  follows  at  once, 
also  negative. 

At  the  end  of  Epoch  II  the  body  stops  and  v  is  zero.  Now  find  U 
and  8u  as  in  Problem  I. 

Epoch  III  begins  with  r  =  0,  <  =  0,  «  =  0,  in  general  Ft^  ^Wain0+ 
jW  cos  ^,  the  positive  direction  for  forces  and  motion  being  unchanged. 
The  friction  is  always  a^ain^  the  motion.  If  FT  sin  d  is  greater  than 
fWcosOf  the  body  is  now  sliding  down  the  plane,  and  the  friction 
acts  up  the  plane.  „ 

as  =  ^  =  ( —  sin  ^+/cos  6)g. 

Now,  if  jj=  —  («i+«2),  the  body  returns  to  its  starting  point;  t^  is 

found  from  the  Eq.  ^s^iaa^s* 

and  Vt  (final)  from  v^^aitz       1  i_  xi. 

, >  both  negative. 

or  vz  =  V2a3«j  ) 

Problem  3.  In  this  problem  let  the  student  put  FT  =  800  lbs., 
^=30%  P  =  600  lbs.,  /=!  and  «i  =  120  ft.,  5^  =  32,  and  then  find 
numerical  values  for  all  the  F's,  a's,  ^'s  and  s's. 

In  the  first  epoch:  F  =  P-irsin^-/ircos^. 
In  the  second  epoch :  F2—  —Wsind  —fW cos 0. 
In  the  third  epoch:  Fz=fW cosO'-Wsind, 
In  No.  1,  ai  is  positive,  t>>Of  8>o. 
In  No.  2,  Oj  is  negative,  v>09  8>o. 
In  No.  3,  az  is  negative,  vKo,  8<o, 

Final  values  of  v  for  one  epoch,  are  initial  values  for  the  next  epoch. 
The  t  is  always  positive. 

If  <3  be  10  seconds,  where  will  JT  be? 

Problem  4.     If,    in    this    last  example,  ^=  -»  1^  =  800   lbs.,    and 

P  =  1,000  lbs.,  the  plane's  action  will  vanish,  and  the  motion  will  be 
vertical.     There  will  be  three  epochs,  as  before. 
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In  Epoch  I;  Fi«P-Fr=200  lbs. 

ai= ^  =  *L  =  8,  etc. 

800        4 

In  Epoch  II;  Fi=-800 

a2=  — S'=  —32,  etc. 

In  Epoch  III;  if|We  take  8%^8\+8%  positive  downwards,  we  shall  have 

Fi  =  800 
di^Qy  etc. 

under  what  is  known  as  the  case  of  "'falling  bodies"  where  a^g  and 
F  =  W;  h  can  easily  be  found. 

218.  Falling  bodies,  and  sliding  on  smooth  planes.  When  a 
body  falls  freely,  as  in  a  vacuum,  and  s  is  positive  downward,  g  is 
positive.  If  a  body  is  rising,  and  W  is  positive,  g  is  negative.  Engin- 
eers have  very  little  occasion  to  solve  problems  of  bodies  falling  in 
vacuo. 

If  in  the  problem  of  a  body  on  an  inclined  plane,  /=0;  that  is,  if 
the  plane  is  **8mooth*^  (an  impossible  case),  we  have  in  Epoch  III, 
the  ideal  case  of  a  body  sliding  down  a  smooth  plane.     If  W  is  positive 

F^WsinO 

a^g  sin  0 

v  =  Vo+gt  sind 

8^Voi+  --'  g  siud 


»2  — 


Vo^  =  ^g8  sin  0 


21 9.  The  motion  of  trains.  When  the  different  members  of  a 
train  are  so  connected  that  each  is  moving  in  a  straight  line  with 
which  its  F  is  parallel,  all  having  the  same  velocity  and  acceleration, 
the  whole  train  may  be  treated  as  one  body;  and  again,  each  member 
may  be  considered  separately. 

Problem  3.  Suppose  a  train  of  three  cars  is  drawn  from  a  station 
on  a  steady  up-grade  by  a  motor  which  maintains  a  constant  pull,  P, 
for  the  distance  Si.     Let  the  weights  of  the  cars  be  Wu  W^y  W^;  the 

co-efl5cient  of  resist- 
ance (friction,  air, 

etc.)   be   fu  /«.  /»» 
respectively,  and  let 
the  up-grade  be  so 
gentle  that  we  may  take  cos^=l,  sin  ^  =  tan  ^  =  0.01. 
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We  are  to  find  how  long  it  will  take  the  train  to  reach  the  top  of  the 
slope,  distance  si  from  the  station;  what  velocity  the  train  will  have 
when  it  reaches  a  level  plain  at  the  summit;  what  the  draw-bar  ten- 
sion must  be  on  that  level  plain  to  maintain  uniform  velocity  along 
the  level  plain;  and  what  the  tensions  Ti  and  T2  are>  on  the  way  up, 
and  later  on  the  plateau. 

This  problem  may  sound  complicated,  but  it  consists  of  steps  each 
of  which  is  simple  and  easy.  There  are,  of  course,  two  epochs,  Take 
first  the  whole  train  as  a  unit. 

Epoch  I.  Fi  =  P-(FFi+ir2+ir,)XT*ir-(/i^i+/2^2+/8  JFa) 

a  fiy  ^  fi-T^STF~S(JTF) 


t 


f  i  =  V^ai^i  =  aiti 

Now,  consider  the  condition  of  the  car  Wu  We  know  its  accelera- 
tion, ai,  as  a  member  of  the  train.     We  can  write  the  F  of  Wi  as  follows: 

g  Wi 

Now  since  —  is  the  same  here  as  above,  we  have 
9 

Wi  ^w 

and  Ti  is  readily  found. 

We  can  find  T2  by  considering  the  condition  of  the  train  of  two  caiSv 
Wi  and  W29  moving  with  an  acceleration  already  known;  or  we  may 
consider  the  condition  of  W^  alone,  as  follows : 

and  solve  for  Ts,  after  equating  the  acceleration  of  Wz  to  that  of  the 
train. 

The  draw-bar  tension  while  the  train  is  moving  on  the  level  plateau, 
is  found  from  the  equation  for  F^  (which  must  be  zero). 

F2  =  0=P2-^(fW) 
P2=fiW,+f2W2+fzWz 
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As  each  car  has  uniform  motion*  it  is  moving  under  balanced  forces: 
Accordingly  Ti^fiW^ 

T2=fiWi+f,W, 

ftftOm     The  following  ideal  problem  illustrates  some  very  important 

points : 

Problem  4.     A  body  weighing  Wi  pounds,  rests  on  a  smooth  hori* 

zontal  plane.     A  cord,  strong,  flexible  and  weightless,  connects  Wi 

with  Wiy  as  shown  in  the  figure 
(Fig.  2£5),  in  its  course  passing  over  a 
smooth  guide  at  6.  Another  cord.  To, 
connecting  Wi  with  a  fixed  support  at 
Ay  prevents  motion.  While  thus 
arranged,  the  ten.sion  in  the  two  cords 
is  the  same,  namely:  To=T=  FTj,  since 
there  is  no  friction,  and  the  weight  of 
Wi  is  completely  balanced  by  the  lift  of 
the  plane. 
Now,  suppose  the  anchor  cord  at  ^  is  burned  oflp  by  an  electric 

spark.     What  is  the  immediate  value  of  the  acceleration,  and  the 

tension  T? 

Solution.     The  two  bodies  thus  connected  form  a  train,  and  the 

motor  is  the  earth's  pull  upon  W%,     As  there  is  no  friction,  and  no 

force  acting  against  the  motion,  and  unbalanced  force  F  is 


and  hence 


W, 


F-=W2 


_  « 


W1+W2      g 

and  a  is  found.     We  can  find  T  by  considering  the  motion  of  either 
Wi  or  W2*     Taking  Wiy  we  have  the  unbalanced  force  acting 

F2  =  W2-T 


Hence 


W2-T  ^  a 
W2  g 


a 


equating  the  two  expressions  for  — »  we  have 

g 


W2 
W1  +  W2 


hence 


r= 


Wz-T 

W2 

W1W2 
W1+W2 
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Or,  taking  the  condition  of  Wu  we  have 

a        T  Wi 


g       Wi       Wi+Wt 

T  = as  before. 

If  numerical  values  are  given  to  Wi  and  Wt^  the  student  will  more 
fully  realize  that  T  must  be  less  than  Wt  if  the  train  starts  and  main- 
tains an  accelerated  motion.     Thus  if 

Fri  =  jr2  =  100lbs. 
r  =  50  lbs. 

The  instant  the  spark  burns  the  anchor  cord»  the  tension  in  the 
other  cord  drops  from  100  lbs.  to  50  lbs.,  and  both  bodies  start  with 

an  acceleration  which  is  — »  and  remains  so. 

221*  No  body  can  be  started  in  any  direction  without  an  un- 
balanced force.  No  body  can  be  lifted  from  the  floor  to  a  table  with- 
out a  lift  in  excess  of  its  weighi;  the  excess  depends  on  the  magnitude 
of  the  acceleration  given.  If  P  is  the  lift,  the  unbalanced  force  which 
starts  a  body  from  the  floor  to  the  table  is 

P-W 

and  the  initial  acceleration  is 

P-W  W 

a— g  and  P  =  W+ — a  =  W+ma. 

W  g 

The  first  term  in  the  last  member  is  just  to  balance  the  pull  of 
the  earth;  the  second  term  is  mass X acceleration;  this  second  term 
varies  with  the  magnitude  of  the  action,  and  the  quickness  of  the 
start.'*  If  the  start  is  what  we  call  "quick,"  as  by  a  "yank"  or 
jerk,"  the  values  of  a  and  ma  are  large;  in  fact,  ma  may  be  much 
larger  than  W.  When  an  elevator  starts  up  with  a  quick  jerk,  the 
tension  in  the  wire  cable  may  be  many  times  the  weight  of  the  car 
and  its  contents. 

222.  Problem  5.  A  train  may  consist  of  two  bodies,  A  and  B, 
connected  by  an  ideal  cord  over  a  smooth  plug  or  guide,  as  shown. 
(A  smooth  plug  is  preferred  to  a  puUy  with  frictionless  bearings, 
because  it  takes  an  unbalanced  couple  to  turn  the  puUey,  and  that  brings 
in  a  principle  not  yet  considered.)     See  Fig.  226. 
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Initially,  the  heavier  body  rests  on  a  shelf,  and  the  cord  thruout  its 
length  sustains  a  tension,  W2.  The  two  bodies  (the  cord  and  the  earth) 
act  on  By  and  balance;  three  bodies  (cord,  shelf  and  the 
earth)  act  on  A,  and  they  balance;  (How  much  does  the 
shelf  act?).  All  these  forces  are  acting  but  there  is  no 
motion;  it  is  a  case  of  static  equilibrium. 

Now,  knock  out  the  shelf.  Instantly  motion  begins,  the 
train  starts.  A  moves  down  and  B  moves  up.  These 
motions  indicate  the  directions  in  which  the  two  unbalanced 
forces  act.  ^j^^  ^^  j^^  A  is  Wi-  T; 

The  F2  for  Bis  T-W2; 

Pl«.  896 

the  accelerations  caused  are  of  equal  magnitude;  hence 

a  ^  Wi-T  ^  T-Wi  ^  W1-W2 
g 


Hence 


r= 


^WiW2 


W, 


W1+W2 


W1+W2 
Having  found  a,  all  questions  as  to  v,  s  and  t  are  readily  answered. 

The  third  expression  for  -  >  above,  can  be  found  by  considering  the 

9 
train  as  a  whole.     Let  Wi  =  6  lbs.  and  W2  =  S  lbs.,  and  note  that  one  Fi 

is  twice  as  large  as  F2,  as  it  clearly  ought  to  be. 

Problem  6.     Fig.  «27. 

Find  expressions  for  a  and  T. 


6 


-' 
f 
f 
f 
f 
f 
f 
* 
f 
f 


U8^ 


Jic.n8 


^    Tig.  9S7 


^I 


Problem  7.  A  body.  A,  is 
clamped  upon  a  rough  hori- 
zontal plane;  two  other  bodies, 
B  and  C,  are  suspended  by 
ideal  cords  connected  to  ^  as 
shown.     Fig.  228. 

The  cords  are  ideally  strong 
and  imponderable;  p  =  82;  the  co-efficient  of  friction  for  A  and  the 
plane  if  I. 

Epoch  I.     A  is  undamped  and  the  train  moves  10  sec;  then  the 
cord  to  B  is  cut. 


»t 


THE    BEST   ANGLE   FOR    DRAFT 


187 


Epoch  II.     A  and  C  continue  motion  till  they  stop. 

Epoch  III.  A  and  C  move  in  the  opposite  direction  for  8  sec.; 
then  the  cord  to  C  is  cut. 

Epoch  IV.     A  moves  till  stopped  by  friction. 

How  far  is  A  from  its  original  position?  and  in  which  direction? 
Find  a  value  for  T%  for  each  epoch»  I,  II»  and  III. 

22S.  The  angle  of  minimum  draft*  Closely  related  to  prob- 
lems of  motion  are  those  involving  balanced  forces  acting  upon  bodies 
which  are  upon  the  point  of  starting. 

When  a  body,  weighing  (with  the  load  it  carries)  W^  rests  on  a 
rough  horizontal  plane,  what  is  the  least  lateral  force  that  can  move 
it? 

There  are  Three  Cases.  I.  If  the  lateral  force  is  horizontal, 
P^fiW  where /i  is  the  co-efl5cient  of  starting  friction;  after  the  start, 
Pi  will  continue  to  move  the  body  if  it  equals  fW,  where  /  is  the  co- 
efficient of  sliding  friction. 

Case  II.  If  P  acts  upward  with  an  inclination  0y  one  component, 
PsinO,  tends  to  lift  the  body  (thereby  diminishing  N,  the  normal 
action  between  body  and  plane),  and  the  other  component,  Pcosd, 
must  be  on  the  point  of  overcoming  the  starting  friction,  hence 

Pco3d^{W-Psin0)fi 

p_         fiW 

cos  d+fi  sin  0 

It  thus  appears  that  P  depends  not  only  on  /i  but  on  d,  and  that  it 
varies  with  0. 

Let  us  find  the  value  of  0y  for  which  P  is  a  minimum.     Differentiat- 
ing  with  respect  to  0^  and  remembering  that 
dP^O  when  P  is  a  minimum,  we  have 

P(/iCOs^-sin^=0 
or  tan^=/i 

That  is  to  say,  ^  =  arc  tan  fi  =  <f>,  the  "angle  of 
repose,**  or  the  "angle  of  friction."     This  result 

is  shown  graphically  by  drawing  the  diagonal,  R,  of  FT,  and  /iFT,  and 
noting  that  the  line  of  action  of  P  when  it  is  a  minimum  is  perpendi- 
cular to  R. 

If  we  substitute  for  ^  for  0^  and  tan  (f>  for  /i  in  the  denominator,  we 

get  the  minimum  force  ian6W  „r  .     i  ro\ 

Pa= ^— ; — 7  =  rr  sm  9  (3) 


vis.  M9 


cos<^  + 


sin^<^ 

C03<f> 


so  both  the  magnitude  and  the  direction  of  the  least  force  are  found. 
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The  practical  importance  of  this  result  can  hardly  be  over-estimated. 
Every  experienced  teamster  knows,  in  a  general  way,  that  on  rough 
ground  it  helps  to  pull  up  as  well  as  forward^  and  the  roughs  the  greater 
the  proper  inclination.  Some  times  when  the  traces  are  inclined,  a 
driver,  on  striking  a  stretch  of  "heavy  road,"  will  shorten  the  traces 
so  as  to  increase  the  inclination,  strictly  in  accord  with  theory. 

Case  III.  When  d  is  negative  or  measured  below  the  horizontal, 
the  normal  action  is  increased,  and  P  cosO  =  {W -{-P  sm  0)fi 


or 


P  = 


fiW 


cos  0  — /i  sin  0 


from  which  we  see,  not  only  that  P,  to  start  the  body,  is  greater  than 
fiWf  but  that  if  r= <^,  p=oo;  which  means:  if  P  acts  in  a  line 

parallel  to  the  resultant  reaction  of  the  plane,  it  will  not  be  able  to 
move  the  body  along  the  plane,  however  large  it  (P)  may  be.* 

226.    Problems  of  quickest  descent.     Let  OAB,  Fig.  230,  be  a 

circle  in  a  vertical  plane,  with  0  the  topmost  point. 
Prove  that  the  time  of  descent  of  all  bodies  sliding 
from  0  down  smooth  chords  to  the  circumference  is 
the  same. 

Take  the   chord,    OA^   whose   inclination  is  0. 

Here  s  =  Strsin0y  and  a=^sin^,  hence  t  =  2'\j- 

which  is  independent  of  0;  and  hence  the  time  is  the 
same  for  all  chords,  i.  e.,  that  of  a  free  fall  from  0  to  B. 

Appucations.  1.  Without  friction.  If  water  flows,  or  bodies 
slide  (not  roll)  in  a  **smooth*'  and  straight  tube, 
trough  or  spout,  to  meet  a  given  inclined  plane 
(as  from  0  to  the  given  plane  AB}y  Fig.  231, 
in  the  shortest  time,  how  is  the  tube  or  spout 
located? 

Draw  OH  horizontal,  OD  vertical;  produce 
BA  to  C;  bisect  the  angle  at  C  to  D;  draw  DT 
perpendicular    to    AB,    and    OT  is   the  spout.     Prove   it. 

The  simpler  construction  is  to  draw  from  0  a  line  perpendicular  to 
the  bisector  of  the  angle  C;  it  will  be  the  quickest  straight  line  descent, 
if  there  be  no  friction. 


7!C.  881 


*  The  "jamming"  of  gears  with  rough  ungpreased  teeth,  too  few  in  number,  is 
quite  analogous  to  this. 
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a.     If  a  body  is  to  slide  or  flow  along  a  smooth  straight  guide  from  a 

given  point  to  the  circumference  of  a  given  circle,  determine  the  posi- 
tion of  the  guide. 

If  0  is  without  (or  within)  the  circle:  Lay  off  from  0,  vertically, 

up  (or  down)  the  length  of  the  radius  r.    Draw  OT 

parallel  to  RC.     OT  is  the  required  guide. 

The  proof  is  left  to  the  student,  as  is  the  indi- 
cated construction  when  0  is  inaide 
the  circle  C.     See  Pig.  9S2. 

8.  With  friction.  If,  in  Prob- 
lem 1,  there  be  friction,  and  <f>  be 
the  Angle  of  Repose,  draw  OC  with 

w.  an  inclination  tj>,  and  draw  OT  per- 

pendicular to  the  bisector  of  C  as  before.  Prove  this.* 
4.  If.  in  Problem  2,  there  be 

friction,  with  (^  as  the  angle  of 

repose,  the  line,  OR,  should  be 

laid  off  up  (or  down)  according 

as  it  is  without  (or  within)  the 

circle,  making  an  angle  (ft  with 

a  vertical  on  the  right   (or  the 

left)  of  the  vertical,  as  the  pro- 
posed position  of  T  is  to  be  on 

the  left   (or   the    right).      The 

line,   OT,  is  always  parallel  to 

CR.     This  construction   should 

be  proved.     Fig.  231. 

*  Whil«  the  proof  of  this  construction  is  simple,  it  may  be  best  to  give  it  as  b 
last  resort  of  the  student  who  fails  to  hit  upon  it  by  himself.     Fi^.  233. 

Taking  the  construction  as  given  in  the  text  draw  from  0  a  perpendicular  to 
OC  till  it  cuts  the  bisector  in  D.  With  £>  as  a  center  draw  the  circle  OT.  Tak« 
now  any  chord  OP  making  with  the  line  OH  an  an^le  Q  less  than  90°.  Now  wa 
will  find  the  time  required  for  sliding  down  this  chord  to  the  circle  at  P.    The 

length  of  the  chord  is  „    ,   ,         ,     „   ,  .   „  „  .     , 

*  #=  2r sm  (e—  y)  =  2r  (sin  9  cos  9'—  cos  0  sm  T) 

The  acceleration  of  the  sliding  body  ia 

a  =  (sin  (? — cos  fl  tan  P)  1? 
Hence  we  have  for  the  square  of  the  time 

2«_4r    ain fl cosy— COS flstny 
a       g  '■     Bin (*.  — cost* tan p 
^,^4rcoB^  _2-Qg_2ft. 
9  9  3 

It  thus  appears  that  the  time  is  independent  of  Q  and  just  equal  to  the  time  of 
for  a  free  fall  from  O  to  E.  As  the  time  for  all  chords  is  the  same,  it  is  evident 
that  the  chord  OT  is  the  path  for  the  shortest  time  to  AB. 
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1t1t7.  Cautions.  When  the  student  takes  up  Mechanism,  he  will 
find  many  instances  of  motion  and  unbalanced  forces,  which  will  re- 
quire the  use  of  the  principles  of  this  chapter.  Motion,  both  transla- 
tion and  rotation,  of  machinery  must  be  discussed,  but  he  is  not  yet 
fully  prepared  for  such  discussions. 

The  most  difficult  step,  in  the  solution  of  problems  like  those  of 
this  chapter,  is  the  finding  of  correct  expression  for  the  unbalanced 
force  F.  In  dealing  with  the  weight  of  a  body,  the  student  must  not 
forget  that  weight  is  force,  and  that  when  W,  or  any  part  of  it,  is  balanced 
by  another  force,  the  mass  of  the  body  whose  motion  is  under  discus- 
sion, is  not  thereby  affected.  Again,  if  a  body  is  in  any  way  supported^ 
the  support  acts,  and  its  action  (or  force)  is  not  to  be  neglected  in  mak- 
ing up  F.  Of  course,  when  forces  balance,  they  have  no  effect  upon 
the  motion  of  a  solid  body,  tho  they  may  effect  internal  stresses. 

Examples.     1.     Three  weights,  7  lbs.,  5  lbs.  and  4  lbs.,  are  con- 
nected by  a  strong  thread  which  passes 

over  a  smooth  peg  as  shown  in  Fig.  235. 

Starting  from   rest,   the  train  moves 

16  feet,  when   the  thread  between  5 

lbs.  and  4  lbs.  is  burned  off.     After 

a  little,  the  motion  of  5  lbs.  and  7 

lbs.  is  reversed.    In  how  many  seconds, 

counting  from  the  start  up,  will  the  7 

lbs.  return  to  the  starting  position? 

2.  A  bucket  of  water  is  descending   with 

an  acceleration  of  —  cr  •    A  block   of   marble, 

weighing  in  the  air  4  lbs.,  is  immersed  in  the 

water.     Assuming  that  the  specific  weight  of 

the  marble  is  2.4,  what  is  the  mutual  action  between  the  block  and 

the  bottom  of  the  bucket  during  the  descent? 

3.  A  pull  a;  at  P  must  exceed  what  number  of  pounds  to  start 
W  =  460  lbs.  upwards,  if  friction  at  starting  is  one  fourth  of  x?  See 
Fig.  235a.  Ans.     306i  lbs. 
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CHAPTER  XIV. 

The  Translation  of  Bodies  Under  the  Action  of  Varying 

Unbalanced  Forces. 

228«  General  formulas.  The  general  definitions  for  velocity  and 
acceleration,  and  two  very  important  formulas  of  the  last  chapter,  are 
the  basis  of  all  the  work  of  this  chapter.    The  equations  are  necessarily 
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differential,  and  the  reader  must  never  use  the  integrations  of  the  last 
chapter  in  this  chapter:  he  must  always  begin  with  the  following: — 

ds  dv      d^s      J         J 

r=  —  ;   a=  —  =  — ;  vdv^ads; 

dt  dt      dfi 

—  =  —  or  F  =  ma. 
W      g 

in  which  F  is  always  the  unbalanced  forccy  and  W^mg  \a  the  weight  of 
the  moving  body.  Since  in  every  case  in  this  chapter  dFjdt  is  not 
zero,  a  is  no  longer  constant,  and  the  integrations  of  (210)  do  not 
hold. 

The  new  methods  to  be  employed  will  be  best  shown  by  the  solu- 
tion  of  some  ideal  problems. 

2S9»    An  ideal  chain  (slender,  smooth,  flexible,  but  heavy)  is 
stretched  along  a  level  plane  with  an  over-hang,  ai\  the  entire  length 
is  U  and  the  weight  per  foot  is  w.     A 
clamp  C  holds  it  in  position  until  the  r^ 

initial  conditions  are  examined.  iL^  HHIUll  ~rii  "m""  ^^ 

The  total  weight  of  the  chain  is  Iw 

J  -^  •    Iw 

and  its  mass  is  — •  vig  tae 

9 

When  the  clamp  C  is  lifted,  the  chain 

will  move,  and  the  end  over-hang  will 

increase.  The  unbalanced  force  will  always  be  the  over-hanging  por- 
tion, until  the  chain  is  wholly  off.  Don't  write  an  equation  for  the  con- 
dition until  the  body  (the  chain)  is  well  in  motion  with  a  value  of  r, 
an  elapsed  time  f ,  and  a  new  overhang  s. 

The  unbalanced  force  F  under  current  conditions  is 

F=^sw. 

„  F       sw      a    .  g 

Hence  —  =  —  =  —  ..  a=— * 

W      Iw      g  I 

The  fundamental  equation  now  to  be  used  is  vdv  ^  ads,  hence 


Jvdv  =  —  I  ^ds. 


The  limits  must  correspond,  and  the  student  should   (mentally) 
say:  "When  v  was  zero,  s  was  Su  etc.'* 
Integrating  and  simplifying, 

r«=?.(««-«i») 

r 


-^l'-^(s^-s.^)^ 
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When  s^ly  the  chain  is  off  the  platform,  and  enters  a  second  epoch 
(with  which  we  are  not  now  interested)  with  a  velocity 


ri  =  ^^(P-*i')* 


To  find  the  time  occupied  by  the  motion,  we  must  use  the  current  value 

of  V  in  the  fundamental  equation  r  = 

dt 


•Jo  kJ  o  t^'i 


^9 


/+(P-^i^)* 


«i 


It  is  interesting  to  note  that  if  *i  =  0,  we  have  V\  =  "^gl  and  yet 
^1=  ». 

Had  the  chain  been  in  a  loose  coil  near  the  edge  of  the  platf orm» 
the  motion,  if  once  started,  would  have  been  more  rapid.  A  heavy 
rope  or  chain  thus  let  loose,  even  when  there  is  friction,  is  very 
dangerous. 

280»  Harmonic  motion.  Suppose  a  heavy  body  resting  on  a 
smooth  level  surface  between  smooth  guides,  is  connected  with  an 
(ideal)  imponderable  coiled  spring  which  is  capable  of  indefinite  ex- 
tension and  compression*  with  a  constant  "force**  p.  The  "force" 
or  "stiffness"  of  a  spring  is  that  external  force  which  will  stretch 
(or  compress)  the  spring  one  foot  (or  one  inch);  and  if  the  spring  is 
already  stretched  (or  compressed),  the  force  p  will,  if  added  to  the 
external  force,  add  one  foot  (or  one  inch)  to  the  extension  (or  com- 
pression). The  spring  is 
shown  in  the  figure  in  a 
stretched  condition,  the 
elongation  'NA  being  c — #; 
the  position  at  iV  is  called 
the  "neutral  position." 
The  body  was,  by  some 
external  agency,  drawn  back  to  0,  and  then  released.  When  it  was  at 
0  the  tension  of  the  spring  was  cp.     When  released,  the  body  started 
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o 
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towards  Ny  and  it  is  now  in  its  current  position  having  moved  a  distance 
J.     The  present  value  of  F  is 

F={c-8)p. 

Hence  ^=  ^  /.  a  =  ^^^  =  ^^-^  (l) 

W      g  W  m 

and  vdv  =  —  (c  —  8)ds. 

m 

Integrating  from  »  =  0  and  «  =  0  to  current  limits, 

-  =  -^(C8 ) 

^  m 

An  examination  of  the  above  value  of  F  shows  that  F  is  positive  so 
long  as  «<c,  and  when  «  =  c,  F  =  0.  When  «>c,  F  and  a  are  negative. 
The  velocity  v  is  therefore  a  maximum  when  ^  =  e,  so  that  the  maximum 
value  of  V  is  j  i 

(Max)v  =  cJ^  ^c  J^ 

We  further  find  that  r  =  0,  when  «  =  2c,  which  shows  that  the  body 
will  stop  when  the  compression  of  the  spring  is  equal  to  the  original 
elongation.  The  instant  it  stops,  it  starts  back,  all  conditions  being 
reversed. 

Under  the  assumed  (imaginary  or  ideal)  conditions,  the  body  will 
continue  to  oscillate  forming  a  ^'straight  pendulum,'* 

The  time  of  an  oscillation  will  be  found  by  integrating  the 
general  equation 

d8 


_  ds  _     Im 


o 


.      ^/m  .    «T  \m  \W  ,„v 

<i  =\  —  arc  ver  sin-      =w-v— =^\1 —  (3) 

It  is  seen  that  the  time  is  proportional  to  the  square  root  of  the  mass, 
inversely  proportional  to  the  square  root  of  the  stiffness  of  the  spring, 
and  independent  of  c,  the  ^'amplitude**  of  the  oscillation.     This  property 

Jdz  z 

^  =  arc  ver  sin  r.     If  ^  be  the  arc. 


Mm 

then  ver  sin  ^  =  -.  =  l  —  cos  e. 

k 
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of  equal  times  for  all  values  of  c  gives  the  adjective  "isochronous**  to 
this  pendulum  and  "harmonic'*  to  the  motion. 

If  the  arc  in  the  general  equation  for  ^i  be  called  0^  we  have  as  the 
general  value  of  t:  . — 

t-0^i^  (4) 

6  being  defined  by  the  equation 

ver  sin  ^  =  —  =  1  —cos  6 
c 


or 


cos 


0^ 


C  —  8 


If  a  circle  with  radius  c  and  center  N,  be  drawn  on  the  level  plane* 

and  an  ordinate  be  drawn  from  any  position 
of  the  oscillating  body  A,  the  intercepted  arc 
determines  0^  as  shown  in  Fig.  238. 

When  8=^ic,  it  is  seen  that  ^  =  7r.  Sub- 
stituting for  8  the  value  c(l— cos^)  in  the 
values  for  a  and  v^  and  using  the  equations 
above,  we  have  the  following  relations  between 
the  co-ordinates  of  the  moving  point  A\  and 
the  position,  acceleration,  velocity  and  time 
of  the  body  A : 

«  =  c  versin^  =  c  (1— cos^ 
d*  =  c  sin  0  d0 


lie.  S88 


t 


-V 


m 


csm 


0 


a=  J-c  cos  0 
m 


(5) 


If  we  diflFerentiate  equation  (4),  we  have 

m 


dd 


di  or 
m  dt 


(«) 


which  shows  that  0  increases  uniformly \  in  other  words,  the  point  A' 
and  the  radius  NA'  go  around  the  center  N  at  a  uniform  rate.  The 
"time-rate"  of  this  angular  motion  is  called  its  ^'angular  veuxsUy^** 
and  is  quite  generally  represented  by  the  Greek  letter  a>  (omega). 


and  a)s 

m 
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dt    M;: 


If  we  let  x^c^Sy  the  distance  from  N,  we  have 

x^c-'S=^ccos6 
dx=  —csindd6 
d^x^  -ccosd  (d0)^^  -x(d0)^ 

but  dO^wdU  hence  we  get  at  once 

dH 
dfi 

which  is  the  differential  equation  of  a  Simple  Harmonic  Motion. 

281.  Vibration  against  constant  friction.  1.  Referring  again  to 
Fig.  237.  Let  the  friction  be  fW.  If  8  is  the  distance  of  the  body 
A  from  0,  and  A  is  moving  towards  N  so  that  ds^  v  and  a  are  positive, 
we  have  n        /        \     xnr 

^.^i-fW+pjc-s)) 
m 


vdv  =  —  (  c  —  *  —  - —  )  ds 
m  V  p  / 


The  velocity  v  is  zero,  not  only  when  a  =  0,  but  when 

P 

which  shows  that  compared  with  the  former  case  when/=0,  the  double 

amplitude  has  been  diminished  by  the  quantity  -^ —  »  which  is   inde- 

V 
pendent  of  c;     this  shows  that  the  return  oscillation  starts  at  a  less 

distance  from  the  neutral  point,  and  as  the  shortening  of  the  ampli- 
tude is  independent  of  c,  the  second  oscillation  is  shortened  by  the  same 
amounl\   hence,   it   will  begin   its   third  oscillation   at   the   distance 

4tfW 
c ' —  from  N;  and  at  the  end  of  the  nth  oscillation  it  will  stop  with 

a  central  distance  c — •    When  c—  — ~ —  <  — —  the  body  will  not 

start  again.  ^  V  V 
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2.     To  find  (i  we  integrate   \    dt=    I   —   and  have 


M 


f  m 
*i=  V  — arc  ver 


JrL        (s) 


which  is  identical  with  the  time  when/=0.     Which  shows  that  the 
time  of  oscillation  is  the  same  with  friction  as  without  it. 

289.  Ideal  problem.  A  body  weighing  W  lbs 
is  attached  to  s  spring  balance,  whose  force  (or  still- 
ness) is  p.  Fig.  239.  The  body  is  partly  supported  by 
the  spring  which  lifts  pai,  and  partly  by  the  shelf, 
W-psi. 

The  shelf  is  suddenly  knocked  away  and  the  body 
descends.  The  space  passed  over  is  best  measured 
from  the  shelf  line.  Consider  the  condition  after  a 
time  t  has  elapsed.  The  distance  moved  is  now  t. 
The  unbalanced  force  which  causes  the  motion  now  is 

_W~p(s,+») 


vdv=  ads 


—  r  IT  —  p*i — pa\  d» 

It  is  now  seen  that  o  =>  0,  when  a  =  2  ( ai  1  =  c.    This  measures 

the  distance  c,  which  the  weight  will  descend,  and  then  atop  and  return. 


WHEN  THE    TENSION  IS    TWICE  THE   WEIGHT 
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ds 
The  time  of  fall  is  found  by  integrating  the  equation  dt=  — 

V 

ds 


%J  o  %J  o 


(«(t -)•-)' 


Im 


s 


arc  ver  sin  — 
p  W 


Hence 


If    71  ^111 


-Si 

V 


which  is  the  same  as  for  the  horizontal  spring,  and  is  independent  of 
#].  All  this  means  that,  under  ideal  conditions,  we  have  here  a  verti- 
cal, isochronous  pendulum. 

The  interesting  point  is  the  maximum  tension  in  the  spring.    The 
tension  equals  p  times  the  total  stretch. 


When  «  is  a  maximum 


T^pis+si) 

W 

V 


-(?-) 


If  now  ^1  =  0,  which  means  that  there  is  no  initial  stretch  in  the  spring 

(that  is,  the  shelf  is  raised  8i  or  the  spring-balance  is  lowered  so  that 

the  index  stands  at  zero  when  the  shelf  is  knocked  away),  the  total 

W 
descent  of  W  \s%  — ,  and  the  tension  in  the  spring  at  the  lowest  point  is 

V 

This  means  that  when  a  load  (weight  W)  is  suddenly  placed  upon, 
or  hung  upon  (without  a  preliminary  drop), 
an  unloaded   (and  imponderable)  spring, 
the  tension  or  load  pressure  produced  at 
the  end  of  an  oscillation  is  equal  to  ^W. 


2  8  8.    A  horizontal  elastic  bar  sap* 
ported  at  the  ends  is  a  light  spring,  tho 

not  imponderable.     Fig.  240.      A  heavy 
weight,  suspended  by  a  cord,  and  in  con- 


■f. — . 


lie.  940 
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tact  with,  but  not  pressing  upon»  the  bar  at  the  center,  is  suddenly 
released  and  the  bar  is  made  to  spring  down  and  up.  If  the  first 
descent  is  automatically  recorded,  it  will  be  found  to  be  nearly  double 
the  static  deflection  produced  when  the  bar  and  weight  are  at  rest. 
A  heavy  weight  on  a  spring  balance  which  has  a  long  spiral  woidd 

perhaps  show  a  nearer  approximation  to • 

V 
Remarks.      The  problems  involving  a  spiral  spring  were  called 

ideal,  because  no  account  was  taken  of  the  mass  of  the  spring  itself. 
Still,  it  is  evident  that  it  is  prudent  in  practice  to  place  heavy  bodies 
upon  springs  gradually  and  not  suddenly.  For  example,  if  a  man  is 
to  walk  a  plank  which  seems  barely  strong  enough  to  support  his 
weight,  he  should  move  along  slowly.  Engineers  driving  heavy  loco- 
motives over  weak  bridges  are  told  to  slacken  speed.  The  greatest 
tax  upon  the  bridge  comes,  not  when  the  locomotive  is  in  the  center, 
but  later  when  the  heavy  machine  is  being  lifted  quickly  to  the  top 
of  the  far  abatement.* 

284.  Damped  vibratioii*  Referring  once  more  to  the  horizontal 
spring.  Fig.  £37,  instead  of  a  constant  retarding  force  like  friction, 
assume  that  the  retarding  force  is  proportional  to  the  velocity,  say,  kv. 
If  the  vibrating  body  started  from  a  point  distant  c  from  the  neutral 
center,  and  has  moved  the  distance  c  —  x^s^in  general,  so  that 

ds^  —dxy  we  have  i?  ?  /i\ 

F^px^kv  (1) 

in  which  v  is  multiplied  by  k  to  produce  the  retarding  force. 

F  _  a    .      _  px  —  kv  _  d^s  ^  _  d}x  ,  . 

W^g"^         m  dfi'      dp 

Substituting  for  v  its  equal,  ( J  >  we  have  the  differential  equation 

\      dt  / 

^  +  A.^  +  £?=0  (8) 

dt^        m    dt       m 


*  The  oft-quoted  argument: — that  a  rapid  skater  who  goes  over  thin  ice  with 
safety,  while  the  slow  skater  breaks  thru,  thus  proves  the  contrary  of  what  is 
said  in  the  text, — is  not  relevent  to  the  case  of  a  plank  or  bridge  supported  at  the 
ends.  The  ice  has  a  continuous  support  and  it  cannot  deflect  without  moving  a 
large  mass  of  water.  It  takes  time  to  sensibly  move  large  masses  of  water  by  a 
gentle  pressure,  and  it  requires  a  heavy  pressure  to  move  it  quickly,  as  one  can 
prove  by  striking  the  water  with  the  flat  surface  of  a  paddle. 

The  reader  will  recall  the  shrewd  reply  of  George  Stephenson  to  the  M.  P.  who 
questioned  the  strength  of  a  rail  under  the  wheel  of  a  six-ion  locomotive  moving 
at  the  high  rate  of  12  miles  per  hour!  The  reply  was  fallacious,  but  it  worked. 
See  Smiles 's  Life  of  Geo.  Stephenson. 
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For  the  general  integral  of  this  equation,  the  student  is  referred  to 
a  later  study  (which  he  ought  not  to  neglect),  viz. :  Differential  Equa* 
tions.     He  will  find  the  integral  in  this  form: 


in  which         A.=  '^+^^''^vm  ^  ^^+ v;^::fei 


(4) 


Ic  D 

where  for  brevity  ft= and  ft^—  jfl.   The  quantities  A  and  B  are 

2m  m 

constants    of   Integration   to  be  determined    by   initial   conditions. 

There  are  three  cases. 

Cabb  I.     When,  as  generally  would  be  the  fact,  fc*<4pm,the  radical 

involves    V  — 1  as  ft*  is  less  than  6*. 


form  ^^ut 


In  this  case,  let   V6*— ft^^^S,  then  the  general  integral  takes  the 

(  A  cos  {fit)  +B  sin  {fit)  \  (5) 

To  find  A^  we  know  that  when  /==0,  2;=:c,  in  (4)  and  (5) 

hence  A^c 

We  also  know  that  when  <  =  0,  t?  =  0. 
Differentiating  (5) 

we  get  y  =  -/xc-'**[Acos(/30+Bsin(/30]  + 

€-^'i-A  fi8in{fit)+Bficos{/3t)\  (6) 

and  when  ^~0,  this  becomes. 

o^-fiA+Bfi 


ciL  ck 

hence  B  —  -^  = 


fi      ^m^lb^-li^ 

ck 
B^    , =^ 

y4ipm — k* 

A^c 
k 


(7) 


/!,= 


2m 


p_  '>l\pm-'  k^ 
2m 
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The  oscillations  are  isochronous,  but  the  amplitudes  diminish  at 
a  diminishing  rate  and  the  body  comes  to  rest  at  the  center  only  after 
an  infinite  time. 

The  first  oscillation  is  completed  in  the  time 

^=  —  =  -,  when  x=  — ^Ic  ^  •      (8) 

The  first  amplitude  will  equal 

c+(-x)  =c(l+€  ^  )  (9 

Case  II.  If  the  radical  is  real;  that  is,  if  fi^>V9  the  integral  as 
given  is  in  proper  form.     Eq.  (4). 

Since  x  =  c  when  ^  =  0,  the  equation  gives 

c^A+B. 

dx 

When  v==0,  that  is  when is  zero,  and  <  =  0,  we  have 

di 

o^Ahi-^-Bht 
hi 


Hence  A^c 


B  =  c 


A2 — hi 

hi 
hi  —  A2 


(10) 


There  is  no  oscillation,  as  v  becomes  zero  only  when  if  =  00 . 
Case  III.     When  the  radical  is  zero;  that  is,  when  l^  =  4ipm.     This 
is  what  is  known  as  a  case  of  equal  roots,  and  the  general  solution  is 

x^e^'^iAt+B)  (11) 

To  find  -B,  we  let  <  =  0,  and  x  =  c, 

whence  5  =  c. 

dx 
To  find  A,  we  put  —  =0  and  let  <  =  0 

dt 

0=  -•  —  c2«*  Ut+c)+A€^ 

J       ck 
-4  = 


2m 
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£01 


Hence 


V2m        / 


(12) 


There  is  here  no  oscillation  as  the  body  comes  to  rest  only  when 
t=oo. 

In  every*  case»   since   all  constants   are    now  known,   and    since 

dz 
9«  —  —  f  the  quantities  v,  s  and  x  are  found  for  any  value  of  U 

dtf 

285.  Motion  of  translation  in  a  drcular  path.  It  was  shown  20& 
that  a  solid  body  could  have  a  motion  of  translation  tho  every  point 
in  it  described  a  circle*  If  the  paths  were  circles,  no  two  points  had 
the  same  circle,  and  all  circles  were  equal.  In  the  present  case,  we 
will  take  the  best  representative  point  of  a  solid  body,  viz. :  its  center  of 
gravity,  as  tho  the  whole  mass  of  the  body  were  concentrated  there. 

Now,  no  such  body  can  be  moving  in  a  circle  under  balanced  forces: 
there  must  always  be  a  resultant  unbalanced  force. 

We  will  first  suppose  that  the  C.  G.  of  the  body  is  forced  to  move 
in  the  arc  of  a  vertical  circle  by  the  joint  action  of  gravity,  and  a 
smooth  circular  guide*  See  Fig.  241. 
The  body  (that  is  the  point  C)  was 
originally  at  Ci,  and  the  ideal  radius 
CiO,  made  an  angle  a  with  the  vertical 
OA.  The  body  as  represented  is  slid- 
ing down  the  guide  with  a  velocity  in 
its  path  of  V.  (The  body  must  not 
roily  it  must  slide.  The  guide  is 
smooth;  friction  would  make  it  roll. 
Rolling  bodies  do  not  have  motions 
of  translations  alone;  they  combine 
rotation  with  translation,  a  subject 
not  yet  discussed  in  this  book.  We 
have  as  yet  no  equations  which  apply 

to  rolling  or  rotating  bodies.     In  this  case  the  point  H  on  the  top  of 
the  body  is  always  on  top.) 

Two  forces  act  on  the  body :  W  down,  and  N  (the  action  of  the  guide) 
towards  0.  The  tangential  component  of  W  is  F^W sin0,  the 
unbalanced  force  in  the  direction  of  its  motion.  The  unbalanced  por- 
tion of  the  guide's  action  does  not  affect  the  velocity. 


Hence 


Wsind      a 


W 
a 

vdv- 


9 

•gsinO 

g  sin  Ods 
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Now,  ds  is  an  element  of  the  arc  CAy  and  it  subtends  a  differential 
of  ^  at  a  unit's  distance  from  0.  But  dd  is  negative;  hence  ds—  -^rdB^ 
and  1  •    /I  i/i 

The  limits  of  integration  for  v  are:  o  and  v;  for  0  they  {tre  a  and  ^; 
hence  ^ 


—  =  arcos^      =yr(cos^— cosa) 
«  Ja 


V'^'yl^g  (r  cos  O'-r  cos  ay  (1) 

f  =  V2^,  it  h^OK-OE.  (2) 

from  which  it  appears  that  the  velocity  of  the  sliding  body  is 
(under  the  ideal  conditions)  due  solely  to  the  vertical  descent  of 
the  body.     When  the  body  reaches  Ay  its  velocity  will  be 


»  =  V  ^g.EA  =  ^^r{l  -  cos  a) 

just  as  tho  the  body  had  had  a  free  fall  (in  the  vacuum)  from  Ci  to 
the  level  of  A.     The  time,  however,  is  very  different. 
We  find  the  time  of  descent  by  integrating  the  eq. 

J  *~J  V       yl^grj  (cos^-cosa)*         ^^gj  (cos^-cosa)*        ^^^ 

286.  It  is  easy  to  get  an  approximate  value  of  ^  as  ^  changes 
from  a  to  zero,  which  is  very  accurate  for  small  values  of  a;  but  it  is 
a  little  diflScult  (by  means  of  an  integration  into  a  series)  for  larger 
values  of  a  up  to  tt. 

Develop  cos  6  and  cos  a  by  M cLauren's  Theorem 


cos^=l-- hi —  —etc. 


a?  .   a« 


cosa=  1 f-  T—  —etc. 

(cos^-cosa)=  l(a2-^)-— (a*-^)+etc. 

When  a  is  small,  we  may  neglect,  when  we  substitute,  all  after  the 
first   parenthesis.     Substituting,    we    have 


t^-jL      ^r ,  (4) 
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To  get  the  time  of  descent  to  A,  we  integrate  from  ^=a  to  ^=0. 


U 


\r  .    ej     TT    Ir 

X— arc  sin—     ==— '\  — • 
^9  aj^     ^yg 


If  the  guide  is  continuous  beyond  A^  the  body  will  be  stopped  by 
the  negative  value  of  the  unbalanced  force,  Wsind, 

»  =  0  when  cos  ^=cos  a 

which  gives  two  values  of  0^  viz.: 

v  =  a  and  6=  —a 

The  value  was  +a  at  the  start,  and  will  be  ( —  a)  at  the  stop.    Hence 
to  find  the  time  from  start  to  stop,  we  give  the  limits  +a  and  —a. 

<i=--J-*rc  sin-       ^^LllL  +  IL   =irJ-  (5) 

^9  a]         yg\^       ^  yg 

The  guide  in  Fig.  241  may  be  replaced  by  an  imponderable  inelastic 
cord  COt  thereby  forming  a  simple  pendulum,  provided  we  neglect 
the  slight  rotation  of  the  moving  body;  and  (5)  is  the  approximate 
formula  for  a  **simple  pendulum^*  which  is  an  ideal  heavy  ball  without 
size,  and  an  imponderable  radius  rod  r  swinging  in  a  vacuum.  The 
tension  in  the  rod  replaces  the  normal  action  of  the  smooth  guide.*  As 
the  sisse  of  the  initial  angle  does  not  appear  in  the  value  of  tu  it  can 
be  any  very  small  angle,  without  sensibly  affecting  ti. 

287.  To  derive  a  more  accurate  value  of  h  for  any  value  (less 
than  tt)  of  a,  we  proceed  as  follows: 

Taking  again  the  equation 

1      r  -rdO 

•yl%g  J  (rcos^— rcosa)* 

we  put  0^%<l> 

dd^%di^ 
cos^=l— 2sin*<^ 
r— rcosa=A  =  £^.     Fig.  241. 


*  While  the  motion  of  a  simple  pendulum  is  not  strictly  translation,  yet  as  the 
heavy  ball  was  assumed  to  be  "without  size/'  its  anj/uZarmotion  while  oscillating 
may  be  neglected.  The  simple  pendulum  is  a  purely  ideal  thing;  there  are  no  real 
simple  pendulums.  All  pendulums  are  compound  tho  they  may  approximate  the 
"simple".    See  Chapter  XV  for  the  Compound  Pendulum. 
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Then  ^^ 1_    j  grd<^ 


(6) 


If  we  write  i*=  — »  so  that  A:  =  sin—  »  and  make  sin<i  =  ksinB  we 

2r  2  7-  /- 


have  iitk^—^^^^^^ 


k  cos  )8  (f  )8 
cos  <^  k  cos  ^ 


(l-Jk^sin^^)* 

When  ^=a,  )8=- 

and  when  ^  =  0,  ^=0 

hence  I  dt  corresponds  to  —  \  d0  and  +  I  d/8 


(7) 


<i 


TT 

hence  -  =  +  J  -  j  (1  -  fc'sin«)8)""*  <^^ 

Developing  by  the  binomial  theorem  and  integrating  term  by 
term,  we  obtain,  after  substituting  for  fe^,  the  following  formula  for 
any  value  of  h  up  to  2r. 

-'#+(^)'^(H)'ar+(rM)'(rJH<'> 

in  which  h  —  EA^  the  vertical  descent. 

If  h  is  greater  than  r,  the  guide  should  be  inside,  or  the  rod  of  the 
simple  pendulum  should  be  capable  of  resisting  thrust. 

It  is  seen  that  if  h  is  so  very  small  that  when  compared  with  unity 
the  various  multiples  of  h  may  be  neglected,  £q.  8    reduces  to 

^9 
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288.  Sliding  down  a  cycloid.  Let  the  body  slide  down  a  smooth 
guide  so  that  the  C.  G.  describes  the  arc  of  a  cycloid  in  a  vertical 
plane,  the  base  of  the  cycloid  being 
horizontal.  Fig.  S42.  Instead  of  a 
smooth  cycloidal  guide,  we  may  use 
the  normal  tension  along  the  radius  b\ 
of  curvature  p,  thereby  making  the  ^] 
device  a  simple  cycloidal  pendulum. 

As  in  the  case  of  the  circle,  -^^ 

F^WsinO 
a^g  sind 
vdv^gsinOds^  —gpainOdO,  ««,»«« 

and    since    by    the    law  of    the   cycloid    the   radius    of   curvature 
/)=PS  =  2PiV  =:4rcos^ 

vdv  =  —  4rgr  sin  0  cos  0  d0 


Hence 


-  =  — 4rfir 


sin*^  |^_ 


+2rfir  (sin«a-sin«^ 


=  2  Vrfir(sin«a  -  sin«^  * 


1  —^rcos0d0 

2  y/rg      (^^^^  ^  "  sin*  0)  * 


*= — 7= 


ti         ^    Ir  .    sin^l       _      r 

-  =  -2^-arcsin-^ —     =^\- 
2  ^  g  sm  aj  ^  g 


which  is  independent  of  the  initial  angle  ou     Hence  ^i,  the  time  of  a 
full  oscillation,  is  r— 

/i  =  27rJ-     • 

The  radius  of  curvature  of  the  cycloid  at  the  point  Ais  p^4^. 
If  we  write  l^p^ir,  we  have 


,,=2^^1:=^^1, 


which  18  the  time  for  a  simple  pendulum  whose  length  is  L 

The  result  shows  that  the  time  is  independent  of  the  position  of  th« 
point  of  starting,  and  that  the  cycloidal  pendulum  is  isochronous. 
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It  will  be  shown  under  the  head  of  rolling  bodies  that  a  sphere  roU^ 
ing  down  a  guiding  surface  parallel  to  the  above  cycloid,  has  an 
isochronous  descent,  provided  the  path  of  the  center  is  the  cycloid  itself. 

230«  A  sliding  contest  It  has  long  been  known  that  the  time 
occupied  by  a  bcdy  sliding  from  Aq  to  A  along  a  smooth  guide  will 

be  less  for  a  cycloid  than 
for  any  other  guide.  It 
may  be  of  value  to  com* 
pare  the  times  for  a  slide 
from  Ao  to  A  along  three 
different  ideal  paths:  a 
smooth  inclined  plane;  a 
smooth  circular  arc;  and 
a  smooth  cycloid;  the 
curves  being  tangent  to 
a  horizontal  line  at  A. 
Fig.  £48.  Let  r  be  the 
radius  of  the  rolling  circle 
which  generates  the  qtc- 
vie.  MS        »  ^z::::<::sJ  i       loid,  then 

A0=^2r 

AqO  =  TTT. 

The  radius  of  the  circle  tangent  to  -4 Z  at  ^,and  passing  thru  ^o  is 

4f       \         4  / 

For  the  plane,       6  «  arc  sin  {—  «       ^      ),  and  sin  ^  «  — . 

\  8       V4+ir«/  8 

For  the  inclined  plane.     «  =  -  ^  sin  B\?. 

9, 


Hence 


g9.r 


^»=  —  «  -  (77«+4) 

9 


t  (for  the  plane)  =7r^-(l+  —  j 


The  time  for  the  cycloid  is 


t 


^8 


18 


(1) 


(2) 
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The  time  for  the  circular    arc  is  found    by  taking   the   time  of 

oscillation  of  a  pendulum  whose  length  is  R  =  ll'\ jr.         From 

(Eq.  8),  section  237,  we  have,  since  h^2r;  ^ 

which  is  greater  than  the  time  for  the  cycloid  by  an  exceedingly  small 
quantity. 

The  valuable  suggestion  lies  in  the  fact  that  the  time  for  the  smooth 
plane  is  eighteen  per  cent  greater  than  for  the  curves. 

The  velocity  with  which  the  body  reaches  A  is  the  same  for  all. 

240«  MisceUaneoiis  problems.  Thus  far  in  our  problems,  the 
unbalanced  force  and  the  mass  of  the  moving  body  have  been  given, 
and  we  have  found  two  of  the  variables,  v,  s  and  L  Let  us  now  sup- 
pose that  we  have  given  m,  Vq  and  8  to  find  an  expression  for  F. 

1.  Suppose  a  car  whose  mass  is  m,  moving  on  a  horizontal  track, 
strikes  a  spring  with  a  velocity  Vq  —  i  what  must  be  the  "force"  of  the 

spring  per  foot  which  will  stop  the  car  if  compressed  6  inches?  Omit 
for  the  present  the  energy  due  to  rotation  in  the  wheels,  and  assume 
that  the  spring  is  adequately  supported. 

Solution.  Let  p  be  the  "force"  required.  Let  us  suppose  the  car 
has  already  compressed  the  spring  a  distance  (in  feet)  8.  Then  at 
that  in8tant  jp 

"P*  -«   .  ^_  -P   . 
==— ,,a= *8 

W       g  m 

vdv^ads^  —  — *d« 

m 


^T    _p  /f 
«1      ^'«1 


4m 
.".  p^^mVi? 

'^  mch  Q 

£.     Numerical  example.     Find  p  in  lbs.  per  inch,  if  the  car  weighs 
16  tons  and  is  moving  at  the  rate  of  4  miles  per  hour. 
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8.  Suppose  a  projectile  weighing  500  pounds  is  discharged  from 
a  "smooth-bore"  gun  with  a  velocity  of  2,000  feet  per  sec.  Suppose 
further  that  the  distance  moved  in  the  chamber  of  the  gun  is  20  feet 
and  that  the  powder  burns  at  such  a  rate  that  the  pressure  of  the  gas 
behind  the  shot  is  maintained  constant.  Suppose  further,  that  the 
atmospheric  pressure  and  the  friction  as  the  shot  moves  along,  are 
constant  (neither  of  which  assumptions  is  very  near  the  truth).  What 
must  be  the  excess  of  the  gas  pressure  over  the  friction  and  atmos- 
phere? That  is,  what  must  be  the  unbalanced  force?  Assume  that 
ihe  gun  does  not  recoil.  Ans.  1,562,500. 

4.  Suppose  the  total  unbalanced  pressure  against  the  projectile  in 
the  above  gun  decreases  uniformly  to  one-half  of  its  initial  value,  at 
the  muzzle.     What  was  F  at  the  start? 

Soltdion.  Consider  the  conditions  after  the  shot  has  moved  a  dis- 
tance 8.    The  pressure  has  fallen  from  Fi  to 


-H^-h) 


Hence  to  get  the  acceleration  at  that  time,  we  have 

^(2Z-«) 

2Z  a  Fi(2Z-tf) 

W  g  '•  ^Im 


{^l-s)ds 


2 


Jo 


2lm 


K^) 


<'-'•"&(?) 


«  _  2m(2000)^  _  2X500X4,000,000 
3Z  32X20X3 

-  4,000,000^0  ^  33^  ,^^ 

1920 
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5.    Assume  that  Fi  in  the  gun  diminishes  at  the  uniform  time-rcUe 


motion  in  the  gun. 


till  it  is  —  at  the  muzzle.    At  the  time  U  if  h  is  the  full  time  of  the 
2 

h  2        2^1 
W      iWh 


d}8       Fig 


dt^     lOOWi 


(2<i-0 


Multiplying  by  dt  and  integrating: 

_d8  _    Fig 


dt      1000/ 
Multiplying  by  di  and  integrating  again  from  s 

1000<,  V  6  / 


-(2W--)  +  (H  =  0) 


0  and  t^O,  to  « 
5      Fig 


»20 


6    1000 


ti^ 


1000  V  2    / 


Fi^<i  = 


4,000,000 


Whence 


20  = 


4,000,000       5 


6000 


ti 


<i  = 


Fi  = 


18 


1000 
4,000,000X1.000 


32X3X18 
«  2,314,815  lbs. 

S41.    Motfon  prodaced  by  the  attraction  of  another  body.    It  was 
proved  by  Newton  that  the  mutual 

action   between   two    homogeneoui  . ^  '<x^'^^  '    X 

^^^        ^^^.  .^^^  ^^ 

spheres  was  proportional  to  the  prod-       ^  ^        ^*^ 

udt  of  their  masses  divided  by  the 
square  of  the  distance  between  their 
centers. 

Let  M  and  m  be  the  masses  of  two 
spheres.  Fig.  244,  whose  centers  were 
distant  A,   at  a   point  of  time  when /  —  O;  that  is,  when  m  started 


liff.  S«4 
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to  move  towards  M.     At  the  time  U  their  distance  apart  \sh  —  8—8u  if 
we  suppose  both  to  move. 

Let  k  be  the  mutual  attraction  between  two  units  of  mass,  when 
a  unit  of  distance  apart.  If  the  numbers  of  units  be  M  and  m,  since 
each  unit  in  one  acts  upon  each  unit  in  the  other,  the  total  number  of 
actions  between  them  will  be  Jf m,  and  the  total  action  when  their 
centers  are  a  unit  of  distance  apart  is  Mmk;  and  if  their  distance 

apart  be  increased  to  (A— «— tfi),  the  mutual  action  will  be • 

(A— «  — 5i)* 

Now,  let  M  be  the  mass  of  the  earth,  and  m  the  mass  of  a  body  in 

space  falling  straight  towards  the  earth  undisturbed  by  all  other 

bodies  (an  ideal  condition).     Under  this  action  both  M  and  m  have  an 

acceleration  towards  each  other;  but  if  m  be  small,  the  acceleration 

of  M  is  so  nearly  infinitesimal  that  it  may  be  neglected,  and  we  may 

assume  that  the  earth  is  absolutely  at  rest.     Hence  we  make  «i  — 0, 

and  have  ^j^    , 

F=-^^.  (1) 

Now  we  know  what  F  is,  when  h—s==R;  that  is,  at  the  surface  of 
the  earth;  it  is  fF,  the  weight  of  the  mass  m  when  measured  in  our 
standard  pounds  of  force.  Hence  Mmk^WIPf  so  that  the  general 
value  of  F  at  any  distance  is 

F^—^^—W 

(h^sr 

hence  f      o         ,  R^ 

—  =  — f  ana  a  = g  • 

W     g  (A-»)* 


When  the  body  reaches  the  earth's  surface 


"-"^'i^.F'^'^s-i)     « 


If  A  =  00 ,  V—  '>J2Rg  which  represents  the  superior  limit  of  velocity 
which  a  body  could  have  falling  from  space  to  the  earth's  surface 
under  the  conditions  assumed. 

242.  Problems  in  attraction.  The  law  of  mutual  attraction  of 
material  bodies  has  just  been  stated,  and  the  proposition  usually  proved 
in  books  on  the  integral  calculus  is  that  the  resultant  attraction  of  a 


THE    ATTRACTION    OP   A   THIN  CIRCULAR   PLATE 


211 


homogeneous  sphere  (or  a  homogeneous  spherical  shell)  on  an  external 
mass,  is  the  same  as  the  attraction  of  an  equal  mass  condensed  to  a 
material  point  at  its  center  of  gravity.     The  law  holds  for  spheres 
alone.     A  few  problems  where  the  attracting  bodies 
are  homogeneous  but  not  spherical  will  be  in  order 
at  this  point. 

1.  To  find  the  resultant  attraction  of  a  thin  circular 
plate,  radiud  R,  upon  a  unit  of  mass  at  a  point  in  the 
axis  of  the  plate  at  a  distance  h. 

Let  the  thickness  of  the  plate  be  U  which  is  very 
small.  Fig.  245.  A  ring  with  volume  Stirptdp  and 
mass  St^TTtpdp  has  a  resultant  attraction  upon  the 
unit  of  mass  at  ^,  if  A;  is  the  mutual  attraction  between 
two  units  of  mass  a  unit  of  distance  apart, 


dG^ 


^hhnpdp_Q^^^^^^__pdp 


cos 


lie.  a«5 


8' 


(A*+/>^)* 


and 


G=  -2ifc87rtA. 


T. 


(A^+P*)*  J. 


=  %vkhth 


(i--J=) 


(1) 


If 


fl  = 


R 


If  ii=oo 


A  V  3  or  A  =  ~7^  we  have 

G^k^TTt 

G  =  2fc87rt 


which  is  independent  of  h.  Hence  it  follows,  that  the  attraction  of  an 
infinite  plane  lamina  apon  an  external  mass  is  constant  for  every 
finite  position  of  the  external  mass.  The  attraction  varies  directly 
as  the  density  of  material,  and  for  plates,  as  the  thickness. 

2.  Since  the  attraction  of  an  infinitely  thin  plate  is  the  same  for 
all  points,  that  attraction  upon  exterior  masses  must  also  be  constant 
for  thick  plates  and  be  proportional  to  the  thickness. 

3.  A  body  falling  from  A  to  the  plane  would  have  a  constant 
acceleration  (like  bodies  near  the  earth's  surface)  which  would  be 

a  =  ^kS7rt;  just  as  g  is  numerically  equal  to 
the  earth's  attraction  upon  a  unit  of  mass 
on  its  surface. 

243.    The  attraction  of  a  small  straight 

rod  upon  an  external  unit  of  mass  in  a  per- 
pendicular bisector.     Fig.  246. 
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Let  the  cross-section  of  the  rod  be  A^  then  9ZAdx  is  the  mass  of  two 
symmetrical  elements.     Their  resultant  attraction  upon  a  unit  mass  at 


Bis 


j^     9,khAdx       /I     SthkhAdx 
diT  = cos  u  = - 


and 


0^%hkhA 


j    ^    dx 


To  integrate  this  let  x^h  tan 6 
Then  dx  =  h  sec^ Odd  and 


(A«+a:«)*  =  A»sec»^and 
(far  d^  cos  Odd 


Hence 


(x^+A*)*       A*sec^  A« 

I — 5-  =  —   I   cosffdO 

I    (x«+A«)*       A«   I 


Since  when  a?  =  0,  ^  =  0;  and  when  a:«  — »  tan^=  — 

2  2A 


cos 


t«4 

2* 


^d^  =  sin  I  arc  tan  —  |  =  sin  ^i  = ,  =     , — 


+P 


Therefore, 


If  /=« 


G  = 


0  = 


ikm 


h{ih*+l^)i  "a(4A*+/*)* 


and  the  attraction  is  inversely  proportional  to  h. 

244.    The  forces  acting  between  parts  of  a  moving  medianisni. 

Fig.  247  represents  in  skeleton  a  part  of  the  mechanism  of  the  steam 


hcmt 
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Fig.  948 


engine.  Assume  that  the  speed  of  rotation  (the  angular  velocity) 
a>  of  the  crank  is  constant;  and  that  the  total  steam  pressure  upon 
the  piston,  less  the  friction  of  piston^  piston  rod,  and  cross-head  is  S. 
Then  the  thrust  up  the  connecting  rod  is  less  than  S  sec<f>,  since  S 
is  diminished  by  the  force  used  in  giving  to  the  mass  of  piston,  piston- 
rod,  cross-head  and  one-half  of  the  connecting  rod,  the  acceleration 
due  to  their  motion.  The  chief  purpose  of 
this  section  is  to  find  this  accelerating  force 
which  must  be  subtracted  from  jS. 

Suppose  in  the  time  dt,  the  cross-head 
moves  dSf  and  the  connecting  rod  moves  to 
a  new  position,  which  it  takes  by  two  motions:  i^ 
a  translation  equal  to  ds,  and  a  rotation  d^.  P' 
Meanwhile  the  crank-pin  moves  rdd.  The  * 
three  elementary  movements  of  the  crank  pin  form  an  infinitesimal 
triangle  PP'P'  which  may  be  enlarged  for  better  illustration.  See 
Fig.  248. 

P'P'-^ds,  P'P=^cd<f>,  and  P^P^rdd.     The  figure  shows  that 

ds  =  rdd  sin  6+cd^sm^ 

dO 
dividing  by  dt  we  have,  since  —  =  a>, 

dt 

ds  '     O  i         •     JL  ^^ 

dt  ^  dt 

But  (Fig.  247)  c  sin  <^  =  r  sin  d=PQ*  hence 

t?  =  r  sin^l  a>+-^l 
\         dtJ 

To  find  — »  we  differentiate  the  equation  just  used. 
dt 

c  cos  <f>d(j>  =  r  cos  Od0 


ra>  cos 


0 


Hence 


dS      r  cos  0 

dt       ccos<f>  Vc*—r*  sin^^ 

(.    A  ,    cos  ^  sin  ^    \ 


(1) 


in  which  Ar=  —  >  a  ratio  which  varies  some  in  practice,  but  is  rarely 
less  than  4.*   ^ 


*  If  k  were  very  laige,  the  crosshead  A  would  have  approximately  a  "harmonic 
motion/'  and  the  force  we  are  seeking  would  be  px,  for  a  spring  acting  upon  the 
mass  of  the  reciprocating  parts,  with  an  amplitute  of  oscillation  equal  to  r. 
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To  find  a  the  acceleration,  we  differentiate  v, 

dv 
dt 


^     ^.J      a      .  ^[(cos2^-sin«^ifc«+sin^^]\ 
V  (jfc»-sin«^»  / 

.J       p,   (2cos25-l)Jfc2+sin*^\ 

Hence  S',  which  is  to  be  subtracted  from  8  in  order  to  give  the  proper 
acceleration  to  the  mass  of  the  reciprocating  parts,  is  S'  —  ma. 

Hence  (<S  — ma)  sec<^  is  the  thrust  up  the  connecting  rod;  and  its 
component  perpendicular  to  the  crank-arm  is 

(iS  —  ma)  sec  <^  sin  {<f>+0) 

and   the  turning  momeiit    (the  "Torque**)    is 

M^{S— ma)r  sec  <f>  sin  {(j>+d),  (8) 

N.B.  See  Note  I,  Appendix. 

Diacuaaion  of  Results. 

When        ^=0  or  TT  (the  common  dead  points), 
a=aro**(lH — lora=— rcj^{  1 I 

As  0  increases,  a  »  decreases,  but  v  increases. 

When  ^  =  ->         a  = «  ra>*— ;        and  v^ro) 

which  is  the  constant  velocity  of  the  crank  pin.  This  shows,  since  a 
is  already  negative,  that  the  velocity  has  passed  its  maximum,  and  we 
properly  conclude  that  at  some  point  in  the  first  quadrant  (and  in 
the  fourth)  of  0,  the  velocity  of  the  reciprocating  parts  is  greater 
than  the  velocity  of  the  crank  pin. 

So  long  as  a  is  positive,  iS'  has  a  positive  value,  so  that  the  torque 
is  less  than  would  be  the  case  if  the  reciprocating  parts  were  without 
mass. 

Whena  =  0,  S  =  0. 

When  a < 0,  S<0  and  S  instead  of  being  diminished  is  increased  by 
the  positive  quantity  {  —  am)^  and  the  '"torque"  is  increased  during  the 
stroke  from  the  value  of  0,  which  makes  a  zero,  to  the  end  when  6^n. 

Thus  we  see  that  the  effect  of  heavy  reciprocating  parts  is  to  some- 
what equalize  the  torque,  tho  the  supply  of  steam  may  be  cut  off  and 
the  pressure  may  become  less,  during  the  last  part  of  a  stroke. 


CHAPTER  XV. 

Moments  of  Inertia  of  Solids.      Rotation  of  Bodies.      Trans- 
lation AND  Rotation  Combined. 

245.  Moments  of  inertia  of  solids.  In  Chapters  IX  and  X 
we  found  and  made  use  of  the  Moments  of  Inertia  of  Surfaces  of 
action;  we  now  are  in  need  of  the  moments  of  inertia  of  Masses.  In- 
stead of  multiplying  an  element  of  a  surface  by  the  square  of  its  dis- 
tance from  an  axis  in  its  plane,  we  shall  multiply  an  element  of  ma«« 
by  the  square  of  its  distance  from  an  axis  in  space. 

The  algebraic  expression  for  an  element  of  mass  is 

dm^hdV 

Definitions.  The  Density  of  a  mass  is  the  number  of  units  of  mass 
in  a  unit  of  volume,  and  is  represented  by  the  letter  S  (delta).  Unless 
otherwise  stated  the  density  of  the  body  under  consideration  will  be 
constant,  i.  «.,  the  body  will  be  homogeneous. 

A  clear  concept  of  a  Unit  of  mass  is  gained  from  the  equation  of 

definition  already  used  ^ 

—  =m 
9 

Since  gr  =  32-|-,  it  is  evident  that  the  number  m  will  be  unity  when 
W  is  numerically  equal  to  g^  i.  e.,  A  unit  of  mass  weighs  32.16  lbs.  under 
standard  conditions. 

240*  General  formulas.  The  distance  of  an  element  of 
mass  from  the  axis  of  moments  will  in  general  be  called  p^  and  the 
Moment  of  Inertia  will  still  be  called  /,  tho  it  now  has  a  new  mean- 

mg.     Hence  dI  =  f^dm^f^BdV.^8p^dxdydz. 

I  =  ff^dm  =  8ff^dV^  Bfjfp^dxdydz. 

The  element  of  volume  may  be  represented  in  various  ways  accord- 
ing to  the  kind  of  co-ordinates  used,  and  according  to  the  relation 
of  the  axis  to  the  solid.  The  above  formula  requires  three  integra- 
tions; the  form 

dV^ydxdz      requires  two  integrations. 
dV  =  yldx        requires  but  one  integration. 

There  are  other  forms  using  circular  co-ordinates. 

(215) 
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It  is  evident  that  when  the  element  has  a  finite  dimension,  every 
portion  of  the  element  must  have  the  same  value  of  p.  Care  will  be 
taken  in  what  follows  to  select  the  simplest  elemental  form. 

The  Radius  of  Gyration  is  again  introduced,  and  as  before 

The  fitness  of  the  name  may  now  be  shown.  If  we  imagine  the 
entire  mass  of  a  revolving  body  to  be  condensed  into  an  infinitely 
thin  cylinder  whose  radius  is  k,  and  whose  axis  is  the  axis  of  inertia 
of  the  body,  we  see  that  by  definition  mh^  is  its  moment  of  inertia. 
Hence  k  is  the  radius  of  a  thin  cylinder  equivalent  to  a  given  body  in 
so  far  as  concerns  its  Moment  of  Inertia. 

The  axis  referred  to  will,  in  general,  be  an  axis  of 
symmetry,  if  there  is  one. 

r  247.    Problems. 


o 


lie.  M9 


Ex.  1.  The  J  of  a  straight  bar,  or  rod,  whose  cross- 
section  is  dA,  and  whose  length  is  l.  The  axis  is 
thru  the  center  at  right  angles.  The  element  lies 
between  two  consecutive  cross-sections,  and  p^x; 
hence  dV  =  dAdx;  hence  (Fig.  249): 


^2 


(xHx)dA=SdA 


H 


--i 


^dx^BdA  — 
S 


=  8dA  —  =  m.  —  =  mfcA 
12  12 

"  2 


*^axis**  was  thru  the 


The  subscript  (o)  to  /  and  k  signifies  that  the 
center  of  gravity. 

Had  the  axis  YY  been  at  end  of  the  rod,  we  should  have  had 


I^SdA 


^dx  =  odA  —  =  m.  —  =  mP. 
3  3 


Had  the  cross-section  been  finite,  it  is  evident  that  all  points  in 
the  element  could  not  have  been  equally  distant  from  OY.  The 
problem  for  a  bar  or  block  with  finite  dimensions  is  therefore  deferred. 

In  the  above  example,  every  element  had  the  same  cross-section 
dAi  and  the  same  dimension  dxy  and  the  p  of  an  element,  was  the  x 
of  the  element. 

Ex.  2.  The  moment  of  inertia  of  an  infinitely  thin  plane  plate, 
with  respect  to  an  axis  in  the  plate  and  thru  the  center  of  gravity 
of  the  plate.  ^  ^ 

^0  =  ^1  {x^)ydxdz  =  8dz  J  yxHx 


-■ 1 \—r 

« 

< 
I 
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Here  we  have  an  element  of  finite  length  every  part  of  which  is  of 
the  same  distance  from  the  /-axis,  YY\  hence  p  \^  x  for  the  whole 
length,  so  we  can  place  the  constant  factors  8  and  dz  (the  thickness) 
in  front  of  the  integral  sign  and  sum  the  terms 
yxHx.  Fig.  £50.  The  value  of  y  must  be  found 
in  terms  of  x  and  the  integral  must  be  taken 
between  proper  limits.  With  such  a  plate  the 
problem  is  not  new;  it  is  worth  while,  however,  to 

Vlff     QUA 

recall  the  results  found  in  a  former  chapter,  and 

we  must  not  forget  to  prefix  the  constant  factors,  and  then  use  the 

thickness  in  getting  the  volume,  and  8  in  getting  the  mass. 

S48«    The  moment  of  inertia  of  tliin  plates.    See  152-157. 

The  rectangle, 

J-axis,  a  diameter  parallel  to  b.         lo  —  odz —  =m —  ^mko^ 

^  12  12 

J-axis  is  the  base  /  =  8dz —  =m—  =mfc^ 

3  8 

The  triangle, 

J-axis  thru  0  parallel  to  base  I©  =  Bdz  —  =  m  —  =  mko^ 

^  36         18 

J-axis,  the  base  J  =  8da —  ^m-^^mk^ 

12  6 

J-axis  thru  vertex  parallel  to  base      J  =  8dz —  =m—  =mA:^ 

4  2 

The  circle, 

J-axis,  a  diameter  Iq  =  8dz  —  =  m  -  >     fc*©  =  — 

4  4  "^     4 

J-axis,  a  volar  axis  Jo  =  8dz —  =m  — >     I^o^s  _  . 

2  2  2 

The  ellipse, 

T       •  •  •  r       S^j   ^^^'  ^*         T«        «* 

J-axis,  minor  axis  Iq  =  odz =  m  — »     fc*  =  — 

4  4  4 

T  •  •  •  T  S^J      ^^*'  **  7*  &* 

J-axis,  major  axis  i©  =  oaz =7/1—.,      Jc^^^  ^ 

4  4  4 

J-axis,  polar  axis     J©  =  odzwao ,  =  m >      P  = • 

4  4  4 

All  of  the  above  are  preliminary  to  the  finding  of  J  for  solids  of 
three  finite  dimensions.     Some  of  their  uses  will  now  be  shown. 
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249.  I  aboat  a  parallel  axis.  Hav- 
ing given  the  Iq  of  a  solid»  find  the 
I  for  a  parallel  axis  distant  Tq* 

Assume  the  two  parallel  axes  are 
perpendicular  to  our  paper;  the  axis 
for  Iq  being  at  0,  and  the  axis  for  / 
at  A.  Let  dm  be  at  any  point  in  a  line  thru  C  parallel  to  the  J-axis, 
and  p  its  distance  from  the  /-axis.    Then 

but  /J^^fo^+r^+Sror  cos  ^,  and  our  integral  becomes 

I  =^To^jdm+ fr^dm+iroj{r  cos  ff)  dm=mro^+Io+irof{OB)dm 

Now  OBdm  is  the  moment  of  an  element  of  mass  about  an  axis  thru 
G;  hence  jOBdm=^0y  and  our  formula  for  a  parallel  axis  when  Iq  is 


known  is 


I  =  Io+mro^ 


f      ~  "Y 


Application.  A  rectangular  solid  with  dimensions  a,  6,  c,  has  an 
axis  of  inertia  thru  its  center 
parallel  to  the  edges  6.  Find 
ly.  Fig.  £52.  Soluiion.  Pass 
two  consecutive  planes  perpendi- 
cular to  OXf  and  distant  x  and 
x+dxt  giving  the  lamina  whose 
volume  is  bcdx,  and  whose  mass 
is  Sbcdx. 

The  /  of  this  element  about  its 
C.  0.  parallel  to  OY  is  by  24S 
and  by  249, 

lo'-Sdx^'" 


Flg.S69 


fcc» 


12 


dly  =  8  —  dx+ (8bcdx)x^ 


Integrating  from  — —  toH — »     It/  =  8|  abc.  —  +abc  —  |  = 
^  2  2         ^       V         12  12/ 


m 


12 


12 


Flg.S08 


250.  Solids  of  revolation,  whose  axes  are 
the  /-axes«  The  simplest  element  is  a  thin 
cylinder  or  a  thin  plate  whose  axis  is  the  inertia- 
axis.  Fig.  253  shows  how  an  element  may  be  taken  for  a  prolate 
ellipsoid. 
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Applications.     1.  An  oblate  ellipsoid.    The  minor  axis  is  the  /-axis. 
Let  the  equation  of  the  generating  ellipse  be 

a*      b* 


The  element  is  dm'^Siiryxdx,  the  mass  of  the 
thin  cylinder. 


a 


J-847ri 


IT—     I     (O*  — X* 


—x^)ixVx 


Let  ar»asin^»  dx^acosOdd^  (a^—x^)i  =acos^. 


:nc.aM 


/o=47r8a*6  I  sin'^cos*^d^= —  ir8a*6=m.  — » 

15  5 


5 


2.     A  solid  sphere.    J-axis  a  diameter. 


lo^ —  irSr*  =  I  —  ir8r* )  —  r*  =  m. 
15  \S  15 


2r* 
5 


5 


S.     A  thick  cylinder  of  revolviion^  length  a,  radii  n  and  fs* 


2  ^2  2  2 


4.    A  solid  cylinder,  length  a,  radius  r. 

io=  =711.— 

2  2 


..^ 


5.    A  cone  of  roYolntion,  height » A,  radius  of  base  r.    The  element 
is  a  thin  cylinder  as  before. 


%iry(h-x)yHy 


^      Jo 


10 


3       10 


8f» 
10 


220 


THE    MOMENTS    OF   INERTIA   OF    SOLIDS 


Tig.  850 


6.  A  toruSy  Fig.  ^55^  with  a  circular  cross-section, 
radius  r;  distance  to  center  of  generating  circle  c. 
Element  of  volume  =  thin  cylinder  =  2ir(c+x)  ^ydx. 
The  quantity  c  must  be  greater  than  n 


x^)i{C'\'xydx 


=  847rr«  jCc+rsin^^cos^^d^^STr^cr'.  ?^±^ 


By  the  Theorem  of  Pappus,  see  121,  in==^8c7T^r^; 


hence 


From  examples  3  and  4,  it  is  seen  that  the  J  of  a  hollow  body  is  the 
difference  between  the  /'s  of  two  bodies;  the  enclosing  body,  as  tho 
solid;  and  the  other,  the  vacant  space,  as  tho  solid. 

When  the  /-axis  is  transverse  to  the  axis  of  revolution,  and  when 
sections  are  non-circular,  formula  of  249  is  employed. 

When  the  /-axis  is  polar  to  a  plate  element, 
the  /p  =  /a;-t-/y,  where  the  axes  OX  and  OY  are 
rectangular  and  in  the  plate.  Let  the  plane  of 
tlie  paper  contain  the  plate  with  the  polar  axis 
at  0,  Fig.  ^56. 

Ip  =  jp^dm  =  jxHm + jyHm  =  1^+1^, 

a  very  convenient  formula. 

x^      t/^ 
7.     Take  a  thin  elliptical  plate,  where h  ~  =  1  is  the  equation. 


dm 


¥ 


a' 


la^m-.  h^m^^  hence /p  =  m 
4  4 


a^+h^ 


8.    A  general  ellipsoid,  whose  semi-axis  are  a,  6,  e.    The  equa- 
tion of  the  surface  is h  ^  H =  !• 


a" 


V 


Let  the  /-axis  be  OY  (the  diameter  26).  Pass  two  consecutive  planes 
perpendicular  to  the  X-axis,  distant  x.  The  lamina  is  an  elliptical 
plate  whose  semi-axes  are  y'  and  z'.  We  find  y'  (in  terms  of  or)  by 
making  2  =  0  in  the  above  equation,  and  solving  for  y,  getting 


a 
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and  by  a  similar  process  making  y=^Oy  we  find 

a 
Now,  using  Form.  249,  we  get 

dIo='^xK(7ry'z')dx+h{7ry'z') dx 

4 


/„= 


^p-" 


^'^+-^ 


+a 


(d^—x^ydx 


5 


i5~  15  3  ■        5  ''^ 

9.     An  elliptical  cylinder,  length  /,  axes  of  cross-section  2a   and 
2b;  Jo-axis  transverse  parallel  to  b  axis. 


^vSlab.  I 1-  —  I, 

V4        12/ 


a 


*o*  =  -  +  — 


Ex.  10. 


4       12/  ^         4       12 

cylinder,  transverse  is  /-axis,  length  /,  radius  r. 


/o  =  '»r8r«z(-+-V 
\4       12/ 


4        12 


2S1.  Solations  by  different  methods.  It  is  evident  that  there 
are  several  di£Ferent  ways  of  solving  the  above  problems.  For  example* 
the  elementary  part  of  a  sphere,  could  have  been  a  thin  circular  plate 
parallel  with  the  J-axis,  or  perpendicular  to  the  /-axis;  or  a  ring  with 
a  finite  radius,  and  an  infinitesimal  cross-section,  in  a  plane  perpen- 
dicular to  the  /-axis.  The  last  method  may  be  more  fully  shown. 
The  cross-section  of  the  ring  is  {pd0)dp;  the  radius  is  p  sin  6;  the 
volume  =  (2^psin  0)  {pd6)  (dp) 

the  mass  ^^^Bfi^dp  sin  ddd 


hence      // 


/o*d/j  sin  ddd  (p*  sin«^ 


dd0 


cos*^\  j' 


ltCS67 


=  —  ir8r*  =  m  —  as  before. 


15 


5 
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The  order  of  integration  is  immaterial,  as  the  limits  in  one  case 
are  not  functions  of  the  variable  in  the  other.  Had  we  integrated  for 
6  first  we  should  have  got 

A  Q 

dl  =  ^TrSp^dp  X  -  =  -  irSp^dp. 

3       3 

which  is  the  Moment  of  Inertia  of  a  spherical  shell  whose  radius  was 

2 
p  and  whose  thickness  dpy  and  A©*  =  —  p*. 

S 

Had  we  then  integrated  from  />  =  r,  to  p^r^y  we  should  have  had  the 
/  of  a  thick  spherical  shell. 

•     8     cs  r2*~ri*          2    r2*-ri» 
/  =  —  TTO. =  m.  -  •  

3  5  5    rj»— ri» 

252.  /of  composite  bodies.  In  getting  the  /  of  rotating  and 
rolling  bodies,  we  more  often  than  not  find  them  composite  having 
a  common  /-axis;  such  as  a  shaft  with  its  pulleys;  a  fly-wheel  with 
its  hub,  spokes  and  rim;  bodies  with  cavities  of  various  shapes;  and 
composite  bodies  with  different  values  of  8. 

When  dimensions  and  density  are  only  approximate,  the  results 
of  all  calculations  will  be  equally  approximate. 

The  following  Table  is  partly  for  reference  and  partly  for  exercises 
and  practice  in  the  selection  of  methods. 
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258.  The  Moment  of  Inertia  of  Solids  with  reference  to  grayity  axes. 


Solid 

I-axis 

Volume 

Mass 

lo 

A:o« 

Slender  Rod 

length  I 

cross-section  A 

Rectangular 

Plate 
sides  b  and  h 
thickness  =  t 

Transverse 

lA 

MP 
12 

12 

Parallel 
to6 

bht 

^m 

dtbh^ 
12 

12 

Triangular 

Plate 

b  and  h 

thickness  t 

Parallel 
to  base 

tbh 
2 

wtbk 

2g 

r.tbh^ 

1361 

18 

arcular  Plate 

radius  r 

thickness  t 

Diameter 

T^r^t 

W 

4 

Circular  Plate 

radius  r 

thickness  t 

Polar  axis 

itr^t 

Elliptical  Plate 

2a  and  26  axes 

thickness  t 

6-axis 

Tzabt 

w 

ittrra^b 
4 

a* 

4 

Elliptical  Plate 

2a  and  26  axes 

thickness  t 

Elliptical  Plate 

2a  and  26  axes 

thickness  t 

o-axis 

TOht 

w 
-—Tzabt 

(Jtra6« 
4 

6« 
4 

Polar  axis 

7ra6^ 

w 

fUrab  (a^-f  6«) 
4 

a«+6« 
4     • 

Sphere 
radius  r 

Diameter 

gTrr* 

4w 

15^"^ 

2r« 
6 

Thick  Spherical 

Shell 
radii  ri  and  r2 

Thin  Spherical 

Shell 

thickness  t 

Ellipsoid  of 

Revolution 

polar  axis  26 

equat.  axis  2a 

Diameter 

|:r(r^-n«) 

3g 

iV^JCr-^-n*) 

2    rg*— n* 
6    r^—r\^ 

Diameter 

4rr2« 

Aw 

8 

1" 

26-axis 

|.;ra«6 
8 

— ,r— a'6 
3y 

8 
Yg  'Serb 

h- 

Ellipsoid 
axes  2a,  26,  2c 

26-axis 

3 

4 
^^7rdabc{a^+<^) 

a«  +  c« 
5 

Rectangular 

Prism 
a,  6,  I  sides 

Circular 

Cylinder 

radius  r 

length  I 

6-axis 

a6; 

w 

'-W  (-'+^ 

12 

Transverse 

itr^l 

w 

d^l  (J + 1^) 

4  "^12 

Elliptical 

Cylinder 

2a,  26,  [ 

Transverse 
26-axis 

TTOhl 

Tzabl 

d;ra6^  (4  1  12) 

a«      Zs 
4  "^12 

Solid  Cone  of 

Revolution 

alt=A 

radius  of  hase  r 

Torus,    Radius 
of    Generating 
Circle  r.    From 
center  to  axis  c 

axis  h 

¥^ 

2^^^ 

^ 

10 '^^ 

10^ 

Polar  axis 

2c-V 

5xVr^(3rH4.n 

8r«-f-4c« 
4 
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25  i»  Unbalanced  Moments.  Rotation  of  Solid  Bodies, 
ABOUT  Fixed  Axes. 

We  saw  in  our  study  of  statics  that  the  reason  why  a  body  acted 
upon  by  two  forces  (from  two  other  bodies)  in  such  a  manner  as  to 
form  a  couple,  did  not  turn  about  an  axis  was  that  a  second  couple 
(from  the  actions  of  two  other  bodies)  exactly  balanced  the  former 
couple.  We  shall  now  discuss  the  motion  which  is  caused  or  modified 
by  a  single  couple  acting  upon  a  rigid  body,  the  moment  being  un* 
balanced. 

Example.  Suppose  a  circular  disk  of  homogeneous  material  is  mounted 
on  a  horizontal  cylindrical  shaft,  and  that  the  shaft  rests  on  smooth 

bearings  as  shown  in  Fig.  258.  The  weight 
of  disk  and  shaft  is  exactly  balanced  by  the 
upward  lift  of  the  bearings.  As  the  supports 
and  the  weight  of  disk  and  shaft  balance,  these 
forces  are  not  represented  in  the  drawing. 
Now  suppose  by  means  of  a  thread  or  flexible 
cord,  some  other  body  pulls  down  on  the  disk 
with  a  constant  tension  F.  Instantly  the 
pressure  upon  the  bearings  is  increased  by  the 
quantity  F.  In  other  words,  the  force  acting  at 
A  is  automatically  and  instantaneously 
resolved  into  an  equal  force  F  acting  at  C,  and 
a  couple  whose  moment  is  +Fr* 
The  new  force,  Fi,  is  balanced  by  the  added  lift  of  the  bearings, 
while  the  couple  Fr  is  unbalanced  and  motion  results. 

255.  Definitions  of  angular  acceleration.  If  the  linear  velocity  of 
a  point  in  a  rotating  body  be  laid  off  on  a  tangent  to  its  path,  its  length 
is  seen  to  be  t^^ro),  where  ci>  is  the  angular  velocity  as  defined   in 

Physics,  that  is,  a>»  — »  dd  being  an  element  of  the  arc  (to  radius 

dt 

unity)  described  in  the  time  dt,  and  dSf  for  the  radius  r,  being  rd0. 

Now  the  angular  acceleration  is  defined  as  a»  —  ;  and  since 

*  dt 

t?  =  rci) 

dv        da> 

—  =r —  =ra 

dt        dt 


a  =  ra 


*  At  this  point  the  student  should  re-read  34-0. 
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which  gives  the  relation  between  the  linear  and  angular  accelerations 
of  a  point  in  a  rotating  body. 

We  are  now  to  find  the  rate  (amount  per  second)  at  which  the 
angular  velocity  is  generated  and  increased  by  the  unbalanced  couple 
aforesaid,  in  the  case  of  the  disk  shown  in  Fig.  258. 

The  instant  the  couple  acts,  every  particle,  dm,  of  the  disk  and 
shaft  feels  the  action  and  instantly  responds  with  appropriate  motion. 
Just  how  the  force  applied  at  Ay  reaches  every  other  point  by  means 
of  internal  stresses  in  the  rigid  material,  we  need  not  now  discuss. 
The  moment  Fr  is  at  once  resolved  and  distributed  thruout  the  entire 
mass  to  be  moved.  It  amounts  to  an  automatic  resolution  of  the  couple 
Fr  into  countless  component  couples  having  the  same  axis,  each  with 

one  force  dF  at  C,  and  the  other  at  dm  with  an  arm  /o,  so  that  Fr  =  jpdF, 

since  the  whole  is  equal  to  the  sum  of  its  parts.*  Each  dF  acts  upon 
a  dm  of  the  mass,  and  the  magnitude  of  dF  is  suited  to  the  mass  dm 
and  to  the  linear  acceleration  to  be  produced.  Let  a  stand  for  the 
angular  acceleration  we  are  to  find;  then  the  linear  acceleration  at  a 
distance  p  is  pa.  The  magnitude  of  the  force  dF  which  is  to  produce 
a  linear  acceleration  pa  on  the  mass  dm  is, 

dF==padm  (1) 

and  the  moment  of  the  component  couple  is 

pdF  =  ap^dm  (2) 

Since  the  sum  of  all  the  moments  of  the  component  couples  is  equal 
to  the  moment  of  the  given  couple,  we  have,  if  L  stands  for  the  un- 
balanced moment,  r*  r 

L  =  Fr  =  jpdF^ajp^dm^aIo  (8) 

Hence  a=  —  =  —  (4) 

II 

since  a  must  be  constant  for  all  the  mass  elements,  and  Iq  is 
by  definition  jp^dmy  the  moment  of  inertia  of  the  entire  solid  disk 
and  shaft. 

256.  Analagons  equations.  The  formula  showing  the  rela- 
tion between  an  unbalanced  moment  L  and  the  resultant  angular 
acceleration  a:  L^loy  is  exactly  analogous  to  the  formula  showing 
the  relation  between  an  unbalanced  force  F,  and  the  resultant  linear 
acceleration  a:  F  =  ma. 

The  analogy  extends  thru  all  the  formulas  relating  to  translation 
and  rotation  as  the  following  useful  table  shows.    L  stands  for  Fl, 


*  See  21  and  26'. 
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the  unbalanced  moment,  and  F  stands  for  an  unbalanced  force;  6 
stands  for  the  total  arc  described  during  the  time  t^  and  s  stands  for 
the  total  distance  moved  during  the  time  U 

Fandamental  Formulas. 


Translation. 

ROTATION. 

I. 

f  =  0 

Uniform 

x=o 

Uniform 
Motion. 

a  =  0 

Rotation. 

a  =  0 

II. 

Uniformly  Accelerated; 

F  con- 

Uniformly   Accelerated;   L   con- 

stant 

stant. 

F 

a=  — 

m 

L 
/ 

v=^Vo-\^at 

a)  =  Q)o+a/ 

Any  Acceleration. 


III. 


F  variable. 

L  variable. 

F      dv      d^s 

m      dt       dt* 

ds 

v=  — 

dt 
vdv  =  ads 

• 

L      da>      d*e 

I       dt       dt* 
dd 

0)=  

dt 

(odfo^add 

0)^-0)02  =  2     add 

t?2  — ro^  =  2  1  ads 

t/«o 

*J(H) 

Kinetic  Energy. 

1 

K.E.  =  -  mv^ 

2 

K.E.:^-Ia? 

2 

For  Energy  see  Chapter  XVIII. 

25T#  Unbalanced  couples.  These  formulas  can  be  used  to  find 
the  relations  between  co,  0  and  t  for  a  rotating  body  when  both  L  and 
/  are  known.  It  is  therefore  necessary  to  show  how  these  two  quanti- 
ties are  found. 
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The  unbalanced  couple  is  the  resultant  of  all  the  couples  acting 
upon  a  body  rotating  about  a  fixed  axis. 

lUustratixm.  Fig.  (S59)  represents  a  shaft  carrying  two  pulleys  or 
disks,  and  supported  in  rectangular  boxes  which  are  connected  with 
fixed  foundations.  Ti  and  T2 
are  the  tensions  in  the  plies 
of  a  "driving"  belt;  and  Pi 
and  P%  are  the  tensions  of  a 
"following  belt.'*  The  arrows 
at  A  and  B  mark  the  normal 
and  tangential  actions  of  the 
journal  boxes  upon  the  shaft. 
Counting  normal  and  tangen- 
tial forces  separately,  there 
are  nine  forces  acting  upon 
the  moving  combination: 
two  Ts,  two  P's,  two  p*Sf  two 
/p's  and  W.  Three  of  them 
act  thru  C  and  produce  no 
turning  moment:  pu  Jh  &nd 
W.     Each  of  the  other  six  is 

resolved  into  an  equal  parallel  force  thru  C  and  a  couple.  Two  of 
the  couples  have  positive  moments:  Tita  and  Pzr^.  All  the  others 
are  negative.     Hence  the  unbalanced  (or  resultant)  moment  is: 

L^iTi-  r0r2+  (P2  -  Pi)r,  -f(pi +p,)ri  (l) 

/  being  the  co-efficient  of  friction.  The  belts  are  assumed  to  be  flexible 
and  f2  and  n  include  half  the  belts'  thickness.  All  the  quantities  in 
this  value  of  L  are  assumed  to  be  known  except  pi  and  pi,  so  these 
must  be  found  from  the  fact  that  the  nine  forces  acting  thru  C  balance: 

hence  2Z  =  0,and2Z  =  0 

sz=ri+r2+/pi-(Pi+P2)cos^-j>2=o 

2Z  =  pi+/p2-»'-(Pi+P2)sin^=0 

^  ^W+(Pl+P2)  sing--/[(ri+r2)-(Pl+P2)  COS  0] 

P' :[-^ -;      (2) 

_/(tr+(Pi+P2)  sin  g)+(ri+r2)-(Pi+P2)  cosff 

l+f 


Whence 


1>2  = 


(3) 


These  values  substituted  in  (1)  give  us  the  unbalanced  moment  i, 
which  is  assumed  to  cause  an  acceleration  a  in  pulleys  and  shaft. 
The  unusual  shape  of  the  journal  box  shown  in  Fig.  %59  was  chosen 
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for  the  purpose  of  showing  how  frictional  forces  are  developed,  and 
what  new  forces  they  develop.  The  friction  on  the  horizontal  surface 
at  A  gives  a  tendency  on  the  part  of  the  shaft  to  roll  to  the  right  against 
the  vertical  face  J5,  thereby  increasing  p^. 

Again  the  friction  on  the  face  B  gives 
a  tendency  on  the  part  of  the  shaft  to 
climby  thereby  diminishing  pu 

258.    The  moments  of  frictioii.    A 

second  example  will  show  these  matters 
perhaps  more  plainly.  Let  Trt,  Fig.  260, 
be  the  resultant  moment  of  all  external 
couples  except  those  due  to  friction 
on  the  bearings.    Then 


L^Tr^-fn  ijpi+jh). 


He.  seo 


If  the   supporting  surfaces  have   an 
inclination  of  45^»  the  balance  of  all  forces  acting  thru  C  gives: 

2Z=rcos^-(j>8-pi)^+/(pa+Pi)-L  «0 

V2  V2 

£2  =  (;>2+2h)-i+/(p2-pi)-i=-»^-rsin^=0 

V2  V2 


whence 

and  L  is  known. 


MW+T  ^inO-fT  cosd] 

Pl-T-Pl^ 

l+P 


X 


259.  In  the  case  of  a  cylindrical  bearing,  while  the  action  of  the 
block  is  better  distributed  along  a  small 
arc  of  contact,  there  is  a  central  point 
where  the  resultant  acts,  with  both 
normal  and  tangential  components.  If 
TR  represents  the  sum  of  all  the 
moments  except  that  due  to  friction, 
we  have  with  the  notation  shown  in 

Kg.  861.         L^TR-fp^r 

Both  the  magnitude  and  position  of 
v^  are  found  as  follows: — Let  )8  be  the  ^     ^ 

angle,  at  present  unknown,  which  Pn 
maJLCs  with  a  horizontal  plane.    The  forces  acting  thru  C  are:  fF»  a 


THE   FRICTION   OF  A    BEABING 


229 


component  of  7,  Pn»  ^^^  ^  component  of  fVn^Vf     Since  C  has  no 
motion  of  translation,  these  forces  balance. 

SX  =  r  cos  0+fp^  sin  fi — p^cos  )8 = 0 
ZZ=p„sin^+/p«cos^-»F-rsin^  =  0 

p^  (cos  ^— /sin  P)^T  cos  6 
p«(sinj8+/cosi8)  =  JF+rsin^ 

ain /3+f  cos /3  ^  W+T^nO  ^^ 
cos)8— /  sin)8  r  cos  ^ 

Where  K  is  used  for  brevity. 


whence 


whence 


tan)8+/   ^^^ 
1— /tan)8 


1+/X 


and  the  value  of  Z,  the  resisting  moment,  is  found. 

The  student  must  not  forget  the  trigonometric 
triangle  for  finding  five  other  functions  when  one 
is  known,  see  Fig.  £62. 

Since  tan^= -p  ,  sin)8,  and  cos)8  are  readily 

written  from  the  triangle. 

260.  A  graphical  analysis  of  the  last  problem.  Since  but  three 
forces  act  upon  the  shaft  and  its  pulley :  gravity,  the  force  T  and  the 
supporting  journal  box — two  of  which  are  fully  known,  the  graphical 
solution  will  be  simple. 

Resolve  T  into  an  equal  and  parallel  force  thru  C  and  a  couple  Tr. 

Assume  that  the  support  p  is  also  resolved  in 
a  similar  way.  The  three  forces  acting  at  C, 
give  a  static  triangle,  Fig.  268,  which  determines 
p  in  magnitvde  and  direction. 

Whence  , ;= 

If  there  be  no  friction,  P  acts  directly  towards  C. 
If  the  co-efBcient  of  friction  is  /,  p  is  resolved 
into 

P 
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P^  and  Pt=fPnf   P=  "^'Pn    +  (fPn)%    Pn  =  ~-, 


yli+P 
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Since  the  angle  between  p  and  the  radius  (normal)  to  the  point  of 
actual  contact  with  the  bearing,  must  be  ^,  the  components  p^  and  pt 
are  readily  drawn,  and  the  direction  of  the  radius  is  found  as  is  the  posi- 
tion  of  p^  and  the  angle  )S. 

It  is  evident  that  center  line  of  the  supporting  force  misses  the 
center  by  the  distance  rsin^»  so  that  the  resisting  moment  due 
to  friction  is  pr  sin  ^,  and  the  resultant  unbalanced  moment  is 

i=  Tii-pr  sin  ^ 

T^+w^+rrwsme\i 

The  relative  simplicity  of  the  second  solution  is  obvious.  It  is 
furthermore  evident  that  the  lines  of  action  of  the  three  external 
forces;  7",  W^  and  p^  when  in  actual  position,  do  not  meet  at  a  point, 
unless  TR='Prs\i\^\  that  is,  unless  the  driving  moment  is  no  greater 
than  the  moment  of  friction,  so  that  X  «  0,  and  the  rotation  is  uniform. 

261*  A  corollary  with  6^\Trm  Suppose  the  weight  which  is 
centered  on  the  shaft  is  W^  and  that  a  vertical  tension  T  is  applied  to 
a  drum  whose  radius  is  r^.  The  co-efficient  of  friction  between  shaft 
(whose  radius  is  r)  and  the  bearings  treated  as  one,  is  /=tan  ^.  We 
are  to  find  the  unbalanced  moment  turning  the  shaft. 

The  magnitude  of  the  support  is  p  =  W+T.  The  shaft  climbs  until 
the  radius  to  the  central  point  of  the  surface  of  contact  makes  an 
angle  <f>  with  the  vertical.     It  is  evident  without  a  figure  that  the  arm 

X  — rsin9 r-^^*  and  that  the  resultant  moment  is 

L^Tr^^{W+T)x^Tr^^{W+T)^l= 

The  angle  ^  is  usually  small,  so  small  in  fact  that  the  di£Ference 
between  sin<^  and  tan<^  is  negligible.  This  is  equivalent  to  saying 
that  /  is  so  small  that  its  square  (which  is  still  smaller)  may  be  neglected 
in  the  radical,  so  that  the  value  of  L  becomes 

i  =  Tra  -  (»"+  T)rf  very  nearly. 

262«  The  tension  in  a  moving  rope.  Suppose 
by  means  of  a  weight  Wu  connected  to  a  small  wire 
rope  which  is  wound  about  a  drum,  a  shaft  with  fly- 
wheel is  made  to  revolve  on  smooth  ideal  bearings  at 
C  Pig.  264.  Let  the  Moment  of  Inertia  of  the  shaft 
Fig  864  l^'l       ^^^  fly-wheel  be  Iq.     Find  the  tension  in  the  wire, 

the  linear  and  angular  accelerations  of  Wi  and   Wt 
respectively,  and  find  6  and  S  if  the  time  t  of  the  operation  be  given. 
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The  unbalanced  moment  L  acting  upon  Wi  is  Tt  —  L. 

Tr 


Hence 


a= 


The  unbalanced  force  F  acting  upon  Wiis  F^Wi—  T; 

hence  a  =  (»Fi-r)^ 

Now  by  256         a  —  ra 

whence 


Wi-T         Tr^ 

9^  -T- 


Wi 


r= 


I'o 


It  follows  that 


a= 


a  — 


mirg 


.ITi 


Since  T  is  constant  the  formulas  for  time  and  distance  are  (256  II), 

5=i(rf^and^=-a<« 

2  2 


« 


I.    ^'^'^    .^.andg=i- 


mir(7 


2    /o+mir* 


2  /o+mir» 


For  final  velocities  we  may  integrate  the  formulas  vdv^ada  and 
<ad(o^ad0  between  the  limits  o  and  ri,  and  o  and  $;  and  o  and  a>i,  and 
o  and  0. 


t?i*  =  2(w 

Vi  =  ^^ —  ^ 


Gh*  =  2a^ 


mir.g       ^ 


268.  Friction  rollers  and  roller 
bearings.  Aside  from  lubricants,  which 
are  always  needed  where  slipping  is 
unavoidable,  the  retarding  (and  gen- 
erally wasteful)  influence  of  friction 
may  be  greatly  diminished  by  "fric- 
tion-rollers'* or  balls.  The  resisting 
moment  due  to  friction  without  rollers 
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is  very  nearly  /H^ri,  see  261*     With  a  pair  of  rollers  as  shown  in 
Fig.  f265;  the  normal  pressure  on  the  bearings  at  B  and  Bi  is  for  each 

1  S 

—  W  sec  ^  >  and  the  resisting  moment  to  be  overcome  at  each  point  B  is 

2  2 

By  the  law  of  the  lever.,  the  tangential  action  at  A  is  to  the  tangen- 
tial action  at  B  inversely  as  the  radii  Vi  to  rs;  hence  the  action  at  ^  is 

ra     2  2 

so  that  the  resisting  moment  at  A  is 

—  •  flV  sec  —  • 

2r2  2 

As  the  resisting  moment  is  the  same  at  each  point  A^  the  total  re- 
sisting moment  on  the  shaft  C  is 

r,  2 

from  which  we  see  that  the  moment  withovi  rollers  has  been  reduced 
by  the  factor  /> 

—  sec  —  • 

rj         2 

If  the  angle  fi  is  small»  the  secant  of  —  )8  is  not  much  greater  than 

one.     No  allowance  is  here  made  for  "rolling  friction"  which  is  not 
due  to  slipping  but  to  imperfect  surfaces  and  the  elasticity  of  materials. 

Since  the    ratio  —  is  generally  quite  small   there  is  a  substantial 

saving  in  energy.     ^* 

Roller  bearings  with  an  endless  chain  of 

spheres  or  cylinders  rolling  within  suitable 

chambers,  eliminate  nearly  all  friction;  they 

need  not  be   lubricated.     Fig.   266.     The 

friction  to  be  overcome  is  purely  rolling 

friction  without  slipping. 

264.  An  extended  rigid  mass,  other- 
wise free,   is  so  acted   upon  by  a  con- 
centrated unbalanced  force  that  it  at  once 
acquires  a  linear  acceleration   but  no 
^^ff-  aeo  angular  acceleration. 

The  position  of  the  line  of  action  of  the  force  relative  to  the  mass 
is  required.     Fig.  266). 


AN  UNBALANCED  FORCE  ACTS  THRU  THE  CENTER  OF  MA^^S    23S 


g 

f  A 

dm 

I 

/ 

9 

/ 

t 

r^ 

m 

ruhUMi 

Let  F  be  the  force  and  m  the  mass.  Assume  a  set  of  rectangular 
axes»  the  given  line  of  action  being  YY.  Let 
dm  be  an  element  of  the  mass  with  the  two 
co-ordinates  x  and  z.  Break  up  the  force  F 
into  an  indefinite  number  of  co-linear  forces 
dF^  and  then  resolve  every  dF  into  an  equal 
parallel  force,  dF^  acting  at  a  separate  ele- 
ment dm\  and  a  couple  pdF  where  p  is  the 
perpendicular  distance  of  the  element  from 
the  axis  of  Y.  Next,  resolve  the  couple  pdF 
into  two  component  couples,   xdF  and  zdF. 

Finally,  let  dF  be  so  proportioned  to  dm  that  it  gives  to  it  the  com- 
mon linear  acceleration  a  parallel  to  FF,  that  is,  dF^adm^  where  a  is 
a  constant.  Every  element  in  the  mass  is  thus  acted  upon,  and  for 
every  element  there  are  the  two  couples  xdF  and  zdF  applied  to  the 
mass  of  the  element,  with  a  tendency  to  turn  it  about  the  axes  of  OZ 
and  OX  respectively.     Summing  results,  we  have 


F  =  ydF  =  a\dm  =  am. 
Li  =  J  xdF = a)  xdm 
Lx  =  j^dF  =  ajzdm 


(1) 


(2) 


From  equations  (i)  we  have,  by  hypothesis  that  there  is   to  be  no 

rotation,  ^  ^ 

J  xdm  =  0     and  J  zdm  =  0  (3) 

which  show  that  the  planes  ZY  and  XY  must  respectively  pass  thru  the 
center  of  mase  of  the  given  body;  that  is: 

The  line  of  action  of  the  given  force  must  pass  thru  the  center  of 
mass  of  the  given   body  in  order  to  impart  no  angular  acceleration. 

Conversely,  a  centric  unbalanced  force  (one  whose  line  of  action 
passes  thru  the  center  of  mass  of  a  body)  imparts  a  linear  accelera- 
tion but  no  angular  acceleration;  and  consequently  an  unbalanced 
eccentric  force  acting  upon  an  extended  mass,  imparts  a  linear  accelera- 

F 

tion  a  s  —  in  the  direction  of  the  force,  and  an  angular  acceleration 

m 
a  about  an  axis  thru  the  C.  G.,  perpendicular  to  the  plane  of  the  given 
line  of  action,  and  the  C.  G.  of  the  given  mass,  whose  value  is  given 
by  the  equation  ^       jp 

in  which  I  is  the  distance  from  the  C.  G.  of  the  body  to  the  given  line 
of  action  of  the  force  and  i  =  Vir^-t-i^^. 


.     F"      G 

\f', 

^ 

*^  "a 

F    ' 
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265.  Botation  and  translatioii  combined.  When  a  body  is 
acted  upon  by  other  bodies  in  such  a  way  that  the  line  of  resultant 
action  does  not  pass  thru  the  center  of  mass  of  the  body  whose  motion 
we  are  to  investigate*  the  action  is  eccentric,  and  the  result  is  both 
translation  and  rotation,  since  the  force  is  automatically  resolved  into 
an  unbalanced  force  at  the  center  of  mass  and  an  unbalanced  couple. 

Let  O,  Fig.  267,  be  the  center  of  mass  of 
the  body,  and  let  an  unbalanced  force  act  at 
A  in  the  line  shown  in  the  figure.   The  com- 
ponent force  thru  0  is  F\  and  the  component 
,  couple  has  a  moment  Flf  which  in  this  case 
^y/f    appears  to  be  left-handed. 

There  is  of  course  a  linear  acceleration,  a; 
and  an  angular  acceleration,  a. 

The  force  F'  =  F  produces  a  linear  acceleration  in  all  points  of  the  body 

F 

of  a  =  —  in   a   direction  parallel   to   F.     The    couple   produces   an 

^  .  .  Fl 

angular  acceleration  about  0  (as  it  moves)  whose  value  is  a=  —  • 

The  reauUant  acceleration  of  any  point  as  jB  at  a  distance  r  from  O  is 
found  by  laying  off  BE^a^  and  then  BH^ra^the  former  being  parallel 
to  F,  and  the  latter  perpendicular  to  r. 

It  takes  but  a  moment's  consideration  to  make  it  clear  that  there 
must  be  a  point  P  on  the  prolongation  of  ^G  thru  G,  where  a  and  ra 
would  be  exactly  equal  and  opposite,  so  that  the  resultant  acceleration 
at  that  point  would  be  zero;  showing  that  there  would  be  no  un- 
balanced  force  acting  at  P  arising  from  the  action  of  F  at  A.     Let  PO 

F 

be  roi  then  we  have  a  =  roCt.     Substituting  for  a  its  value — *  and 

,        .,       ,      Fl  ,         F      roFl  ^ 

for  a  its  value  —  >  we  nave  —  =  — — 

I         k  ^  k  * 

Hence  ^o  ~  — ,  ~  "7" »  *°^  Z  =  -^ 

ml        I  ro 

in  which  ko  is  the  radius  of  gyration  of  the  solid  body. 

The  point  P  may  be  called  the  ^'Instantaneous  Center."  It  is  easily 
shown  by  similar  triangles,  that  the  resultant  acceleration  of  any 
point,  as  By  is  perpendicular  to  PB  =  py  and  equal  to  pa.  The  in- 
fluence of  gravity  has  been  omitted  in  this  discussion. 


THE    CENTER    OF   PERCUSSION  2S5 

266.  The  center  of  percussioii.  The  peculiar  relation  between 
the  point  P  and  the  line  of  application  A  is  shown  by  the  follow- 
ing: Let  a  heavy  rigid  bar,  whose  length  is  «,  Fig.  268»  be  hung  on 
a  smooth  peg  at  P,  and  be  struck  by  a  hammer  as  shown  at  A,  below 

G  at  a  distance  /==  -^»  the  bar  will  instantly  begin  to  rotate 

To 

around  P  with  at  first  no  lateral  action  upon  the  peg.    The 
point  A  is  then  called  the  **Center  of  Percussion^'*  with 
reference  to  the  axis  at  P.     It  was  found  (2S8)  that  for  a        o  j 
slim  uniform  rod, 


If 


hence  Z= 

Uro 

7—  ' 

"~6 

2 
9 

1      5 

1=  8 

24 

8 

7—  * 

"~4 

8 

7—  * 

8 

7—  * 
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■*nF 
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Sic.  M6 


The  body  struck  may  have  any  shape;  it  will  always  have  a  center 
of  mass  O  and  a  perpendicular  can  be  drawn  from  O  to  the  line  of 
action  of  the  applied  force,  and  the  length  of  that  perpendicular  can 
be  called  L  It  was  shown  above  that  there  is  always  a  point  P  on 
the  line  I  produced  where  the  linear  acceleration  due  to  the  translation 
of  the  mass,  was  exactly  equal  and  opposite  to  the  linear  acceleration 
due  to  the  rotation  of  the  mass  about  6. 

As  the  radius  of  gyration,  k^  is  a  mean  proportional  between  Tq  and 
i,  the  graphical  construction  of  /  or  r^  is  very  simple. 
When  the  radius  of  gyration  is  known,  the  value  of  r^  can  be  found 
for  any  value  Z,  and  conversely.  Moreover,  since  it  is  only  a  constant 
product,  TqI,  the  letters  may  change  places,  which  means  that  if  the 
force  F  is  applied  at  P,  the  point  A  will  be  the  instantaneoiLS  center; 
t.  c,  P  is  the  center  of  Percussion  for  A. 

267*  Again  the  force  F  need  not  be  a  blow  or  stroke  of  a  hammer. 
F  may  be  as  gentle  and  inaudible  as  the  force  of  gravity.    For  example: 
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Suppose  a  strong  thread  is  wound  about  a  vertical  great  circle  of  a 
solid  sphere,  with  one  end  fast  to  the  sphere  and  the  other  end  to  a 

nail  directly  above  the  point  P.  Fig.  269.  The 
sphere  is  at  rest,  and  the  thread  at  P  is  straight 
and  vertical.  Gravity  is  balanced  by  the  shelf. 
Now  let  the  shelf  be  suddenly  dropped.  The 
sphere  is  now  acted  upon  by  an  unbalanced  force 
which  is  the  resultant  of  W  and  a  certain  tension 
in  the  thread;  that  resultant  acts  down  according 
to  Chapter  II,  at  some  point  A  beyond  the  center. 
It  produces  both  translation  and  rotation,  and  A 
is  the  center  of  percussion  for  the  point  P,  which  is  the  instantaneous 
axis.     We  can  find  GA  by  our  equations.     The  Table  in  2S8  gives 

5 


hence 


To^r 

5  ' 


r 


which  gives  us  the  center  of  percussion,  as  the  sphere  rolls  down; 
and  there  is  a  point  A  for  every  position  of  the  sphere  on  the  way  down, 
for  the  sphere  is  being  constantly  acted  upon  eccentrically  by  the  same 
unbalanced  force.  This  illustration  will  appear  again  under  the  head 
of  "rolling  bodies.'* 

208*  Rolling  bodies.  A  cylinder  rolls  down  a  rough  plane. 
Fig.  £70.  Discuss  its  motion.  [It  is  hardly  necessary  to  say  that  the 
plane  is  "rough"  since  the  cylinder  would  not 
roll  if  it  were  smooth.]  The  forces  acting 
are  gravity  and  the  plane,  their  resultant 
does  not  act  thru  the  center,  hence  the  body 
has  rotation  as  well  as  translation.  W  is 
resolved  into  H^ sin  ^parallel  to  the  plane,  and 
JFcos^,  normal;  the  latter  is  balanced  by  the 
normal  action  of  the  plane.  The  tangential 
action  of  the  plane  T  combined  with  an  equal  part  of  IT  sin  ^,  forms 
a  couple  which  produces  an  angular  acceleration  a,  while  the  remainder 
of  Wsind,  that  is  {Wsin6—  T),  produces  a  linear  acceleration  parallel 


Ii«.  870 


with  the  plane. 
Hence 


a  = 


(Wsin0'-T)g 
W 


anda  = 


Tr 


(1) 


Since  the  point  B  is  the  instantaneous  axis  and  has  no   resultant 
acceleration,  we  have 


a  =  ra. 
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Hence  a= =         =  _^^  (2) 


Wherefore  T  =  -^  JTsin  ^ 


(8) 


and  a= ^sin^  (4) 

which  shows  that  the  acceleration  is  independent  of  W. 

This  formula  holds  as  long  as  r  is  the  rolling  radius  and  ko  is  the 
radius  of  gyration  of  the  rolling  body»  with  reference  to  an  axis  thru  C. 

1.     For  a  solid  circular  cylinder, 

V=- and  r=ilFsin^  (5) 

£  3 

£.     Had  the  rolling  body  been  a  solid  sphere^ 

k^t^  ^  and  r=  ~  IFsin^  (6) 

5  7 

8.     Had  the  body  been  a  very  thin  cylinder, 

V=^andr=-IFsin^  (7) 

4.     Had  the  body  been  a  thin  spherical  shell, 

V=  -r»  and  r=  -  fTsin^  (8) 

3  5 

260#    The  reader  will  take  notice  that   the  force    T  which  ia 
due  to  friction,  is  not  fW  cos  0;  it  is  always  less;  that  is, 

T  <fW  cos  0. 

If  T  >fW  cos  0, 

then  friction  alone  would  not  prevent  the  body  from  slipping  as  well 
as  rolling.    This  will  be  considered  in  a  later  problem. 

Again  since  the  force  producing  translation  alone  is  F^^Wsin  0—T, 
it  follows  that  the  larger  T  is,  the  smaller  F  is,  the  less  is  a,  the  less  is 

9  for  any  time  t  F  since  *=  Vf^+  -  a(*  J  ,  and  the  longer  is  t  for  any 

required  velocity  or  space.  In  other  words,  in  popular  phrase:  the 
solid  sphere  is  the  fleetest  of  the  rollers;  next  the  solid  cylinder;  next 
the  spherical  shell;  and  slowest  of  all,  the  thin  cylinder  or  hoop. 
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270»  The  equations  are  suincieiit.  Having  found  a  and  a, 
both  of  which  are  constant  as  long  as  the  conditions  are  unchanged, 
the  equations  given  in  2SO  suffice  for  finding  velocity,  time,  space,  etc. 

If  the  force  FFsind,  acting  at  the  center  C,  and  the  force  T  acting 
at  By   be  combined,   the  resultant,    (see  89),   is   a  parallel  force» 


IF  sin  ^—  r,  acting  at  P,  whose  distance  from  C  is  Z  = 


Tr 


FFsin^-r* 


Substituting  for  T  its  value 


J.  2  ^  J.  i  ^ 

^      FFsin  V,  we  have  Z=  -^,  which 


^+k 


shows  that  P  is  the  center  of  Percussion  for  the  point  B.     Hence  the 
resultant  of  all  the  forces  acting  on  a  rolling  body,  act  parallel  to  the 

k  * 
plane  at  the  center  of  percussion  which  is  continually  r+l  =  r+  -^ 

r 

distant  from  the  plane.    The  resultant  acceleration  of  P  is  (r+Qc^ 

Tr      rg  sin  d                               r^+k^ 
substituting  for  a=  —  =  — >  and  for  (r+l)  = —;  that  is 

(r+Z)a  =  ^sin^.  '        ^+*-'  ^ 

The  actual  linear  acceleration  of  the  center  of  percussion  P,  g  sin  6, 
is  the  acceleration  which  a  body  would  have  sliding  down  a  smooth 
plane  of  the  same  slope*  It  is,  of  course,  understood  that  during 
the  rolling,  the  body  does  no  crushing  or  smoothing  of  the  surface. 
It  rolls  as  tho  compelled  to  do  so  by  a  ribbon  wrapt  around  it  and  se- 
cured to  a  smooth  plane  at  a  point  higher  up. 

Velocities  and  times  compared.  Let  the  student  fill  out  the  Table 
outlined  below. 

Homogeneous  bodies  rolling  down  a  plane  whose  inclination  is  0  and 
length  s. 


Bodies 

a 

a 

T 

Vl 

a/1 

ti 

Inclination  9 

S(f 

90^ 

30* 

90* 

30* 

90* 

30* 

90* 

30* 

90* 

30* 

90* 

Solid  Sphere 

Solid  Cylin- 
der 

Hollow 
Sphere 

Thin  Cylin- 
der or  Hoop 

• 

A  ribbon  or  belt  is  used  when  ^=  -  as  shown  in  Fig.  271. 

2 


HOW  RETARDING  FORCES  AND  COUPLES  ACT 


239 


The  magnitude  of  T  is  sometimes  a  surprise  to  a  workman  who 
holds  the  end  of  a  rope  while  a  piece  of  lumber  rolls,  or  falls  and 
unwinds. 

271.    An  illustration  when  both  a  and  a  are  nega- 

tfye.    A  heavy  cylinder  has  [by  some  unknown  force] 

been  set  in  motion,  and  is  rolling  along  by  itself  on  a 

rough  horizontal  plane.     Its 

axis  has  a  linear  velocity  r o« 

It  is  retarded  by  the  rough* 

ness  of  the  plane  and  comes 

to  rest  in  ^i  seconds.   Derive 

expressions  for  the  resisting 

moment    and    the   resisting 

force,  and  illustrate  the 

actions  of  forces.     Fig.  272. 

Assuming  that  the  retard* 

ing  action  is  constant,  it  is 

evident  that  a » «-  --  \  and  since  it  rolls  with  a  radius 

h 
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(iin  Vq 


Hence  the  translation  is 


r,  we  have  a=  —  — £  =  —  —>  since  Vo=^r<ao. 

tx  Tii 

retarded  by  a  force  ( ) »    and  its  rotation  is  retarded  by  a  couple 

V      gti      / 


whose  moment 


"i-i')- 


The  cylinder  is  acted  upon  by  two  forces:  the  vertical  pull  of  the 
earth,  and  the  oblique,  upward,  and  backward  action  P  of  the  plane. 
At  the  point  E  where  the  line  of  action  of  P  crosses  a  horizontal  thru  C» 
resolve  P  into  a  horizontal  and  a  vertical  component. 

The  vertical  component  must  be  W\  the  horizontal  component  must 

I  •    If  Xo  be  the  distance  CE,  the  moment  of  the  retarding 

couple  is  -JFxo^-^  =  -!L^^!^.   Hence  xo^^^-      As   V  is  a 

rti  grti  gUr 

function  of  r*,  Xq  is  a  fractional  part  of  r  on  the  forward  side  of  C    The 

angle  6  is  known  from  the  fact  that  tan^»  -^  which  is  independent 

gt\ 

of  both  W  and  r,  as  it  evidently  should  be. 


Hence  the  resisting  moment  is 


gti        r 


(negative) 
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and  the  resisting /orc6  is 

F=-^  IT  (negative). 

1179.    Boiling  and   sliding.     This  b  the  case 
when  fW  cos  6  is  leas  than  the  Jorce  that  would  cause 
'\    the  body  to  roll  without  slipping.     We  have  now  the 
vi   878    ^'^^'^ftlft'iced  force  Wisind—fcosff),  and  the  unbal- 
anced couple  frWcos  d. 


Hence 
and 


a  =  (sin  ^— /cos  0)g9 
_  frW  cos  0  __  rfg  cos  0 


k  > 


But  ar<a,  hence  the  acceleration  of  sliding  is 

/  .    n     .        /)     fr^  cos  0\ 
a  — ra=  (sine/— /cos  (/  —  '' Ifl^^fl*- 

The  velocity  of  sliding  at  the  time  t^ta^  and  the  whole  amount  of 
sliding  in  the  time  ti  is  ~  a  Ji'. 

A  Numerical  Example^  illustrating  Rolling  and 

Sliding  simultaneously.  Let «  =  1 12  V2  feet,  0 = 45®, 

.  the  radii  of  a  thick  hollow  iron  cylinder  C  whose 

length    is  two    feet,    are    r  =  18    inches,   /J  =  24 

inches,  specific  weight  per  cubic  foot  490  lbs.,  and 

/=  -  •     The  cylinder  starts  from  rest.     It  is  found 
that  W  =  17157r,  and  V=  ^ZjIJL  =3.125.      The 


1C874 


linear  acceleration  of  C  is  a  =  14V2,  (if  ^  =  32),  hence<i  =  4  sec. 


The  angular  acceleration  is 


a  =  ?^ 


25 


Hence  the  acceleration  of  sliding  is 

a,=  a-jRa=14  V2  - 


2(7  V2 
25 


=  11.44  V2 


The  amount  of  the  sliding  in  4  sec  is 

-(1I.44V2  jl6=-a^i2  =  91.52V2ft, 
Accordingly,  it  rolls  20.48  V  2  ft.  and  slides  91.52  V2. 
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278.     A  cylindrical  roller  is  drawn  up  a  rough  inclined  plane 
hanging  weight  Wi  with  a  small  flexible  wire 
passing  over  a    "smooth"   peg,    as   shown. 
Fig.  275.     Find  T,  ai  and  a. 

1.  As  Wt  rolls  with  increasing  angular 
velocity,  we  will  first  find  an  expression  for 
the  unbalanced  moment  causing  €u  Let  8 
represent  the  tangential  action  of  the  plane 
on  Wi;  then  the  moment  of  the  couple  is  Sr. 


by  a 


Sic.  970 


Hence 


Sr  =  /a  = 


Wiko^a      Wiko^a 


g 


gr 


(1) 
(2) 


The  force  producing  translation  in  Wt  is 

iF=r-fF2sin^-S  =  PF,-- 


(3) 


Considering  the  forces  acting  on  Wi  we  have 


g 


a 


W.-T^Wi"^ 

9 

Adding  (3)  and  (4)  and  substituting  the  value  of  S  from  (1) 

Wi'-Wisind-  5^'.  -  ^{W,+W,).^ 

r^       g  g 


(4) 


hence 


Wi-Wisin$ 


Wiko' 


s= 


FFjfco'  a 


g 


a 


(5) 


2.  If,  Fig.  276,  there  had  been  a  heavy  pulley 
with  smooth  bearings  at  C  instead  of  a  smooth 
peg,  we  should  have  had  two  values  of  T:  Ti  the 
^1  tension  resisting  the  descent  of  Wu  and  Tt  acce- 
lerating the  motion  of  Wi.  In  that  case  there 
would  have  been  a  new  equation,  arising  from  the 
necessity  of  having  a  couple  to  turn  the  pulley; 
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(ri-r2)ri  =  /iai- 


Iia 

ri 


(6) 


Writing  Ta  for  T  in  (3),  and  Ti  for  T  in  (4),  we  have  with  (6)  three 
equations  for  finding  Tu  T2  and  a. 

274.  Prob.  A  hanging  weight  Wi  draws  a  rolling  solid  cylinder 
np  an  inclined  plane  by  means  of  a  rope  wrapt  around  it  With  the 
notation  shown  in  the  figure,  Fig.  277»  we  are  to  find  the  tension  in 
the  cord,  the  linear  and  angular  accelerations,  and  the  tangential  action 
of  the  plane. 

Let  the  linear  acceleration  of  Wu  and  of  the  point  A  be  a;  let  the 
angular  acceleration  of  W2  be  €u   Since  the  body  rolls,  the  point  B  has 

no  acceleration,  the  linear  acceleration  of  C  is  — ,  and  a=  — 

2  2r 


Considering  the  motion  of  Wi  we  have 
at  once 

MMy ff'  y« 

(1) 


Wi-T 


Wi 


a 
9 


ng.  n? 


Considering  the  translation  oiWt  we  have 
T+S-WtamB^  —Wt  (2) 

Considering  the  rotation  of  Wt  we  have 


(r-S)r  =  /oa=— *. -.  a 

2 


9 


a 


^9 


(S) 


Adding  (2)  and  (3)  we  have 


a 


Substituting  the  value  of —  from  (l)  we  have 

9 

SW1+SW2 


(4) 


Substituting  for  T  in  (l)  we  have 


9 


Wi 


8Wi+3W» 


8Wi-4Wtaind 
8Wi+3Wt 


(5) 
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Subtracting  (3)  from  (2)  we  get 

W2 


2   V  4g/ 


Substituting  for — from  (5)  we  get 

2  V  8Wi+SWt    / 

WiW,{l  +4  sin  &) + Wt*  sin  0 


S 


s=. 


SWi+SWt 


(6) 


CoBOLLABiES.     1.     If  ^=0,  the  plane  is  horizontal,  and  we  have 


r= 


S  = 


SWiW, 

SW1+SW2 

WiWt  T 


(11) 


SWi+SWi      s 

g       SWi+SWt 

i.     Ji  0=  -t  the  plane  is  vertical,  and  S  must  be  the  tension  in  a 

2 

ribbon,  not  the  rope,  up  which  the  cylinder  rolls  and  winds. 


T  = 


S  = 


(12) 


S.     Show  that  if  the  rolling  body  be  a  thin  hollow  cylinder,    the 
general  values  are 


r= 


WiWiO.-\-sine)     1 


2 
g  9Wi.+Wi 


(IS) 
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(14) 


4.  Show  that,  if  fFi=  -  fr2sin^,  the  general  values  are:— =  zero, 

2  g 

and  either  Wt  does  not  move  or  it  moves  with  uniform  velocity. 

r=lpF2sin^  =  fFi 

S=ifr2sin^ 

5.  If  WiK-W^sind 

—  becomes  negative  and  the  motion  is  down  the  plane. 
9 

The  student  will  notice  on  comparing  the  actions  of  the  rough  plane 

in  the  last  two  problems,  that  in  Fig.  275  the  tangential  component 

of  the  plane's  action  is  down^  while  in  Fig.  277  it  is  uj>,  and  that  the 

change  is  evidently  brought  about  by  the  change  in  the  position  of 

the  rope  from  acting  at  C  to  acting  at  A.     He  may  then  infer  that  there 

must  be  a  point  D,  between  A  and  C,  where,  if  the  rope  could  act  on 

the  circumference  of  an  inner  pulley,  the  tension  at  D  would  cause  S 

to  become  zero.  ^    , , 

Problems. 

Ex.  1.  Let  the  student  redraw  Fig.  277,  with  the  rope  tangent 
to  the  interior  circle  at  D  (but  still  parallel  to  the  plane),  and  derive 
new  equations  and  find  the  value  of  CDy  assuming  all  the  time  that 
S  is  zero.     Let  him  then  give  to  the  point  D  its  appropriate  name. 

Ex.     2.     A  four-wheeled  truck  is  drawn  up  a  plane  with  an  accelera- 
tion a  as  the  cylinder  was  drawn  in  Fig.  275.    Assume  W^  for  the  weight 
of  truck  and  wheels,  and  Iq  for  the  sum  of  the  IqS  for  the  wheels.     Find 
r,  and  S  for  each  wheel. 
Ex.  3.     A  cylindrical  disk  2  ft.  in  diameter  and  six  inches  thick  has, 

projecting  on  each  end  of  its  axis*  ft 
shaft  ^"  in  diameter  and  5  ft.  long 
including  the  disk.  It  rolls  without 
slipping  (by  means  of  ribbons  or  fine 
teeth)  down  a  narrow-gage  track  which 
has  an  inclination  of  45°.  The  shaft 
^.     ^^o  and  disk  are  homogenous.    Find  a  and 

d.      fig.  ^7o. 

Ex.  4.  A  solid  rigid  sphere  rolls  down  a  trough 
of  rigid  material,  the  inclination  being  9y  and  the 
trough  angle  being  90"^.     Fig.  279. 

In  point  of  fact,  with  elastic  bodies,  there  is  a  zone  n^.  279 


f" 

1 

«" 

1     -- 

<" 

•                                    1 

1 

:         I.. 

1 

1 

^5^ 


-H 
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of  contact  and  there  is  much  slipping  on  all  sides  of  the  ideal  point  of 
contact. 

Ex.  5.  (An  extra  ideal  problem.)  A  heavy  but  perfectly  flexible 
rope,  with  length  Z,  weighing  w  lbs.  per  foot,  is  secured  to  the  horizontal 
shaft  of  a  fly-wheel  and  then  wrapt  around  it  leaving  a  hanging  end 
whose  length  is  ^i.  Given  Iq  for  the  wheel  and  shaft,  and  r  for  the 
effective  radius  (including  the  radius  of  the  rope)  of  the  shaft  and  rope» 
and  assuming  that  there  is  no  friction  of  any  kind,  and  that  the  wheel, 
when  undamped,  is  free  to  turn,  discuss  the  motion  of  the  wheel  up  to 
the  time  when  the  rope  has  run  completely  off,  after  the  wheel  has  been 
set  free. 

27S*  The  compoiind  pendulum*  A  rigid  body  mass  m,  whose 
center  of  mass  is  at  G  is  hung  upon  a  knife  edge  at  0.  The  distance 
OG  =  ro  is  known.    Fig.  280. 

As  the  body  swings,  all  parts  have  the  same  angular  velocity  and  the 
same  angular  acceleration,  but  different  radii.  As  we  know  from 
simple  pendulums,  particles  of  the  body  near  0,  tend  to  oscillate 
quickly;  those  remote  from  0  oscillate  slowly,  but  as  the  body  is  rigid 
all  must  oscillate  together,  the  slower  being  helped  along  by  the  more 
rapid,  by  means  of  shearing  stress,  so  that  the  result  is  a  compromise 
movement  which  is  in  every  respect  the  same  as  the  movement  of  a  cer- 
tain simple  pendulum  whose  length  is  L    The  problem  is  now  to  find  L 

Let  the  body  be  swinging  as  shown,  and  let  the  point  P,  the  extremity 
of  the  unknown  /,  have  the  velocity  v,  so  that  v  =  to,  the  angular  velocity 
00  being  common  to  all  parts  of  the  body.  Let  I  (and  therefore  OG) 
make  an  angle  0  with  a  vertical  line  thru  0.  Let  there  be  an  element 
of  mass,  dm,  at  A  with  a  radius  p  making  an  angle  ^  with  OG, 

The  linear  acceleration  at  P  is 

gsin6='a^la 
Accordingly,  the  linear  acceleration  of  A  must  be 

This  linear  acceleration  requires  for  the  mass  dm  at 
A  an  accelerating  force  sufficient  to  give  it  the  accele- 
ration pa.    This  required  force  is 

dF  =  dmpa=gdm^  sin  d.  (1)       ««.mo 

V 

The  actual  accelerating  force  at  A  perpendicular  to  OA  is 
gdmain  (<^+^  due  to  gravity,  which  is  in  excess  of  what  is  required, 
by  the  quantity,  , 

gdmsm{(f>'he)^P^-^smd==dF'  (2) 
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This  surplus  force  produces  a  moment  about  0. 
pdF'^dL^pgdm sin  (<f>+0)  -^i^  sin  ft 

The  magnitude  (and  sign)  of  dL  varies  from  point  to  point  thruout 
the  body,  and  since  our  hypothesis  was  that  the  body  had  the  accelera- 
tion of  P,  it  is  evident  that  the  integral  of  dL  must  be  zero;  hence 


sin(<^+^^dm=    I  -p^  sin  0dm.  (3) 


During  this  integration  0  is  constant  while  p  and  <f>  vary.  The  first 
member  of  (3)  is  the  moment  of  the  weiglU  of  the  body  about  the  axis 
at  0,  and  is  therefore 

gjp  sin  {<l>+0)  dm  =  mgvo  sin  d  —  Wto  sin  6 
The  second  member  of  (3)  is 

I     }  Z  I 

Hence,  canceling  the  common  factors,  we  have 

''^0=  -r^  or  /  =  — . 
I  To 

It  thus  appears  that  P  is  the  Center  of  Percussion  for  the  axis  0,  in 
accordance  with  SOT.* 


CHAPTER  XVI. 

Deviating  Fobces. 


276.  Component  accelerations*  When  a  body  is  acted  upon  by 
an  unbalanced  force,t  the  acceleration  is  always  in  the  direction  of  the 
action.  If  the  force  be  resolved  into  components,  each  component  will 
produce  an  acceleration  which  is  proportional  to  itself  and  in  the  same 
direction.  If  these  component  accelerations  are  laid  oflf  as  vectors, 
their  diagonal  resultant,  found  as  in  the  case  of  forces,  will  fully  repre- 
sent the  acceleration  of  the  unresolved  force.  This  statement  is  equally 
true  when  the  body  acted  upon  is  in  motion  or,  at  first,  at  rest. 

*  For  an  account  of  Capt.  Kater's  f amoua  compound  pendulnm,  see  ESnqrdo- 
poedia  Britannica. 

t  Unless  otherwise  stated,   the  forces  acting  upon  moving  bodies  are  now 

assumed  to  be  centric;  i.  e.,  their  lines  of  action  pass  thru  the  centers  of  mass. 
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From  the  fundamental  equations  of  motion, 
we  had  for  velocity  and  acceleration  along  s^ 


da 

»=  — > 

di 

dv 
a=  —  = 

dt 

d*8 
dt* 

In  like  manner, 

velocity  and  acceleration  along  x, 

dx 

Vx=  — 

dt 

dvg 
dt 

_d*x 
dt* 

velocity  and  acceleration  along  y» 

"      dt 

dv« 
"      dt 

_d*y 
dt* 

Acceleration  along  the  normal »  a^;  along  the  tangent  =  a^. 

St.  If  a  body  A^  Kg.  281,  having  a  motion  of  translation  with  a 
velocity  t?,  is  acted  upon  by  an  accelerating  (t.  c,  unbalanced)  force  F 
in  a  direction  oblique  to  v,  its  acceleration 
is  oblique  also.  In  this  case  it  is  best  to  ■ib  ''^f 
resolve  F  into  components,  one  along  v 
and  one  at  right  angles  with  it.  Inas- 
much as  the  direction  of  v  immediately 
changes,  its  path  is  not  a  straight  line. 
Hence  one  component  of  f,  F  cos  ^, 
will  lie  along  the  tangent,  while  F  sin  6  lies  along  the  normal.  The  tan- 
gential component  produces  an  acceleration  of  v.  The  normal  com- 
ponent is  called  a  Deviating  Force,  because  its  effect  is  to  cause  the  body 
to  deviate  from  a  rectilinear  path  and  move  on  a  curve;  and  its  accelera- 
tion, as  a  vector,  lies  along  the  normal  pointing  towards  the  center  of 
curvature.  The  two  accelerations  are  generally  written  a^  and  a^. 
The  deviating  component  does  not  affect  the  numerical  value  of  the 
velocity. 

In  the  case  of  a  body  sliding  down  a  smooth  curved  guide.  Chapter 
XIV,  only  the  tangential  component  of  W  was  considered,  as  the  normal 
component  was  balanced  (and  more  than  balanced)  by  the  action  of  the 
guide. 

There  is  no  limit  to  the  number  of  problems  involving  deviating 
forces,  but  only  a  few  classes  can  now  be  considered. 

277.    Circular  paths.    Where  0  is  consUntly  00''. 

Since  Fcos^  =  0,  a^=0,  and  v  is  constant.  If  now  F  is  also  con- 
stant, its  deviating  effect  will  be  constant  and  the  body  has  a  motion 
along  a  circular  path. 
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Let  Q  stand  for  the  deviating  force.  Like  every  force,  it  is  measured 
by  the  product  of  the  mass  of  the  body  it  acts  upon,  by  the  normal 
acceleration  which  it  produces :  that  is  to  say, 

g 

Given  W  (  and  therefore  —  j  we  shall  find  Q  if  we  find  a^.     Hence 

we  must  now  solve  the  problem'.  To  find  the  normal  acceleration  of  a 
heavy  particle  whose  center  of  mass  moves  in  a  circle  whose  radius  is 
r,  with  a  constant  velocity  r. 

The  normal  acceleration  a^  lies  along  AO.  Fig.  282.  Let  it  be 
resolved  into  components  along  AB  and  AC.     That  is  into 

(Par       J  d^y 
—  and  —  • 

dfi  dfi 

From  the  figure     x  =  r  cos  0 

dx=  ^r  sin  Odd 
d^x  =s  —  r  cos  d{d&)^ 

.  d^x  nfddy 

hence  —  =  — r  cos  u  [  —  ) 

dfi  \  dil 

=  — rcos^.o)^  (1) 

Similarly  y  =  r  sin  0 


dy  =  r  cos  0d0 
d^y^^rsia  0(jd0)^ 

—  =  —  rsin^.G)* 


dp 


(«) 


Hence  a^  =  rcu*  =  -  (3) 

r 

Since  v  =  rco. 

Having  found  a„  we  have  the  value  of  Q  =  ma^ 

or  Q  =  -^^  (4) 

This  formula  is  most  important;  it  holds  when  F  is  not  constant  and 
the  path  is  not  a  circle,  provided  r  is  the  value  of  the  radius  of  curva- 
ture. 
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The  quantity  Q  is  popularly  (but  erroneosuly)  called  the  "centrifugal 
force,"  meaning  that  it  is  the  force  which  tends  to  make  the  body  *'fly 
the  center."  It  does  no  such  thing;  it  is  the  force  which  prevents  its 
flying  the  center.  However,  it  does  measure  its  reaction  upon  the 
external  guide,  or  upon  the  deviating  puU  of  a  rope  fastened  to  a  pin 
or  anchor  at  the  center  0.  But  we  are  not  considering  how  A  acts 
upon  some  other  body;  we  are  considering  only  how  A  is  acted  apon, 
whereby  it  moves  in  a  circular  path. 

As  a  deviating  force  always  acts  towards  the  center  of  curvature,  it 
is  properly  called  a  centripetal  force. 

2T8.  Lemma.  The  centralization  of  deviating  forces.  The  re- 
sultant deviating  force  required  to  make  all  the  parts  of  a  solid  body 
move  along  the  arcs  of  concentric  (or  co-axial)  circles  with  the  same 
angular  velocity,  is  the  same  as  it  would  be  if  the  entire  mass  were 
concentrated  at  its  center  of  mass.     This  must  be  proved. 

Let  O  be  the  center  of  mass  of  a  solid  body.  Fig.  283,  and  OZ  an 

axis  about  which  the  body  is  rotating.     An  element  of  mass  dm  at 

A  has  a  radius  p,  which  makes  an  angle  0  with  the  plane  thru  G  and  the 

.         v^ 
axis.     The  deviating  force  for  dm  is  dm— =dwpai*,  since  v^p(o.     We 

P 
are  to  find  the  resultant  of  all  such  elements. 

This  may  be  resolved  into  a  component  per- 
pendicular to  the  plane  YZ:  poi^sind  dm^  and 
one  parallel  to  it :  poJ^  cos  0  dm.   Now  the  integral 


oj^jpsind  dm  =  0 


Fig.  888 


since  it  is  cdf^  times  the  moment  of  all  the  ele- 
ments of  the  body  with  reference  to  a  plane  which  passes  thru  the 
center  of  mass  of  the  body. 

The  integral  <i^jp  cos  6  dm  is  oJ^  times  the  moment  of  all  the  masses  with 
reference  to  the  plane  ZX  perpendicular  to  00;  i. «.,  jp  cos  0  dm  =s  mOO* 

Hence  the  resultant  •>  •  r\   r*   r^ 

Q  =  mpoO)*.  Q.  E.  D. 

279.  The  dangerous  magnitude  of  Q.  It  is  seen  that  Q  increases 
as  the  square  of  the  angular  velocity.  Its  magnitude  is  often  under- 
estimated, as  is  the  case  when  a  rapidly  moving  locomotive  or  auto- 
mobile enters  upon  the  arc  of  a  circle  of  small  radius,  and  no 
adequate  deviating  force  is  provided.  For  example  suppose  a  loco- 
motive weighing  100  tons  moves  at  the  rate  of  88  feet  per  second 

(60  ^)  on  a  curve  whose  radius  is  600  ft.     (Of  course,  this  is  a  fright- 
ful speed  for  such  a  radius.) 
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tOfiT-  Q 


e= 


200000 (11)<      242000 


riff.  884 


300  3 

=  80666.7 
=  43"  tons. 

Unless  this  deviating  force  is  provided,  the  machine 
willnot  keep  the  curve:  That  is,  it  will  roll  over,  or 
carry  the  track  sideways,  or  "jump  the  track."  To  pre- 
vent this,  the  track  must  not  only  provide  a  vertical 
support  of  100  tons,   but  also  a  horizontal  deviating 

force  of  60J  tons,  both  acting  thru  the  "center"  of  the  locomotive. 
This  resultant  action  must  come  up  betweent  he  rails  or  it  will  not 

come  at  all,  and  over  goes  the  machine.     If  the  rails  are  on  the  same 

level,  as  the  deviating  force  comes  from  the  lateral  action  of  the  outer 

rail  upon  the  flanges  of  the  wheels,  or  by  the  outer  rail  and  a  guard  rail; 

the  analysis  is  as  follows.  Fig.  285 : 

The  lower  Q  represents  the  lateral  force  of  the  rails  upon  the  flanges 

of  the  wheels.     This  force  is  resolved  into  an 

equal  force  Qi  acting  at  the  center  of  gravity 

of  the  machine,  and  a  couple  Q  and  Q"  whose 

arm  is  h  and  whose  moment  is  Qh,  which  in 

the  figure  is  right-handed.     The  moment  of  W 

about  the  outer  rail  is  iWs^  in  which  s  is  the 

inside  gauge  of  the  track.     If  ^Ws>Qh,  the 

machine  will  not  turn  over  tho  the  outer  rail 

will  carry  more  than  half  the  load. 

If  iWs<Qhy  and  the  rails  do  not  move  laterally,  the  locomotive 

climbs  over  the  track,  or  turns  over. 

280«  An  elevated  cater  rail.  If  the  outer  rail  is  elevated,  and 
if  it  be  stipulated  that  each  rail  shall  carry  half  the  required  support, 
then  the  elevation  is  found  for  the  velocity  v.  Since  the  support  must 
provide  both  a  vertical  W  and  a  horizontal  Q,  we  proceed  as  follows; 

Fig.  286:— 

If  O  is  the  center  of  mass,  80  ^Q  and  BO  =  JT,  we 
have  PO  is  the  required  line  of  reaction,  which  must 
bisect  the  "gauge"  at  right  angles. 

The  small  triangles,  are  similar;  hence  the  eleva- 
tion of  the  rail  is 


Vig,  880 


e  = 


He.  see 


where  Q  = 

g  R 


A  is  the  radius  of  the  curve  in  feet,  and  «=ft.pers6c. 
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If  we  write  —  =  fc,  the  above  equation  gives  — 

gR  s 


Vi+ifc^ 

If  the  elevation  is  less,  the  wheels  will  carry  unequal  loads»  and  the 
outer  flange  must  help  supply  Q.  If  the  velocity  is  less  than  that  for 
which  Q  was  calculated,  the  lower  flange  will  be  called  into  action. 

In  the  case  of  an  automobile  making  a  curve  on  a  horizontal  plane* 
the  friction  of  the  ground  must  supply  the  deviating  force.    This  can- 
not be  greater  than  fW.    If  Q  >jW^  the  auto  slides  or  "skids."    If  the 
wheels  cannot  "skid»''  and  the  required  Q  is  >  ^Ws/h^  it  overturns. 
The  notation  is  the  same  as  in  figure  286. 


281.  Motion  along  the  are  of  a  vertical  drde.  This  has  already 
been  discussed  with  a  view  of  finding  velocity  and  time.  We  take  it 
up  now  to  find  the  necessary  deviating  force,  the  motion  being  still  a 
translation. 

Let  the  body  be  connected  with  the  center  0  (Fig.  287)  by  a  stiff, 
weightless  rod  which  fits  over  a  smooth  pin  at  the  center  of  mass  of 
the  moving  body,  and  over  a  smooth  pin  at  0.  Assume 
that  the  body  has  already  moved  from  Ai  to  B  and 

has  a  velocity  v  =  V2^A  so  that  r*  =  2^  (r  cos  ^ — r  cos  ^i) . 
Only  two  forces  are  acting  on  the  body  at  B :  the  pull 
of  the  earth  TF,  and  the  pull  of  the  rod  T.  One  com- 
ponent of  W  is  balanced  by  a  part  of  T,  and  the  other 
causes  a  tangential  acceleration  which  increases  9.  T 
must  not  only  balance  Wcos^,  but  it  must  furnish  the 
Q  which  is  necessary  to  make  the  body  keep  on  the  cir- 
cular arc.    This  Q  is 

Q«?^'  -2Jr(cos^-cos^i) 


rig.  987 


gr 


hence 


r=»Fcos^+2Jr(cos^-cos^i) 
r  =  IF(8costf-2cos^i) 


It  is  very  important  that  the  student  should  take  note  that  the  value 
of  T  in  this  formula,  and  in  those  that  follow  where  all  the  motion  along 
the  arc  of  a  vertical  circle,  is  due  to  the  weight  and  ^,  the  radios  r  does 
not  appear.    It  follows  that  the  results  are  independent  of  r. 

If  d^Ot  the  formula  becomes 

r-»F(8-2cosdi) 

which  is  the  tension  of  the  rod  when  the  body  reaches  the  lowest  point  A. 
Now  turn  to  Fig.  288. 
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The  body  starts  at  B,  9\^  W 
"  *'      "  Dj  ^i=120*» 


When  A 

is 
reached 


This  shows  the  tensions  in  the  rod  when  the  body 
has  reached  A^  having  swung  from  various  heights 

differing  by-* 

The  magnitude  of   r»  as  evidenced  by  breaking 
ropes  or  chains,  is  often  a  surprise  to  untechnical  men 
who  blindly  suppose  that  if  a  rope  or  chain  is  strong 
enough  to  sustain  W  when  at  rest,  it  will  sustain  it 
equally  well  when  it  swings.* 

Parties  installing  swings  in  playgrounds  should  provide  for  heavy 
people  and  high  swings. 

It  may  be  well  to  note  the  change  in  the  stress  in  the  rod  when  the 
body  BiaTi9  from  V.  At  first  the  tension  is  negative^  that  is  to  say» 
the  rod  is  a  strut  in  compression.    The  general  formula  gives 

r  =  FF(8cos^+2). 

If    <^ = 7r — ^,    this    becomes     T  =  (2 — 8  cos  <f}).     When  cos  if}^  -^t 

S 

T^Oy  and  the  moving  body  has  descended  to  £7,  Fig.  £88»  a  vertical 

distance  A  »—•     At  that  point  the  stress  in  the  rod  changes  from 

S 

compression  to  tension.     Had  the  body  been  sliding  from  the  top 

of  a  smooth  sphere  instead  of  being  connected  with  a  central  rod,  it 

would  have  moved  just  the  same»  and  would  have  left  the  sphere  at 

the  point  E  and  gone  off  on  a  tangent  with  a  velocity  Vq  «  Vs^A  =  Vl^r. 
Its  path  during  a  2nd  epoch  after  the  sphere  has  ceased  to  act  on  it, 
is  in  accord  with  the  laws  for  projectiles  investigated  in  286* 

Had  the  tangential  velocity  at  F,  the  top  of  the  circle  of  revolution, 
due  to  forces  which  had  ceased  to  act»  been  equal  to  (or  greater  than) 
Vlflfr,  Q  would  have  been  equal  to  (or  greater  than)  W:  so  there 
would  have  been  no  stress  (or  some  tension)  in  the  rod,  or  no  pressure 
(or  some  pressure)  upon  an  external  guide. 

*  The  writer  recalls  an  incident  of  his  boyhood  when  he  set  out  to  prove  to  hi» 
brothers  and  sisters  that  he  could  invert  a  bucket  full  of  water  without  spilling  a 
drop.  He  swung  the  bucket  to  and  fro  and  then  swung  it  steadily  overhead, 
wiliiout  spilling  a  drop — while  it  was  overhead;  but  when  it  came  down  to  the 
lowest  point  of  the  curve,  the  bail  and  the  bucket  parted  company  and  every  drop 
was  spilled.  The  catastrophe  was  a  mystery  to  the  boy,  but  he  learned  later  that 
*'Q"didit. 


".    ^^«.*,«        -,w,«       w^^^>» 
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Had  Vo  at  K  been  ^igr,  the  tension  in  the  rod  when  it  had  swung 

to  the  lowest  point  A  would  have  been  6W.  Had  Vq  >  '^sgr,  the 
tension  at  A  would  have  been  greater  than  6W. 

282«  ''Looping  the  loop/'  Suppose  a  truck  with  light  wheels 
is  running  on  a  "looped"  track  (Fig.  289),  with  a  velocity  sufficient  to 

carry  it  thru  V  with  a  velocity  greater  than  VS^r.  The  deviating 
force  Q  at  2I  is  greater  than  6W.  This  explains  the  shock  which  a 
passenger  in  such  a  truck  experiences  in  his  spinal  column. 

Suppose  the  weight  of  one's  head»  arms  and  body  above  his  hips  is 
100  lbs.,  all  of  which  is  supported  by  his  backbone;  and  suppose  he 
twice  passes  the  arc  BA.  When  the  car  first 
reaches  B^  his  backbone  which  usually  sup- 
ports 100  lbs.  is  suddenly  required  to  support 
more  than  500  lbs.,  and  that  increases  till  he 
reaches  A  9  when  the  load  on  the  spinal  column 
exceeds  600  lbs.  These  loads  are  repeated 
as  the  car  comes  down  again  to  the  point 
A,  but  are  immediately  taken  off  as  the  track 

becomes  straight.  The  untechnical  passenger  who  goes  off  with  a 
lame  neck  or  back  is  apt  to  ascribe  his  injury  to  a  rough  track.  If  so, 
he  is  wrong,  for  what  has  been  said  here  has  been  based  on  a  perfectly 
smooth  track.    The  quantity  Q  explains  it  all. 

288.  The  conical  pendulum.  An  ideal  problem.  A  Ibody,  A,  Fig. 
£90,  moves  in  a  horizontal  circle  whose  radius  is  r,  constrained  to  keep 
its  path  by  the  joint  action  of  gravity  and  the  tension  of  a  weightless 
cord  attached  to  a  point  F,  at  a  distance  h  above  the  center  of  the 
circle.     Find  the  relations  between  forces,  motions  and  time. 

But  two  forces  are  acting  on  A :  gravity  and  the  tension  of  the  cord.* 

Wr 
Their  resultant  is  i4£  =  IF  tan  d= This  resultant  must  be  hor- 


*  The  reader  must  not  be  mislead  by  such  a  slip  as  the  following,  which  is  actually 
in  print  in  a  reputable  work  on  Mechanics.  "The  forces  acting  on  the  ball  [of  a 
conical  pendulum]  are:— the  tension  Tof  the  string,  the  weight  m  of  the  particle, 
and  the  centrifugal  force, "     (The  italics  are  ours.) 

Such  statements  greatly  confuse  students.  The  writer  is  reminded  of  a  state- 
ment in  a  textbook  on  elementary  physics  to  the  effect  that  a  cannon  ball  moving 
thru  vacant  space  near  the  earth's  surface  was  acted  upon  by  two  forces:  the 
force  of  gravity,  and  the  force  of  inertia  that  kept  the  ball  in  motion,'*  The  writer 
does  not  remember  the  author's  name,  but  he  does  remember  that  he  burned  the 
book.  This  confusion  of  thought  is  akin  to  that  which  afflicts  writers  who  assert 
that  a  force  balances  itself,  or  that  a  force  and  its  components  form  a  balanced 
system. 
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izontaU  or  the  body  would  not  move  in  a  horizontal 
plane.    It  is  the  deviating  force  Q.    Hence 

Wr  _  Wv* 
h 


=  « 


9f 


(1) 


and  the  general  equation  is 


hence 


(8) 


v 


which  shows  that  h  is  independent  of  r. 


The  time  of  a  revolution  is 


Hence 


^rrr 


01 


h^%v^- 


(4) 


which  is  independent  of  r»  which  shows  that  the  time  depends  on  A,  and 
not  on  the  length  of  the  cord. 

284.  The  ball  goyemor.  As  co  is  increased  in  the  conical  pendulum, 
h  is  diminished.  This  property  led  to  the  use  of  the  ball  goyernor  for 
steam  engines  and  certain  clocks.  As  commonly  used  on  an  engine, 
there  are  two  heavy  balls  hung  upon  a  revolving  shaft,  Fig.  1^91,  so 
connected,  at  C,  that  the  arms  CA  and  CA'  revolve  with  the  shaft, 
while  they  are  free  to  move  up  and  down,  in  vertical  circles.  A  pair 
of  light  equal  arms  connects  A  and  A\  with  a  sleeve  at  J?,  which  slides 
freely  on  the  shaft  carrying  a  lever  arm  which,  when  raised,  automat- 
ically shuts  off,  more  or  less,  the  supply  of  steam  which  drives  the 
engine. 

If  for  any  reason,  such  as  the  shifting  of  a  belt  so  as  to  throw  off 
a  part  of  the  moving  machinery,  or  a  break  in  a  gear 
or  shaft,  the  resistance  to  be  overcome  is  reduced,  and 
the  speed  is  immediately  accelerated,  the  angular  velocity 

of  the  balls  is  increased, increases  beyond  TF  tan  ^, 

9'f^ 
and  the  balls  move  into  a  larger  and  higher  horizontal 

circle,  making  6  larger,  and  h  less,  both  above  and  below 
the  plane  ol  AA'.  Thus  B  is  lifted  and  the  supply  of 
steam  is  diminished  tho  not  wholly  shut  off.  Thus  the 
engine  is  prevented  from  running  "away"  or  "racing." 

It  is  evident  that  an  effective  "governor"  must  be  sensitive  and  re- 
spond quickly,  and  the  balls  must  rise  without  loss  of  time.     Right 
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here  occurred  what  at  first  seemed 
a  paradox:  It  was  found  that  if  a 
weight  was  added  to  the  sliding  sleeve 
J?,  thereby  pulling  the  swinging  balls 
down^  it  caused  them  to  Hsb  more 
quickly  when  the  angular  velocity  waa 
increased.  The  theory  of  this  phe- 
nomenon must  now  be  given.  The 
added  weight  W29  including  the  sleeve 
B9  hangs  equally  on  the  two  arms  BA 
and  BA\  and  the  static  triangle  for 

W» 

—  gives,  Fig.  292  (b),  if  Ti  is  the  tension  in  a  BA, 

T,=  ^3ec0.  (1) 

2 

There  are  now  three  forces  acting  on  the  ball  at  A :  Wu  Ti  and  T2; 

they  do  not  balance,  but  their  resultant  must  be  horizontal  and  'equal 

W  v^ 
to  Q  ==  — —  •    Hence  the  resultant  polygon  for  steady  motion.  Fig.  292b. 

gr 
It  is  evident  that  as  the  sum  of  the  vertical  components  of  forces 
acting  on  Wi  must  be  zero, 

TiCosO^Wi+Ticosd 


2 

and  Q  » the  sum  of  the  horizontal  components  of  T\  and  Ts. 

Q  =  risind+r2sin^ 


(2) 


(3) 


Wt 


tan 


e.( 


W,+ 


w 


2 


) 


tan^ 


But  also 


Hence 


gr         g 


(4) 


h\ 


— ? )»  and  h 


1  + 


(5) 


Differentiating  the  last  equation  we  get  after  changing  signs  so  as 
to  make  do)  positive,  indicating  an  increase  in  a>, 

and  the  slider  rises  2dA  =  -?  >  (  — 1  ]•  d(o. 


,^     ^g    /Wi+W2\ 


d(o 
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It  is  now  readily  seen  that  the  rise  of  the  slider  is  increased  by  the 
addition  of  W2.  This  is  not  so  paradoxical  as  it  appeared  at  first, 
since  the  addition  of  W2  pulled  B  down  for  a  given  a>,  and  so  gave  it 
a  better  chance  to  rise  when  a>  increased. 

It  goes  without  saying  that  the  governor  is  also  efficient  in  keeping  up 
(approximately)  the  angular  velocity  by  turning  on  more  steam*  when 
the  load  on  the  engine  is  increased  and  there  is  a  tendency  to  slow 
down. 

285.    Loss  of  weight  due  to  the  earth's  rotatioii.      This  is  not 

the  place  to  discuss  the  full  theory  of  the  effect  of  latitude 
upon  the  weight  of  the  body,  but  one  of  the  modifying 
^^  influences  is  now  in  order.  In  Fig.  293,  let  A  represent 
the  position  of  a  mass  m  on  a  meridian  circle,  NES, 
r  north  latitude  0.  Its  radius  of  rotation  is  AB  =  R  cos  0, 
The  deviating  force  required  to  compel  the  mass  to  move 
in  a  circle  is 

<    Q  =  mRoj^  cos  0. 

The  value  of  co,  since  it  is  constant,  is  found  by  dividing  ^n  by  the  length 
of  a  aiderial  day  which  is  about  86,164  seconds.     See  817* 

The  deviating  force  (loss  of  weight)  at  the  equator  is  mRa^.    At 

the  poles,  it  is  nothing.    At  latitude  60^  it  is  -  [viRitf)  very  nearly. 

Assuming  that  the  earth  is  a  solid  sphere,  the  resultant  attraction 
is  directed  towards  the  center,  C  Resolving  that  attraction  into  Q  and 
W  (the  observed  weight),  it  is  evident  that  W  is  less  than  the  real 
attraction,  and  also  that  it  is  not  directed  towards  the  center  of  the 
earth.  This  last  fact  goes  to  explain  why  the  earth  is  not  a  perfect 
sphere,  and  why  the  action  of  W  draws  the  masses  towards  the 
equator,  thereby  ''deforming"  it  and  making  it  an  ohlaie  spheroid 
whose  resultant  attraction  is  not  towards  its  own  center  of  mass. 

286«  The  motton  of  a  projectile  in  vacant  space.  The  problem 
being  ideal,  it  will  be  assumed  further  that  all  vertical  lines  are  parallel. 
A  ball  fired  from  a  gun  has  at  least  three  epochs  in  its  motion:  Its 
motion  in  the  gun  from  rest  to  the  muzzle;  its  motion  from  the  muzzle 
to  a  point  where  the  escaping  gases  cease  to  act  upon  it;  and  the  passage 
in  "vacant  space"  with  an  initial  velocity  Vq  and  an  initial  direction 
Oq.    The  motion  in  the  gun  will  be  discussed  in  the  next  chapter. 

The  accelerated  velocity  of  the  2nd  epoch  is  difficult  to  discuss 
except  experimentally.  However,  it  is  clear  that  in  real  cases,  the 
great  volume  (and  mass)  of  escaping  and  expanding  gas  acts  with  great 
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force  and  for  some  dis- 
tance upon  a  projectile 
after  it  has  left  the  gun. 
Taking  now  the  3rd 
epoch  (Pig.  294),  after 
the  time  t  the  velocity  -^ 
is  Vy  and  the  direction  is 
6.  Only  one  force  is  act- 
ing, namely  gravity,  whose  acceleration  is  vertically  down,  —  ^,  as  z 
is  measured  positive  upwards. 


7tc.  se4 


The  vertical  acceleration  is  therefore —  =  —  a 
Multiplying  by  dt  and  integrating 

—  =  —gt+C^^Vosindo—gt. 
dt 

Integrating  again         z  =  (vq  sin  0o)^ gt^+{K  =  o) 

2 


(1) 


(«) 


(3) 


Eq.  (S)  gives  the  vertical  height,  or  ordinate,  of  the  ball  at  the  time  L 
The  horizontal  acceleration  is  zero  as  there  is  no  horizontal  force 
acting  on  the  ball. 


Hence 


Integrating 


dPx 
dt^ 


=  0 


dt 


(4) 


(5) 


Continuing  x  =  (vq  cos  Oo)i + (ff  =  O)  (6) 

Equation  (6)  gives  the  horizontal  co-ordinate  of  the  ball  after  the 
time  t. 

From  the  last  equation  t=  - 


X 


VqCOsOq 

z^xtB.nOn  — 


which  substituted  in  (S)  gives 


gx' 


2vo^  cos^  Oq 


(7) 


which  is  the  equation  of  the  path — a  parabola  passing  thru  0,  and 

having  a  vertical  axis  pointing  down.    The  ball  will  reach  its  highest 

dz 
point  (the  vertex  of  the  parabola)  when  —  —  0,  that  is  when 

dt 
Vo  Sin  00 


/  = 


9 


At  that  time 


V  sin^  00      1      *'o*  sin*  0r 

zi  =  -? -g- ; — 


g 


g' 
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Vq^  sin^  do 


2l  = 


and  2:  = 


^9 
Vo^  sin  00  cos  ^o 


(8) 


9  ^ 

The  ''range"  of  the  projectile  is  the  value  of  x  when  z  is  again  zero. 
Making  z  =  0  in  (7)  and  solving  for  the  x  we  have 

Range  OB  =  ^'o'^^^Q^^^'^Q  =  ^1  sin  2^  (9) 

which  is  twice  the  abscessa  of  the  vertex,  as  should  have  been  expected. 
The  range  will  be  greatest  when  sin  9,6 o  is  the  greatest,  that  is,  when 

4 

In  that  case  the  range  is  -^  •  (10) 

9 

It  is  interesting  to  note  that  if  60  were  90**,  the  vertical  height  to 
which  the  ball  would  go  with  the  same  velocity  r©,  is  the  distance  to 
the  Directrix  of  the  parabola  described  when  ^  =  45**  and  is  one-half  of 
the  Maximum  Range.  Again,  the  velocity  at  any  point  in  the  para- 
bola is  found  from  the  equation 

=  Vo^  cos^  00  +  {vo  sin  0—giY 

which  by  (3)  becomes     •        «     ^  /-n\ 

v^  =  Vo^-%gz  (11) 

which  shows  that  at  equal  heights  before  and  after  passing  the  vertex 
the  velocity  is  the  same,  and  that  when  the  ball  reaches  the  horizontal 
plane  thru  0  (the  end  of  the  range),  the  velocity  is  again  t;©.    Finally, 

ince  the  sin(--— 2<^)   =  sin| — 1-2<^)  the   range   is  the   same   for 

0Q  =  ^5°'-(f>y  as  for  do  =  45**-f<^.  This  fact  was  formerly  much  used  in 
war  for  determining  the  elevation  of  bomb  shells. 

28T*  The  deviating  component  of  W.  One  component  of  the 
weight  of  the  ball  is  always  a  deviating  force  which  has  the  general 

value  n    U7        A        ^^ 

Q  =  fV  cos  u  =  m  — 

P 
Where  p  is  the  radius  of  a  curvature.     Since  the  horizontal  velocity 

of  the  ball  is  constant,  ^ 

cos  0=  —  cos  00 

V 


si 
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SO  that 


«- 


WVnCOsO, 


At  the  vertex  of  the  parabola  r  =  r^  cos  dp  and  Q  "=  TF»  hence 


P  = 


Vi?  cos 


»^. 


fl' 


rtc.  990 


288.  The  problem  of  281.  A  smooth  spherical  ball»  radius 
r,  rests  on  a  rough  horizontal 
plane  in  a  vacuum.  A  heavy 
particle  slides  from  the  topmost 
point.  Fig.  295,  and  finally 
reaches  the  givenplane  at  T. 
What  is  the  position  of  the  point 
E  where  the  particle  leaves  the 
sphere,  and  the  distance  TA} 

It  is  assumed  that  the  sphere 
is  not  moved  by  the  action  of  the 
particle. 

This  problem  was  broached  in 
381  but  the  reader  was  at  that  time  (perhaps)  unprepared  to  solve  it* 

It  was  however  found  that  the  point  E  was  —  r  below  the  level  of  F,  and 

3 

that  Q  was  then  equal  to  the  normal  component  of  W,    Accordingly  the 

particle  left  the  sphere  at  that  point.    Hence  it  began  the  second  epoch 

with  a  velocity  ^o^  -^  —gr^  ^^^  ^^  angle  of  depression 6^  the  angle  being 

determined  by  the  equation  cos  d=^  — •     The  horizontal  component  of  v 

3 

is  constant  and  equal  to  Vq  cos  6^  —i—grX  ,  since  the  motion  is  ideal  and 

in  vacant  space.  The  vertical  component  of  Vq  at  E  is  Vq  sind,  and  its  vertical 
acceleration  is  henceforth  g\  hence  its  vertical  velocity^  t  sec.  after  leav- 
ing JS,  is  / 10     \*  .    , 

n-[Y,^r)   ^gU 

so  that  the  vertical  distance  fallen  at  the  time  t  is 


/lO 

« =   —  g'T 

\27 


\*        1 


The  vertical  height  of  E  above  the  plane  ^T  is  -r;  hence  if  we  make 

3 
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«=  —  r  in  the  last  equation  and  solve  for  t,we  have  the  time  of  the  fall: 
8 


3        V  27  /         «* 


Multiplying  the  constant  horizontal  OqCos  ^by  U  we  have  the  distance 

^^'^'^'''  vcos^=  (^)*  (?^)*  (Vro-1)  =  ^(VFo- V5)=sr 

\27/    V27ff/  27 

so  that  the  required  distance  is 

^r=  — (4V2  +  V6)r.  Ans. 

27 

flS9.  The  resisting  elTect  of  atmospheric  air.  All  the  above  re- 
sults apply  only  to  ideal  conditions^  for  projectiles  are  never  fired,  nor 
do  bodies  fall,  in  vacuo.  There  is  always  resistance  from  the  atmos- 
phere whether  still  or  in  motion.  In  the  case  of  heavy  and  dense 
bodies  (especially  if  pointed  and  moving  with  a  sharp  point  forward) 
having  low  velocities,  the  resistance  is  small  and  may  be  neglected 
without  serious  error. 

When  Galileo,  in  order  to  prove  that  the  weight  of  a  body  did  not 
affect  its  velocity  when  falling,  dropped  two  balls,  one  large  and  one 
small,  from  the  top  of  the  leaning  tower  of  Pisa  to  the  ground,  the 
verdict  of  all  the  spectators  was,  that  they  reached  the  ground  at  exactly 
the  same  instant.  Such  would  have  been  the  fact  had  they  fallen  in  a 
vacuum,  but  in  the  air  they  did  not  fall  in  exactly  the  same  time,  tho 
the  difference  was  not  noticeable.  If  of  equal  density,  and  spherical, 
the  larger  encountered  less  resistance  than  the  other  in  proportion  to 
its  weighty  so  that  its  acceleration  was  greater  than  that  of  the  smaller 
ball.     This  is  readily  proved. 

When  the  velocity  was  r,  let  k  be  the  resistance  offered  by  the  air 
to  the  motion  of  the  smaller  ball  whose  weight  was  Wi,  Suppose  the 
diameter  of  the  larger  ball  was  twice  that  of  the  smaller.  Then  it 
suffered  a  resistance  of  approximately  4fc;  but  the  pull  of  the  earth 
was  8FF1  =  FFj.    The  unbalanced  force  acting  on  the  smaller  was  Wi  —  k, 

and  its  acceleration,  a\  =  — -- —  9^9"^:^*     The  unbalanced  force 

acting  on  the  larger  was  8Jri-4fc,and  its  02=  —^ — ^=p-  -^-    It 

?^       gk  ^ 

is  now  easily  seen  thata2>ai,  tho  the  difference  is  only-— -»  which  was 

%Wi 
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SO  small  that  its  effect  upon  the  time  U  escaped  notice  in  the  crude 
experiment. 

200.  Projectiles  in  a  resisting  medinm.  This  is  a  difficult  sub- 
ject for  two  reasons.  In  the  first  place  it  is  difficult  to  determine  with 
any  accuracy  what  the  resistance  offered  to  a  given  body  actually 
is,  and  how  that  resistance  changes  with  a  change  in  the  velocity. 
A  common  assumption  is  that  it  varies  as  the  square  of  the  velocity; 
again,  as  the  cube  of  the  velocity,  particularly  in  the  case  of  a  vessel 
moving  thru  the  water.  But  no  one  really  thinks  that  the  exponent 
of  V  is  a  whole  number.  In  the  second  place,  when  a  rational  assump- 
tion is  made,  that  the  resistance  is  Jb^,  the  resulting  equations  are 
exceedingly  difficult  to  handle.  In  military  and  naval  academies, 
extensive  experiments  have  been  made,  with  careful  measurements  of 
elevations,  initial  velocities,  distances  and  times;  andempiracal  equations 
have  been  devised  to  suit  the  graphs  obtained  from  plotting  the  results. 

Professor  Philip  R.  Alger,  of  the  U.  S.  Naval  Academy,  gives  the 
modified  equation  for  the  trajectories  of  the  shells  of  big  guns  in  the 


navy,  as  follows:  ^      _9^l^,^^\ 


a  =  a:tan^o  — 


in  which  k  is  the  co-efficient  of  r*,  when  kv^  represents  the  atmospheric 
resistance.  The  quantity  k  is  of  course  a  function  of  the  projectile 
itself,  viz.:  ^j 

W 

D  being  the  diameter  of  the  projectile  in  inches;  Wy  its  weight  in 
lbs.;  and  ^  is  a  constant  determined  by  their  experiments.  Prof. 
Alger  gives  the  value  of  fc,  when  D  =  12  and  Vo  =  2800— ,  as 

,       21534 

k= • 

(10)« 

The  makers  of  long  range  guns  and  rifles  adjust  the  ^'sights**  in 
accord  with  the  results  of  experiments;  just  as  every  pitcher  of  base- 
ball learns  by  experience  the  proper  elevation  and  the  judicious  initial 
velocity.  For  a  long  throw,  the  initial  elevation  is  rarely  more  than 
80^ 

29  !•  The  elTect  of  initial  rotation.  The  rotation  of  the  projectile 
in  a  resisting  medium  has  much  to  do  with  the  curve  described.  A 
rotating  golf-ball  drags  the  air  around  with  it  and  causes  unequal  pres- 
sures upon  the  top  and  bottom,  or  sides,  the  resultant  of  which  acts 
as  a  deviating  force  to  deflect  the  ball  from  its  normal  path. 
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It  is  evident  that  the  direction  of  the  stroke^  the  bevel  of  the  club^  and 
the  condition  of  the  surfaces  in  contact  have  much  to  do  with  the  direc- 
tion taken  by  the  ball,  and  with  its  angular  velocity. 

With  a  perfectly  smooth  club  and  a  perfectly  smooth  elastic  ball,  there 
can  be  no  rotation,  and  the  direction  taken  must  be  very  nearly  normal 
to  the  face  of  the  club.  With  perfectly  rough  club  and  ball,  the  initial 
direction  must  be  very  nearly  in  the  direction  of  the  stroke,  regardless 
of  the  bevel;  and  if  the  stroke  is  eccentric,  there  must  be  rotation. 
Hence  a  rusty  club  and  a  rough  dirty  ball  under  a  stroke  with  a  hori- 
zontal tangent  gives  very  little  rise;  while  with  a  polished  and  well- 
oiled  club,  a  smooth  ball  is  readily  "lifted"  by  a  horizontal  stroke. 

The  bevel  of  the  face  of  the  club 
shown  by  the  tangent  line,  Fig.  296, 
gives  the  normal  action  in  the  direc- 
tion of  BC.  But  there  is  more  or 
less  friction  in  the  direction  of  the 
tangent  at  B  which  gives  the  ball 
angular  velocity  and  the  tangent 
force  combines  with  the  normal  force 
giving  a  resultant  force  which  pro- 
duces during  the  time  of  action  the 
velocity  Vq. 

Had  both  ball  and  club  face  been  rig.  S96 

perfectly  smooth^  the  initial  direction 

of  the  balls*  motion  would   have  been  normal  to  the  face  of  the  club 
during  the  contact,  and  there  would  have  been  no  rotation  of  the  ball. 

If  there  were  no  initial  slipping,  the  direction  of  the  ball  would  have 
been  parallel  to  the  direction  of  the  blow. 

Let  C  be  a  vertical  section  of  a  golf  ball,  struck  at  the  point  B  in  the 
direction  of  the  arrow,  which  is  in  the  vertical  plane  of  the  section. 
The  ball  moves  off  in  the  direction  shown  by  the  velocity  line  r©.  It 
has,  in  consequence  of  the  eccentric  blow,  a  rotation  about  a  hori- 
zontal axis,  as  indicated  by  the  curved  arrow. 

The  air  in  front  of  the  ball  from  A  to  A'  is  congested  and  the  result 
is  a  resisting  pressure.  Meanwhile  the  rotating  rough  ball  increases 
the  congestion  along  the  region  near  Ay  thereby  increasing  the  pressure 
shown  by  the  arrow  Q.  Along  the  region  near  A ',  the  rotation  of  the 
ball  facilitates  the  escape  of  the  congested  air,  thereby  reducing  the 
pressure  at  that  point.  The  result  of  these  actions  at  A  and  A'  is  to 
lift  the  ball  and  to  counteract  (or  balance)  a  part  of  the  deviating  action 
of  the  ball's  weight  and  causes  the  trajectory  to  be  abnormally  flat.     In 
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other  words,  the  ball  is  made  to  rise  above  the  normal  trajectory  and 
thereby  increase  its  range. 

On  the  other  hand,  if  the  ball  be  struck  at  P'  in  the  direction  of  the 
arrow  shown,  the  rotation  will  be  in  the  opposite  direction,  and  the 
resultant  air  pressure  will  have  a  downward  direction  (as  compared 
with  Vq)  so  that  the  deviating  force  of  W  will  be  increased,  and  the  tra- 
jectory will  have  a  sharper  curvature  than  the  normal  curve,  and  the 
ball  will  seem  to  "'drop,"  and  have  a  short  range. 

If  in  consequence  of  not  swinging  the  club  in  the  vertical  plane, 
which  passes  thru  the  center  of  the  ball  at  the  instant  of  contact,  the 
direction  of  the  resultant  action  of  the  club  is  oblique  to  that  plane, 
there  will  be  rotation  about  a  vertical  axis,  and  the  ball  will  curve  to 
the  right  or  the  left  according  as  the  rotation  is  right-handed  or  left- 
handed  (to  one  looking  down). 

A  rapidly  revolving  baseball  does  not  describe  a  plane  curve,  unless, 
like  the  golf-ball,  its  axis  of  revolution  be  horizontal.  If  the  axis  is 
vertical,  and  the  rotation  is  right-handed  (to  one  looking  down)  the 
trajectory  will  curve  to  the  right  on  account  of  the  congested  condi- 
tion of  the  air  on  the  left-hand  half  of  the  front. 

The  rate  of  deviation  in  any  direction  depends  upon  the  roughness 
of  the  surface,  the  average  density  of  the  ball,  and  the  angular  velocity. 

291}.  Moments  of  deviation,  or  the  moments  of  centrifugal 
forces.  Examples  in  which  the  axis  of  rotation  passes  thru  the 
center  of  mass,  but  is  not  an  axis  of  symmetry. 

1.  Two  concentrated  masses,  mi  and  m2,  are  mounted  on  the  ends  of  a 

rod  which  intersects  the  axis 
of  rotation  at  right  angles. 
Fig.  296i(a).  If  the  intersec- 
tion  0  is  the  "center  of  mass" 
of  the  two  masses,  and  the 
combination  be  given  an 
angular  velocity  cw,  prove  that 
the  tensions  in  the  two  ends 

of  the  rod  AB  will  be  equal. 

2.  Two  equal  masses.  Fig.  296 J (6),  are  mounted  upon  a  rigid  rod 
which  is  bisected  by  the  axis  of  rotation  at  an  oblique  angle  6.  When 
there  is  no  angular  velocity,  the  combination  is  in  equilibrium  for  all 
positions  of  the  connecting  rod,  and  the  supports  at  the  bearings, 
Vi  and  Fs,  are  equal.  Find  the  supports  Vi  and  V%  when  the  angular 
velocity  is  a>,  and  the  two  mass  centers  are  in  the  vertical  plane  thru 
the  shaft  as  shown  in  the  figure.     Let  CD  =  s,  and  W  the  total  weight. 
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Solution.     The  centrifugal  force  applied  to  the  shaft  by  each  of  the 
revolving  masses  is  Q  =  mr  sin  d.c^.    Hence  the  moment  of  deviation  is 

if  =  2mft^  sin  ^  cos  ^ 
=  mr^a:^  sin  ^0 

If  the  deviating  couple  be  transformed  into  an  equivalent  couple  with 
a  force  F  and  an  arm  89  we  have  the  force 

mr^oi"  sin  ^0 


F  = 


s 


acting  at  each  bearing,  always  in  the  plane  of  the  rod  and  shaft,  and 
vertical  when  the  neighboring  mass  is  above  the  shaft*    Accordingly 

W 

the  support  at  D,  which  was  —  when  there  was  no  rotation,  is  changed 

W  * 

to  —  -F,      So  that  _  .      ^ 

2  rr,     W      mr*a)«sin2^ 

^*  **  T 

2  8 

W 
If  F>  — ,  there  will  be  a  tendency  on  the  part  of  the  shaft  to 

^uifip  out  of  it8  hearing  every  time  the  mass  goes  over.     At  the  other 
end  the  support  is  at  the  same  time 

,,  ,     W      mr*a>»  sin  2^' 

2  ^  8 

n  the  shaft  is  suddenly  freed  from  the  restraint  of  bearings,  the 
revolving  masses  would  compel  it  to  revolve  with  them  around  a 
new  axis  in  space  lying  in  such  a  position,  RR^  that  the  moment  of 
deviation  due  to  the  given  masses  would  be  exactly  balanced  by  the 
moment  of  deviation  due  to  the  mass  of  the  shaft. 

The  obvious  tendency  of  the  masses  is  to  bend  the  rod  so  as  to 

make^=  —  >  at  which  value  F  becomes  zero. 
% 

The  tenacity  with  which  a  rapidly  revolving  wheel  preserves  the 
direction  of  its  axis,  and  the  parallelism  of  its  plane  of  rotation,  is  a 
matter  of  common  observations;  and  the  danger  from  a  jumping  shaft 
due  to  the  moment  of  deviation  of  a  wheel  not  properly  balanced  is 
learned  by  experience  if  not  by  theory. 

3.  Labaratory  exercise.  Suspend  a  slim  cylinder,  solid  or  hollow, 
by  a  stout  cord  or  wire  accurately  attached  to  a  loop  at  the  end  of 
the  cylinder,  and  connected  above  with  the  end  of  a  vertical  shaft 
which  can  be  rapidly  turned.  It  will  be  found  that,  starting  from 
rest,  the  cylinder  can  be   given  quite  a  high  angular  velocity  without 
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developing  a  resultant  deviating  couple.    If,  however,  the  cylinder  be 
disturbed  by  a  gentle  blow  against  one  end,  the  cylinder  will  rise  and 
rotate  in  a  horizontal  plane  about  a  vertical  axis  which  is  now  trans- 
verse.   The  cord  should  be  several  times  as  long  as  the  cylinder. 
A  few  links  from  a  heavy  chain  can  be  used  instead  of  a  cylinder* 

4.  A  steel  ring  £  feet  in  diameter,  with  a  section  1  of  a  square 

inch,  is  given,  by  means  of  a  chuck  or  mandrill,  24,000  revolutions  per 

490 
minute.     Assuming  that  w  = pounds  per  cub.  inch,  find  the  tension 

per  square  inch  in  the  ring. 

5.  If  a  steel  rod  £  feet  long,  with  a  section  i  square  inch,  be 
rotated,  in  a  vacuum,  about  a  transverse  axis  thru  its  C  0.  with  a 
speed  of  18,000  revolutions  per  min.;  what  is  the  tension  per  square 
inch  at  the  center? 


CHAPTER  XVII. 

Kinematics. 


A  Study  of  the  Motions  of  Rigid  Bodies,  Without  Reference 

TO  theib  Causes. 

292.  The  motion  of  three  points*  Given  the  consistent  veloci- 
ties (magnitude  and  directions)  of  three  points  of  a  rigid  body,  we  are 
now  to  show  how  such  velocities  may  be  explained  by  simple  rotation, 
or  by  rotation  and  translation  combined. 

By  consistent  it  is  meant  that  the  given  velocities  must  be  possible 
for  points  in  a  rigid  body.  The  component  velocities  of  A  and  B  along 
the  hne-AB  must  always  be  the  same. 

liCt  A,  B  and  C  be  any  three  points  of  a  rigid  body;  and  the  lines 
AA',  BB'  and  CC  represent  their  respective  velocities  at  the  given 
instant.    From  any  point  0  in  space.  Fig.  297,  ^ 

draw  three  lines  equal  and  parallel  to  the  three  /^^^^ 

velocity    lines:    o'p  =  AA\   oq  =  BB\  os  =  CC\  / 

Thru  p,  g,  and  «,  pass  a  plane,  and  drop  the  / 

perpendicular  on  upon  it,  and  connect  n  with       /     X--^:^^^^^'/ 
2!>,9,and«.  The  three  velocities  are  now  resolved    •^^^^^H™^^     \    / 
into  a  common  component  on^  and  components  ^"""""^^^^^^iiiV^ 

perpendicular  to  it  and  parallel  to  the  same 

plane*  The  component  on  is  their  common  velocity  of  translation^ 
and  the  components  np,  ng,  ns  are  their  component  velocities  due  to 
a  rotation  about  a  common  axis. 

A  plane  passed  thru  A  perpendicular  to  np,  and  another  thru  B  per- 
pendicular to  ng,  will  intersect  in  a  line  which  is  parallel  to  on.    This 
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line  is  the  axis  of  rotation.  Consistency  is  assured  by  the  following 
facts:  first,  that  a  plane  passed  thru  C  perpendicular  to  ns,  will  pass 
thru  the  axis  already  found;  and  second,  that  the  three  components 
npy  nq  and  ns^  are  proportional  to  the  distances  from  A^  £,  and  C, 
to  their  common  axis.  Thus  the  given  velocities  are  explained,  and 
may  be  produced  by  a  helical  motion  of  the  rigid  body.  The  common 
component  on  is  Vu  the  velocity  of  translation;  and  the  angular  velocity 

'fLti  TLfl  VLS 

is  equal  to  the  —  =  —  =  —  =  o),  if  ri,  r2  and  Tz  are  the  respective  radii 

Tx       r%       r% 

of  rotation  of  the  points  -4,  B  and  C 

208.  Helical  motioii.  The  student  should  have  no  difficulty 
in  picturing  the  three  points  and  their  differing  velocities  in  space. 
Let  him  imagine  a  large  screw  moving  in  a  stationary  nut,  and  then 
select  the  three  general  points,  in,  on  or  connected  with  the  screw,  and 
the  mental  picture  will  be  clear. 

The  most  general  case  is  that  in  which  velocities 
(not  paths)  are  explained  by  a  combination  of 
translation,  and  rotation,  the  axis  of  rotation  being 
parallel  to  the  direction  of  translation.  Such  motion 
is  called  Helical  Motion. 

The  velocity  of  a  point  on  a  screw  results  from 
a  velocity  of  translation  Vu  and  a  velocity  due  to 

rotation  i?2  =  ^ft>;  »=  ^vi?+v^y  Fig.  298,  in  which  r  is  the  semi-diameter 
of  the  enclosing  cylinder  of  the  screw.  The  j^itch  of  the  screw  or 
helix  is  the  advance  during  the  time  of  one  revolution.     The  time  of 

one  revolution  is  — »  hence 

jntcn  =  p= 


and  v=(o^\-^+r^ 

477^ 


Vi 


tan  (f)=  —  = 


V2      27rr 

Every  point  connected  rigidly  with  the  screw  describes  a  helix  of  the 
same  pitchy  but  the  inclination  ^  varies,  being  90°  if  r  is  zero;  and  ap- 
proaches zero,  as  r  approaches  infinity.  There  may  be  n  independent 
threads  on  the  same  screw,  all  having  the  same  pitch.  In  what  is 
called  screw  gearing,  the  number  of  threads  is  very  great,  like  the 
number  of  teeth  on  a  spur-gear  wheel. 
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Instead  of  a  forward  motion  and  a  right-handed  turning  thru  a 
stationary  nut,  the  screw  may  turn  right-handed  and  have  a  backward 
velocity  of  translation.     It  thus  becomes  a  "left-handed  screw." 

294.  Differential  screws,  and  rifled  gims.  If  a  screw  carries 
threads  of  different  pitches  for  separate  nuts,  at  least  one  of  the  nuts 
must  move  when  the  screw  is  turned;  and  there  will  be  relative  motion 
between  the  nuts,  depending  upon  the  magnitudes  of  the  pitches  and 
the  character  of  the  threads,  right  or  left-handed.  If  there  be  two  nuts 
corresponding  to  the  two  threads  of  pitches  pi  and  pa,  both  right-  (or  both 
left-)  handed,  the  relative  motion  of  the  nuts  will  be  proportional  to 
ipi  —  Pi)  V^  revolvtion  (which  can  be  very  small  in  delicate  apparatus). 
If  one  be  right-handed  and  the  other  left-handed,  their  velocity  of 
approach  or  separation  is  proportional  to  (2?i+/>2).     See  Fig.  299. 

In  a  rifled  gun  there  are  many 
threads  with  a  large  pitch.  In 
such  a  gun,  the  projectile  is  the 
screw  and  the  gun  is  the  nut. 
In  heavy  ordinance,   groves  or 

threads,  with  a  decreasing  pitch,         ""       ^  wg,  soe 

are  used,  the  crude  threads  or 

lugs  connected  with  the  shell  being  made  of  pliable  alloys.  In  a  U.  S. 
10-inch  gun,  that  is,  the  shell  or  solid  shot  (a  long  cylinder)  is  10 
inches  in  diameter,  the  number  of  groves  or  threads  is  40,  and  the 
pitch  at  the  muzzle  of  the  gun  is  about  250  inches,  or  21  feet.    If  Vi 

.  .:.  ^^^  »  ^  .1  1  1  -x  ^^«^i  44  2000  ^^^ 
IS  2,000  feet  per  sec,  the  angular  velocity  fi)= =  — =600 

p         7      21 
nearly,  and  the  number  of  complete  turns  per  second  is  —  = = 95 +. 

277         21 

20S«  The  closing  tubes  in  the  St.  Louis  Bridge.  The  steel  screw 
which  unites  the  two  parts  of  a  closing  tube  in  the  steel  ribs  of  the 
(so-called)  "Eads  Bridge"  at  St.  Louis,  is  itself  a  tube  17.2  inches  long, 
15-iV  inches  in  exterior  diameter,  the  high  grade  steel  being  2*^  thick. 
One  end  has  a  right-handed  thread,  the  other  a  left-handed  one.  The 
thread  is  square  (the  bearing  surface  being  a  right-helicoid)  and  the 
pitch  is  t  of  an  inch.  The  screw  was  turned  by  an  immense  steel 
lever  applied  to  a  2*^  steel  rod  fitting  holes  in  the  central  belt  of  the 
screw.  After  the  closing  tube,  made  initially  short  upon  the  interior 
screw,  was  inserted  between  the  two  segments  of  the  unfinished  rib 
during  the  erection,  the  screw  was  turned,  forcing  the  ends  apart 
i  of  an  inch  at  every  revolution  of  the  screw,  until  the  proper 
length  of  the  closing  tube  was  reached,  and  all  parts  were  coupled 
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securely.*  The  lever- 
wreoch,  made  of  rulroad 
steel  and  angle-irons,  is 

shown  in  Fig.  800. 

296.  InstantsneoaB 

Vmmnx  pok  "nreNiMa  tb«  Riobt  and  Lbtt  scbbw  axcs.     Before  leaving   the 
Ubbi>  in  thi  Aiuubtablb  CLOBma  Tubcs  or  tbb  St.  •    >     ■■     >     ^^   • 

Loum  Bridcb.     Tub  Wbzncs  in   Aotdai.  Dob  Gati  a    matter    OI     beUCiU     motion. 


the  student  must  be  care- 
f ul  to  distinguish  velocity  from  the  path  of  a  moving  point.  It  was 
shown  (292)  that  the  velocities  of  points  in  a  moving  body  at  any 
instant  could  be  explained  in  general,  by  a  linear  velodty  in  some 
direction,  and  an  angular  velocity  about  an  axi3  parallel  to  the  direc- 
tion of  the  Uuear  velocity.  The  paths  followed  in  general  are  not 
helices,  and  the  axis  of  rotation  is  such  only  for  an  instant,  and  hence 
it  is  called  an  "Instantaneous  Axis." 

It  was  shown  in  Chap.  XV  that  if  a  body  moves  from  one  prasition 
to  another  quite  different,  while  a  single  point  of  the  body,  or  rigidly 
connected  to  it,  retains  its  position  in  space,  it  is  possible  to  find  an 
axis  passing  thru  the  fixed  point,  upon  which  the  body  can  be  actually 
turned  into  the  second  position  by  simple  rotation.  In  that  case, 
there  was  no  mention  of  velocity,  or  of  instantaneous  axis. 

Returning  now  to  Fig.  297,  which  may  be  called  the  "triangular 
pyramid  of  velocities,"  we  see  that  on.  may  be  zero;  that  is,  the  three 
given  velocities  are  parallel  to  the  same  plane.  There  is  then  no  com- 
mon component  velocity  like  Ci,  but  there  is,  for  at  least  an  instant,  an 
axis  of  rotation.  This,  of  course,  is  a  line  perpendicular  to  the  plane 
which  contained  the  base  of  our  pyramid.  In  fact,  the  pyramid  of 
velocities  is  nothing  hut  a  base. 

Special  Cases. 

297.  1.  Suppose  two  of  the  given  velocities  are  parallel  and 
Dneqiial;that  is,  op  and  oq  must  lie  along  the 
same  line  as  in  Fig.  SOI,  Since  the  plane  of  the 
base  of  the  pyramid  must  pass  thru  the  points 
p,  q  and  a,  it  must  pass  thru  0  and  on  =  Vi  —  ii, 
and  there  is  no  translation  component. 

2.    Suppose  two  of  the  given  velocities  are 

*  The  details  of  the  methods  used  in  screwing  out  the  tubes  to  their  normal 
length  are  given  in  the  History  of  the  St.  Louis  Bridge,  referred  to  on  page  S6. 
The  drawings  of  an  adjustable  tube  and  the  double  screw  are  shown  on  Plata 
XXXVIII,  of  the  History. 
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paraUeland  equal*  Since  p  and  q  must  coin- 
cide, the  plane  of  the  base  is  indeterminate, 
but  the  simplest  solution  is  to  take  a  plane 
passing  thru  o  as  well  as  the  points  p  (and  q) 
and  s^  Hence  the  velocities  are  due  to  rota- 
tion only.  Fig.  802.  All  other  solutions  involve 
both  translation  and  rotation. 

8.     Suppose  all  three  velocities  are  parallel 
and  equal.    The  simplest  solution  is  that  it  is  wholly  a  case  of  transla- 
tion. 

4.  If  all  three  are  parallel  and  unequal,  it  is  a  case  of  rotation,  and 
rigidity  requires  that  their  common  direction  must  be  perpendicular 
to  the  plane  in  which  the  points  A,  B  and  C  lie;  and  the  instantaneous 
axis  must  lie  in  that  plane. 

20S«  The  position  of  the  instantaneous  axis.  When  it  is  known 
that  the  velocity  lines  of  three  points  are  parallel  to  the  same  plane, 

only  two  of  those  lines  are 
necessary  for  finding  the  axis. 
Let  all  velocity  lines  lie  in  the 
plane  of  the  paper.  Fig.  808. 
Let  A  and  B  be  two  points  with 
velocities  as  shown.  (Their 
components  along  AB  must  be 
equal.)  Pass  a  p  1  a  n  e  thru  A 
perpendicular  to  v^\  the  instan- 
taneous axis  must  lie  in  that 
plane  whose  trace  is  AO.  Pass  a  second  plane  thru  B  perpendicular 
to  Vj,\  its  trace  is  B0\  The  two  planes  intersect  in  the  required  axis 
which  is  perpendicular  to  the  paper  at  /.  If  o)  be  the  common  angular 
velocity,  we  shall  have  v^ = no),  and  i^^  «  rjct). 

The  third  point  C  will  be  found  to  have  a  velocity 


nc.  808 


V, 


Vq  —  TsCt)  =  rs.  —  =Tf  — 


r2 


It  is  readily  seen  that  the  component  velocity  of  C  along  the 
line  AC  is  equal  to  the  component  velocity  of  A  along  the  same  line. 
In  all  cases  the  linear  velocities  are  proportional  to  their  radii. 
If  Vg  and  v^  are  parallel  and  unequal,  the  planes  AO  and  BO'  must 

coincide;  and  as  -^  ■»  —  >  and  as  the  velocities  mu«<  be  perpendicular  to 
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ABt  I  ia  found  as  shown  in  Fig.  804»  by  the 
intersection  of  AB  axidA'B\ 


»> 


200.    Definition.    A  ^'plane  of  rotation 

is  any  plane  perpendicular  to  the  axis  of  rota- 
tion. In  a  rigid  body  the  component  velo- 
city of  any  point  A  in  a  straight  line  in  a 
plane  of  rotation^  along  that  line,  is  equal  to 
the  entire  velocity  of  D  along  the  same  line» 
D  being  the  foot  of  a  perpendicular  from 
the  axis  upon  the  given  straight  line.     Fig.  305. 

Let  0  be  an  axis  perpendicular  to  the  plane  of  the  paper  and  AB  a 
line  in  the  paper  of  a  rigid  body  revolving  about  0  with  an  angular 
velocity  co=3.  Take  at  random  any  two  points  A  and  B  on  that 
line  and  drop  OD^Tq  perpendicular  to  AB. 
Since  v\  is  perpendicular  to  ru  and  Tq  is  per- 
pendicular to  ^JB»  we  have 

AC = rifi)  cos  di  =  fofi) 

and  similarly       BC  «  r%(o  cos  d%  «  r^o); 

that  is,  the  component  velocity  of  every 
point  m  AB  along  ^fi»  is  the  same  and  equal 
to  the  full  linear  velocity  of  the  point  D. 
This  proposition  will  be  made  use  of  in  dis- 
cussing the  outlines  of  teeth  of  gears  if  cor- 
rectly made. 

800.    Rotation  combined  with  translation  in  a  direction  perpen- 
dicular  to  the  axis. 

Let  a  body  rotate  about  an  axis  0  perpendicular  to  the  paper. 

Fig.  806,  with  an  angular 
velocity  cd;  and  at  the  same 
time  let  the  axis  (and  body 
with  it)  have  a  velocity  of 
translation  Vi  in  a  constant 
direction  perpendicular  to 
that  axis. 

1.  Let  A  be  any  point 
in  the  body.  The  velocity 
of  A  is  the  resultant  of  ri 
and  ro).  The  instantaneous 
axis  is  in  a  plane  whose 
trace  is  A  A '.  The  velocity 
of  £»  another  point,  is  the 


Tiff.  80B 


V  riff.  806 
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resultant  of  vi  and  r'lo.  The  axis  is  in  the  plane  whose  trace  is  BB\ 
Therefore  the  axis  itself  must  be  at  the  intersection  of  the  two 
planes,  7. 

S.  The  point  0  could  have  been  taken  instead  of  B^  and  01  been 
drawn  at  once  as  of  necessity  containing  the  axis. 

8.  Moreover,  it  was  only  required  to  find  the  point  whose  resultant 
velocity  was  zero;  that  is,  TqCe)  must  be  equal  and  opposite  to  Vi, 

Hence  VoO) = vu  and  r^  =  -i  (1) 

4.  The  angular  velocity  of  the  body  about  I  is  the  same  as  the  given 
angular  velocity  of  the  body  about  0;  that  is,  o).  This  is  shown  easily: 
The  point  0  is  for  the  instant  rotating  about  /•  If  x  is  the  unknown 
angular  velocity,  the  linear  velocity  of  0  is  ToX;  but  we  know  that  the 

linear  velocity  of  0  is  Vi,  hence  r^^vi  and  a;»  — >  which  was  seen  to 

To 

be  the  value  of  oi.  Hence  the  actual  velocity  of  any  point  C  in  the 
body  is  found  to  be  co),  in  which  c  is  its  distance  from  the  point  to  /• 

801«  Rolling  curves.  For  an  instant  the  axis  /  have  no  velocity. 
The  next  instant  another  line  of  the  body,  distant  Tq  from  0,  will  come 
to  the  line  IH  and  have  no  velocity  when  there.  It  thus  appears  that 
the  locus  of  all  lines  which  in  turn  become  instantaneous  axes,  form  the 
surface  of  a  cylinder  which  has  0  for  its  axis,  and  Vq  for  its  radius. 
Moreover,  the  locus  of  all  positions  of  the  instantaneous  axes  is  a  plane 
parallel  to  the  plane  in  which  the  axis  0  moves,  and  distant  from  it  by 
the  radius  Tq.  The  motion  of  the  body  is  therefore  as  though  it  were 
connected  with  an  ideal  (or  real)  cylinder,  which  is  rolling  upon  (or 
along)  an  ideal  (or  real)  plane. 

The  path  of  a  point  connected  with  a  cylinder  thus  rolling  upon 
a  plane  may  be : — 

(a),  A  straight  line; 

(6),  A   waving 
trochoid; 

(c),  A  cycloid; 

(c{),A  looped  tro- 
choid. 

The  equations  of  ^'^ 

these  curves  will  be  given  later  on. 

Some  oft-mooted  questions  may  be  answered  by  a  figure  like  Fig*  808. 
I  is  the  instantaneous  axis  as  the  circle  rolls  to  the  right.  Con- 
sider the  five  points:  the  top  C,  0> 7,  and  two  points  B  and  A^  equally 
distant  from  the  point  of  tangency  7. 
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The  line  CI  limits  the  velocity  arrows.    The  velocity  of  C  is.  seen 
to  be  %vu  and  the  velocities  of  A  and  B  are  of  equal  magnitude,  but 

opposite  in  directions.     All   points   below   /   are 
ic        moving  towards  the  left;  all  above  I  are  moving 
forward.    Only  I  has  no  velocity;  that  is,  /  is  the 
•I  7^.  J_.     2ero  point,  where  v  changes  sign. 


802«   Spirals.  A  second  method  of  combining 
^/^/^///^//^  rotation  and  translation  parallel  to  the  same  plane 
Ti«.  8oe     is  as  follows:    Fig.  809. 

Suppose  a  plane  frame,  OPQS  T — 0,  to  be  revolv- 
ing with  constant  angular  velocity  cu  about  a  fixed  axis  perpendicular 
to  its  plane  at  0.  Connected  with  the  frame  are  guides  upon  which 
a  rigid  body  has  a  motion  of  translation  with  uniform  velocity  Vu  along 
the  guides,  parallel  with  the  plane  of  the  frame  and  always  perpendicular 
to  the  central  revolving  radius  OR.  A  point  A  has  therefore  a  motion  of 
rotation  about  0,  and  a  motion  of  translation  perpendicular  to  the  line 
OR.  The  resultant  velocity  of  A  is  AB^  constructed  as  in  the  last 
problem,  and  the  instantaneous  axis  is  found  to  be  in  the  plane  whose 
trace  is  AA\  The  axis  must  also  be  in  OR  just  as,  in  the  last  problem, 
it  was  shown  that  it  was  necessary  for  the  axis  to  be  in  the  plane  whose 
trace  was  OL  Hence  the 
instantaneous  axis  is  at  7,  and 
its  distance  from  0  is 

Vi 

ro^'  -• 

CD 

It  is  evident  that  the  axis  I 
is  always  at  the  same  distance 
from  0,  as  the  plane  OR  revol  ves 
right-handed.  The  locus  of  I 
is  then  a  cylinder,  and  the  lines 
which  become  axes  are  in  the 
plane  KK'  which  always  touches 
the  cylinder,  so  that  the  element 

of  tangency  is  the  instantaneous  axis.  The  motion  then  is  the  same 
as  tho  a  plane  rolled  on  a  fixed  cylinder,  carrying  a  rigid  body  along 
with  it.  The  angular  velocity  of  all  points  about  7  is  o),  as  in  the 
former  case,  and  the  actual  velocity  of  a  point  X  at  any  instant  is  equal 
to  oiXimea  its  instantaneous  radius  IX=^c;  that  is,  v^co). 

808«    Gasses  of  spirals.    The  paths  of  the  points  of  the  body 
are  spirals  of  different  classes: — 
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(a)  Concavo-convex  spirals  which  never  touch  the  fixed  cylinder, 
for  all  points  on  the  side  of  the  plane  KK'  opposite  to  the  fixed  axis  0. 

(b)  Cusped-spirals  (the  involutes  of  the  fixed  circle)  for  all  points 
in  the  plane  KK'. 

(c)  Looped  spirals  for  all  points  between  the  plane  KK'  and  a 
parallel  plane  thru  0. 

(d)  Spirals  of  Archimedes,  for  all  points  in  the  plane  thru  0  parallel 
\xiKK'. 

(e)  More  concavo-convex  spirals  for  all  points  to  the  left  of  the 
last  plane  mentioned  thru  0,  or  on  the  side  opposite  to  /• 

The  involutes  (class  b)  are  much  used  for  the  outlines  of  the  teeth 
of  wheels.     For  equations  of  these  paths  see  811;  see  also  Fig.  S19. 

804.    Sinmltaneous  rotation  abont  paraUel  axes.     Let  0  be  a 

fixed  axis,  and  OC  be  the  trace  of  an  axial  plane  which  carries  a  parallel 
axis  C  A  rigid  body  is  attached  to  the  axis  C,  and  has  an  angular 
velocity  to%  about  it,  reckoned  from  the  plane  OC.  Meanwhile,  the 
plane  OC  itself  has  an  angular  velocity  6>i  about  0.  All  paths  and  all 
velocity  lines  must  be  parallel  to  a  plane  which  is  perpendicular  to 
the  fixed  axis,  and  hence  there  must  be  for  every  instant  an  instan- 
taneous axis,  and  the  motion  must  have  a  simple  explanation.  We 
are  now  to  find  it. 

The  point  C  is  a  point  of  the  body,  and  has  no  velocity  due  to  0)8 ; 
hence  its  resultant  velocity  line  is  CC'  =  OC.(ih  perpendicular  to  OC; 
this  shows  that  the  instantaneous  axis  /  is  on  the  line  OC.  Let  ci>i  =  J 
andfi^  =  i.    Fig.  810. 

Let  A  be  any  point  of  the  body,  distant  r  from  0,  and  r'  from  C. 
The  velocity  due  to  rotation 
about  0  is  rcoi^AP.  The 
velocity  due  to  rotation  about 
C  is  r'oh  =  AQ.  The  resultant 
velocity  is  A  R.  The  line  A  /, 
perpendicular  to  AR^  inter- 
sects OC  in  /,  which  is  the 
instantaneous  axis. 

Let  01  be  fi,  and  CI  be  r2. 

The  position  of  /  could 
have  been  found  by  recalling 
the  fact  that  the  two  velo- 
cities noh  and  rjcoz  must  have 
been  equal  and  directly  oppo- 
site, as  the  velocity  of  /  is  zero. 
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Then  ri(»)i«=r2(i>2 

Ti+rj  __  (1)1  +  (i>2  _  OC 
Ti  (i)8  ri 

hence  OI  =  ri=^  •  OC 

0)1  +  0)2 

It  is  evident  from  the  last  equation  that,  as  the  plane  OC  turns 
about  0,  the  axis  /  is  always  at  the  same  distance  from  0,  hence  the 
locus  of  I  is  the  surface  of  a  cylinder  whose  axis  is  0»  and  whose  radius 
is  fi.  Again,  /  is  always  at  the  same  distance  from  C»  and  as  the  lines 
which  in  succession  become  /  have  no  velocity  at  the  instant,  they  lie 
on  the  surface  of  a  cylinder,  which  has  C  for  its  axis,  fs  for  its  radius» 
and  which  rolls  on  the  fixed  cylinder  about  0. 

We  may,  therefore,  think  of  the  motion  as  tho  the  body»  whose 
motion  we  are  studying,  were  rigidly  connected  with  one  cylinder 
as  it  rolls  (without  slipping)  upon  the  surface  of  a  parallel  cylinder. 

80S.  The  resnltant  angular  velocity.  Let  the  angular  velocity 
of  all  points  about  /  be  os;  then  the  resultant  velocity  of  any  point  X 
is  roO)8,  To  being  the  instantaneous  radius  XL  The  value  of  (i)s  is  found 
most  easily  by  considering  the  motion  of  the  point  C  Its  velocity  is 
(ri+r2)o)i;  it  is  also  r20)3.     Hence 

r2<«)8=(n+r2)o)i 


<«)3=   (~  +1  jo)i  =  0)1+0)2. 


The  above  equations  give  the  triple  proportion: — 

0)1  :  0)2  :  0)8  =  r2  :  n  :  ri+r2 

which  is  a  convenient  form  embodying  three  simple  proportions. 

There  are  several  cases  according  to  the 
signs  and  magnitudes  of  o)i  and  0)2. 

(1)  If  0)1  and  0)2  are  both  positive  (or  both 
negative)  the  axis  /  is  between  0  and  C,  and 
one  cylinder  rolls  upon  an  exterior  cylinder 
as  in  Fig.  310. 

(2)  If  0)2  is  negative  and  numerically  greater 
than  0)1, 1  is  beyond  C  in  the  line  OC  produced, 

^«*  ^^'  and  a  small  cylinder  rolls  within  a  large  one* 

Fig.  311. 


CONE   BOLLS  UPON   CONE 


275 


Us.  818 


(3)  If  (i>s  is  negative  anJk  numerically  less 
than  (i>i»  /  is  beyond  0»  and  a  hrngfi  cylinder 
roUs  upon  a  small  one  within  it    Fig.  SlSt. 

In  each  one  of  these  cases  the  student  shouM 
find  /  graphically  as  in  Fig.  810.  In  every 
case  the  cylinder  0  is  stationary. 

806.  Simultaneous  rotation  about  inta*- 
setting  axis*  In  this  case  it  wiU  be  convenient 
to  let  the  plane  of  the  axes  be  the  plane  of 
the  paper  we  draw  upon.  Let  OA  be  a  fixed 
axis.  Fig.  313,  and  OC  an  intersecting  axis  revolving  around  Oil  mak- 
ing with  it  a  constant  angle  0.    Of  course,  the  line  OC  generates  the 

surface  of  a  cone  of  revolution.    Let  a 

rigid  body  of  any  shape  be  so  connected 

with  this  moving  axis  that  it  maintains 

a  constant  angular  velocity  about  it.  Let 

(1)1  be  the  angular  velocity  of  OC  about 

OAf  and  coa  the  angular  velocity  of  the 

body  about  OC,  relative  to  the  plane 

AOC.    Both  rotations  appear  right- 

^  handed  to  an  observer  at  0,  looking 

towards  A  and  C.     We  are  to  give  a 

simple  explanation  of  the  motion  and 

find  the  position  of  the  instantaneous 

axis  OL    The  axis  must  pass  thru  0 

for  that  point  has  no  velocity. 

If  0)1  and  6>s  have  the  same  sign,  the  instantaneous  axis  must  lie 

between  OA  and  OC,  and  in  their  plane,  since  the  component  velocities 

must  balance,  one  being  up  and  the  other  down.    If  /  be  a  point  which 

has  no  resultant  velocity. 

But  from  the  figure 


hence 


rici)i  = 

=  Tawa. 

r2 

sin  01 
sin  02 

0)1  _ 

sin^s 
sin^i 

This  equation  suggests  a  graphical  construction  for  determining 
01  and  02:  Lay  oflF  from  0  on  OA  a  length  wi,  and  on  OC  the  length  ci)t, 
and  complete  the  parallelogram,  and  S  must  be  on  the  line  0/,  which  is 
the  instantaneous  axis. 

It  is  evident  that  the  locus  of  01  is  the  surface  of  a  cone  having  OA 
for  its  axis,  and  a  half-vertical  angle  0i.   Moreover  as  02  is  constant  as 
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OC  rotates  about  OA^  it  is  evident  that  all  the  elements  of  a  cone  with 
OC  SiS  its  axis  and  a  half -vertical  angle  ^s»  ftre  successively  touching 
the  fixed  cone  and  becoming  instantaneous  axes.  Hence  the  motion 
is  due  to  a  cone  rolling  upon  another  cone  having  the  same  point  as 
vertex. 

The  resultant  angular  velocity  is  found  by  considering  the  velocity 
of  P  in  the  axis  OC,  first  as  about  OA;  and  second,  as  about  01;  the 
results  are  equal. '  Hence         ^^         nn 

but  ^=fE|  =  5L» 

RP      sin  U2      ci)i 

similarly,  for  a  point  in  OA,  - — ^-  =  — 

sin  u       (1)1 

Hence  the  triple  proportion  6)1  :  (os  :  (1)3  =  sin  02  '•  sin  0i  :  sin  0. 

0 
Since  <i>3  =  -.— ^  •  wi,  its  numerical  value  is  exactly  represented  by  the 
sin&2 

diagonal  OS.     Thus  we  see  that  0u  0%  and  ois  were  all  determined 

graphically  in  the  simplest  possible  way:   Lay  off  on  the  fixed  axis  coi; 

on  the  moving  axis  u^\  and  complete  the  paraUolgram^  and  everything 

is  found. 

The  value  of  cos  by  trigonometry  is  (i)s=' V(i)i*+c«)2*+2<i)i(i)2Cos^. 

If  (i>2  is  negative,  its  value  must  be  laid  o£F  on  CO  produced  and  the 
parallelogram  constructed  with  01  outside.  The  motion  then  is  either 
that  of  an  acute  cone  rolling  within  a  larger  one,  or  a  larger  cone 
rolling  upon  a  sharper  one  within  it. 

If  01  is  90°,  a  cone  rolls  upon  a  plane.  If  0^  is  90°,  a  plane  rolls  upon 
a  cone. 

The  paths  of  the  points  are  spherical  curves,  since  the  distance  of  a 
point  from  0  is  unchanged  and  they  are  variously  named  spherical 
trochoids,  spherical  cycloids,  etc. 

Just  as  epicycloidal,  hypocycloidal  and  involute  outlines  are  used 
for  the  teeth  of  spur  wheels,  so  corresponding  spherical  curves  are  used 
for  the  outlines  of  teeth  for  bevel  wheels.  Modern  methods  of  gear- 
cutting  reach  a  high  standard  of  accuracy  in  the  forms  of  teeth,  and 
unless  badly  worn,  well-made  gears  are  almost  perfect,  and  nearly 
noiseless. 

807*  Skew-bevel  wheels.  Simultaneous  rotation  about  two 
axes  which  are  neither  parallel  nor  intersecting  is  explained  by  the 
rolling  and  lateral  slipping  of  two  hyperloids  of  revolution  which  are 
tangent  to  each  other  along  a  common  element.  Segments  of  such 
surfaces  were  formerly  used  as  the  pitch  surfaces  of  Skew-bevel  wheels. 
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In  modem  machinery  two  such  axes  are  so  readily  connected  by  an 
additional  axis  with  two  sets  of  bevel  gears,  that  their  theory  and  lack 
of  economy  are  not  discussed  in  this  book. 

80S.    The  equations  of  plane  rolling  curves.    Case  1.    A  circle 
rolls  upon  a  circle.     Fig.  814. 

Let  the  circle  C  roll  upon  the  fixed  circle  0,  and  let  P  on  the  radius 
CA'  be  a  tracing  point  of  the  path 
we  are  to  study.  Let  A  be  the  initial 
point  of  contact  of  the  two  circles, 
and  OA  the  axis  of  X.  The  figure 
shows  that  the  "line  of  centers,'* 
OCy  has  already  turned  left-handed 
thru  the  angle  ft  liCt  PC^mr,  in 
which  m  is  a  co-efBcient  which  may 
have  any  positive  value. 

The  co-ordinates  of  P  are: 

x^OM^ON-PS 

y^MP=-CN-CS. 

ON  =  {ri+Ti)  cos^;  CN  =  (ri-f-rj)  sinft 

Since  the  arc  I A  must  equal  the  arc  IA\ 

ri^=rf<^,         <f>=  —ft 

The  angle  PCS  =  (90°-^ -(^  =  90^-  ^p^\0 


n+Ti 


y 


Hence  PS  =  mvi  sin  PCS  =  mrt  cos  (  — — 

V     fa 

and  CS  =  mri  cos  PCS  =  mr^  sin  ( ^i+l* )  0 

Substituting,  we  have 

X  ==  (ri+ra)  cos  d—mrt  cos  |  '  J  0 

y  =  (^1+^2)  sin  0—mr^  sin  I  ^       '  J  0 

These  are  the  general  equations  of  the  path  of  P.  Only  in  a  few 
special  cases  can  the  angle  0  be  eliminated.  The  curves  are  classified 
as  follows: 

(a)  If  m  =  0  the  path  is  a  circle  whose  radius  is  (ri-f-ra). 

(b)  If  m  is  a  proper  fraction,  the  path  is  a  waving  epi-trochoid. 


(1) 
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which  returns  into  itself  sooner  or  later,  according  to  the  magnitude 
of  the  common  factor  in  Vi  and  r%. 

(c)  If  m  =  1,  the  path  is  an  epi-cycloid,  a  curve  extensively  used  in 
forming  the  outlines  of  teeth  of  wheeb.  P  describes  a  cusp  every 
time  it  touches  the  circumference  of  the  circle  0. 

(d)  If  m  =  l  and  ri»r2>  there  is  but  one  cusp,  which  is  at  A^  and 
the  curve  is  known  as  the  Cardioid,  or  Heart-shaped. 

(e)  If  m>l,  we  have  a  looped  epi-trochoid,  the  loops  being  partly 

within  the  fixed  circle  if  m  is  less  than  1  +  — ^  • 

(f)  If  fa  is  negative  and  less  than  r^  the  circle  C  rolls  within  the 
fixed  circle  and  the  general  name  for  the  path  of  P  is  "hypotrochoid," 
and  the  equations  become 


X  =  (ri  —  Ti)  cos  d+mvi  cos  | ^  1 0 

y  —  (n — ra)  sin  d—mr2  sin  ( — ^  j  6 


(«) 


since  cos 


r-^r- 


=  cos 


r,  and  sm r=  —sin u. 

+^2  — ra  r% 
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Then 


(g)  If  r^  is  still  negative  and  m  =  1  the  curve  is 
a  hypocycloid. 

(h)  If  rj  =  —  — »  and  m  =  l,  the  curve  is  the 

4 

4-cusped  hypocycloid  usually  discussed   in   the 
calculus     The  angle  6  is  readily  eliminated. 
The  equations  of  x  and  y  in  this  case  reduce  to 

X  =  iri(3  cos  ^+cos  3^  =  n  cos^O. 
y  =  l^i(3  sin  0 — sin  3^  =  ri  sin*  ft 

«^=(^)*.andsin«^=(^)* 


COS 


and  adding  and  reducing 


(i)     If 


a;'+y«  =  ri'    See  Fig.  315. 

^2  as 9  the  equations  become 


X  =  —  (cos  d-\-m  cos  ^ 
1/  =  —  (sin  u—m  sin  ff) 


(8) 


(4) 
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cos*^+sin*^  = 


4x« 


+ 


4y« 


=  1 


(5) 


ri«(l+m)«     ri2(l-m)2 

which  is  the  equation  of  an  ellipse  whose  principal  axes  arers(l+^) 
andfaCl— m).     It  is  a  circle  if  m^O. 

(j)     If  r2  = and  m  =  1,  the  path  is  a  straight  line,  a  diameter  of 

the  fixed  circle. 

800.  Cabe  2.  The  eqnattons  of  a  trochoid.  A  circle  rolls  upon 
a  straight  line.  The  equations  of 
the  last  section  were  not  in  form 
for  substituting  ri=  oo,  which 
would  mean  that  the  circle  C  rolled 
upon  a  plane.  Accordingly,  we 
will  derive  an  independent  set  of 
equations.  XiCt  the  tracing  point 
P  be  mr  distant  from  C.  Fig.  316. 
If  C  has  already  rolled  an  arc  rd^ 
lay  back  from  the  instantaneous 
axis  /  the  distance  10  ^rd^  and 
take  0  as  the  origin  and  the  line  01  as  the  axis  of  X,  Then  we 
have  X  =  OM -^01 -PS ^rd-mr  sind  \ 

y^MP^CI-CS^r-mr  COS0   [  W 

If  m  is  greater  than  1,  we  have  the  equations  of  a  looped  trochoid* 
see  Fig.  807. 

If  m  =  1,  we  have  the  common  eqoatioiis  of  the  cycloid. 

x  =  r(^— sin^)  ) 
y=r(l— cos5)   I 

The  cycloid  is  the  correct  curve  for  the  outline  of  a  tooth  of  a  "rack." 

810.    Case  8.    The  general  equations  of  spirals.    A  straight  line 

rolls  upon  a  circle,  carrying  the  point  P,  which  is  distant  c  from  the 

rolling  Udc.  Fig.  817.  The  axis  of  X 
is  taken  thru  0  and  the  foot  of  the  per- 
pendicular from  P  when  that  foot  was 
at  the  point  /i  on  the  circumference  of 
the  circle.  [The  fig.  shows /T  too  short]. 
From  the  figure  we  get  directly,  since 
a:  =  OQ,andy  =  QP: 

X  ^rcos0+r0  sin  0+c  cos  0 
y='rsin0—r0cos0+C8in0 
x=^{r+c)  cos  0+r0  sin  0  )  ,  . 

y'^ir+c)sia0—r0cos0  j  ^  ' 


Wlg.BU 
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These  are  the  general  equations  of  the  spirals.    There  are  Special 

Cases. 

(a)     If  c  =  0,  we  have  the  equations  of  the  involute  of  the  circle  0, 
perhaps  the  best  possible  curve  for  outlining  the  teeth  of  wheels. 


a:  =  r(cos^+^sin^  \ 
-^cos^  ) 


y  =  r(sin^ 
(b)     If  c  =  —  r,  we  have  the  equations  of  the  Spiral  of  Archimedes. 

ar  =  r^sin6' 
y^  —r0co8  0 


(2) 


} 


Squaring  and  adding  as  they  stand,  we  have 

hence  p  =  r6  (S) 

the  ordinary  form  of  the  equation. 

810}.  The  Pancellier  Cell  for  transforming  simnltaneons  rota- 
tion about  two  axes  into  a  straight  line  motion.  An  interesting  and 
valuable  case  of  simultaneous  rotation  about  parallel  axes  is  found  in 
the  device  for  drawing  circular  arcs  having  long  radii,  in  which  the 
combination  of  links  known  as  the  '^Paucellier  Cell"  is  used.  A 
simple  form  of  the  device  is  shown  in  Fig.  817^.  The  two  parallel 
axes  are  at  O  and  D,  thru  which  points  the  axis  of  X  is  drawn. 
The  "Cell"  consists  of  the  six  bars:  2  equal  a^s^  and  4  equal  6*s.  They 
are  connected  by  pin  joints,  the  bars  a  and  a  being  pinned  by  the 

fixed  axis  at  0.  The  point 
P  is  the  tracing  point  as 
the  cell  revolves  about  0» 
The  bar  c,  pinned  at 
the  second  fixed  axis  D 
and  the  joint   C  of  the 
cell,  controls  the  motion 
of  C,  which  moves  in  a 
circular  arc  about  D  as 
the  tracing  point  P  is 
moved.     The  equation  of 
the  locus  of  P  is  found 
as  follows: — 
From  the  figure 
n  =  a  sm(f> 
z+m  =  a  co3(f> 
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Squaring  and  adding  ,(,+2^)+j.=„. 

But  z+2m  is  the  radius  vector  of  the  tracing  point,  hence 

Takii^g  now  the  triangle  OCD,  we  have 

c^^z^+r^  —  ^zr  cos^ 

fl2  — j« 

Substituting  the  value  of         2  «= > 

P 

c'=  -^ ^  +r* •  2r  cost/ 

Clearing  of  fractions  and  substituting  for  p,  in  terms  of  x  and  y» 
we  have  (c2-r«)(a:2+j/2)+2(a2-6«)rx  =  (a2-6»)2. 

This  is  the  equation  of  a  circle  whose  radius  is 

/{= •  c; 

a*— 6* 
and  whose  center  is  on  OX  distant  •  r  from  0. 

If  we  make  r^c,  the  equation  becomes 


a:  = 


2r 


which  is  the  equation  of  a  straight  line  perpendicular  to  OX. 

If  9*  is  greater  (or  less)  than  c  the  circular  arc  is  convex  (or  con- 
cave) towards  O.  The  device  is  used  instead  of  guides  with  r  =:  c  to 
guide  the  outer  end  of  the  piston-rod  of  a  steam  engine  in  ti  right  line. 
The  distance  OD^r  can  be  adjusted  for  any  desired  value  of  R  by 
)he  equation 

r2  =  c«--(a*-6«) 
R 

Upon  the  Paucellier  Cell  as  a  basis  extensive  investigations  in  Link- 
work  have  been  made  by  mathematicians,  especially  Professor 
Sylvester,  recently  of  Johns  Hopkins  University. 

81  !•  The  radii  of  curvature  of  rolling  curves.  In  drawing  arcs 
thru  a  determined  point,  it  is  useful  not  only  to  know  the  direction 
of  the  tangent  at  the  point,  but  the  radius  of  curvature.     Accordingly 
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a  general  and  several  special  forms  of  equations  giving  values  of  the 
radius  of  curvature  will  be  derived. 

Let  OCy  Fig.  818,  be  the  line  of  centers  of  two  circles,  one  of  which,  C, 
rolls  on  the  other.  I  is  the  instantaneous  axis,  and  A  a  general  tracing 
point,  r  the  instantaneous  radius  of  A^  and  6  its  angle  with  the  line  of 
centers.  The  center  of  curvature  of  the  path  at  A  is  on  the  line  AI 
(produced  in  the  figure). 
In  the  time  dU  A  moves  to  A\  s,  distance  AA^^rti^t  and  the  in- 
stantaneous axis  changes  to  /'  a  distance 
//'  =  ri(i)icft. 

The  new  normal  AT  intersects  the 
former  normal  at  0,  so  thatilG^'Aythe 
radius  of  curvature  at  A.  From  I  erect 
a  perpendicular  to  ^0  to  jS.  The  angle 
Sir  is  ^,  and  /S=riCi>iCOs^cft.  By 
similar  triangles 


R 


(Os' 


rdi 


Jiff.  818 


R—f      iaiTicosddt 


Hence  by  proportional  division 

R  b)zr 


(Osr  —  coifi  cos 


0 


rs©i 


Multiplying  by  r,  and  substituting    from  808,    ci>i»=  - 
we  have,  after  reducing,  ^^  '  ^'^ 


B« 


(ri+r2)r 


Ti+rt cose/ 


(1) 


This  gives  the  general  value  of  R  for  any  point  determined  by  r  and  0 

Corollaries. 
(1)     If  i4  be  on  the  circumference  of  the  rolling  circle,  r^2rt  cos  0, 


and  we  have 


iZ»2r,cos^.J:i±2 


-n+rt 
2 


(2) 


which  is  the  radius  of  curvature  of  an  epi-cycloid. 

(i)     If  ri  =  00 ,  the  circle  C  rolls  on  a  straight  line.     Dividing  the 
terms  of  the  fraction  in  (1)  by  ri  and  then  making  ri  infinite,  we  have 

r 

r2        L  (8) 


iJ  = 


1 cos  0 

r 

which  is  the  radius  of  curvatiire  of  a  trochoid. 


RADII   OF    CURVATURE    OF  BPIRALB 


288 


(3)  If  a  circle  rolls  on  a  straight  line  and  A  is  on  the  circumference, 
we  have  r  =  Str%  cos  B  and  n  =  oo ,  and  R  becomes 

R  =  4rj  cos  0  =  2r,  (4) 

showing  that  the  instantaneous  radius  is  just  one-half  of  the  radius  of 
curvature  of  the  cycloid. 

(4)  Ifrj^oo  /J= ^- 


1 ^  cos  Q 

r 


(5) 


which  is  the  radius  of  curvature  of  a  spiral  in  general,  as  the  plane  rolls 
on  a  cylinder. 

(5)     If  r2=  00 ,  and  ^^^ssOO^,  the  tracing  point  A  is  in  the  rolling  line 
and  we  have  the  radius  of  curvature  of  the  Involute  of  the  circle. 


This  shows  that  the  instantaneous 
radius  is  always  the  radius  of 
curvature.  See  the  curve  lab. 
Fig.  819. 

(6)  When  a  straight  line  rolls  on 
a  circle,  and  A  is  ri  distant  from  the 
rolling  line,  on  the  circle  side. 


(6) 


COS  0  = »  and  we  have 

r 

R 


r^+ri* 


(7) 


lis.  8M 


which  is  the  radius  of  curvature  of 
the  spiral  of  Archimedes,  opqs. 
Fig.  819.* 

8 IS.  Relative  motions  of  rolling 
and  sliding  bodies.  In  all  that  has 
been  said  and  shown  in  this  chapter, 
a  moving  cylinder  or  plane  has  been 
rolling  in  geometrical  contact  with  a 
stationary  cylinder  or  plane,  and  the 
position  of  the  element  of  contact  (the 

*  The  utility  of  using  radii  of  curvature  in  approximate  drawings  may  well  be 
illustrated  by  a  drawing  of  an  ellipse.  The  elliptical  effect  depends  much  upon 
correct  curvature  at  the  vertices.    See  Fig.  320. 

n=  —  at  mam  vertices. 
a 

•J-  at  conjugate  vertices. 
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instantaneous  axis)   was  constantly  changing,  and  all  the  curves  or 
paths  described  were  drawn  on  stationary  planes. 

We  shall  now  assume  that,  in  the  case  of  two  cylindres,  both  rotate^ 
one  right-handed  and  the  other  left,  with  equal  circumferencial 
velocities,  so  that  the  position  of  the  element  of  contact,  /,  is  unchanged. 
Moreover,  each  cylinder  (or  circle)  carries  a  plane  of  rotation  of  indef* 
inite  extent  along  with  it.  These  planes  or  disks  are  ideal,  and  they 
overlap  as  shown  by  the  dotted  outlines.  Fig.  821.  A  tracing  point 
connected  with  one  circle  or  disk  may  be  supposed  to  trace  a  curve  on 

the  rotating  disk  of  the  other  circle,  while  both 
axes  retain  their  positions.  Since  the  circum- 
ferences have  the  same  velocity,  we  have 

fiCUi  =  r2(a2 

!!i  =  ^ 
fa       0)1 

as  formerly,  and  the  cylinders  are  engaged  in 
rolling  contact  like  **friction  wheels."  The  relative  motion  of  the  two 
circle9  (or  cylinders)  is  the  same  as  if  one  stood  still  and  the  other  rolled 
around  it,  and  the  curves  traced  by  the  points  of  one  upon  the  disk  of 
the  other,  are  just  the  rolling  curves  we  have  been  studying  in  the 
last  section. 

Rough  surfaces  on  cylindrical  wheels  are  used  in  mechanism  to 
transmit  motion  and  force,  by  means  of  friction,  but  there  is  always 
more  or  less  slipping  between  friction  wheels,  and  when  slipping  cannot 
be  allowed,  ''teeth"  are  commonly  used,  but  the  teeth  must  be  so  con* 

stmcted  tliat  the  ratio  —  or  —  is  constant.     This  condition  deter- 

mines  the  positions  of  the  engaging  teeth  on  the  two  wheels,  and  the 
outlines  of  their  surfaces  of  action. 

More  than  a  brief  statement  of  the  Theory  of  Gearing  would  be  out 
of  place  in  this  book,  but  the  student  must  be  prepared  to  take  up  a 
book  on  gearing  with  a  clear  idea  of  its  nature  and  an  appreciation 
of  its  importance. 

Suppose  O  and  C,  Fig.  822,  are  the  parallel  axes  of  two  spur  (cylin- 
drical) wheels  each  supplied  with  teeth  by  means 
of  which  one  "drives"  the  other.  Let  0  be  the 
"Driver"  and  C  the  "Follower."  Two  teeth  T 
and  T'  are  shown  in  action.  The  direction  of 
that  action  is  along  the  common  normal  at 
their  point  of  contact.  While  their  action  is 
along  the  normal,  their  velocity  lines  are  different 
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and  neither  is  along  the  normal^  but  as  one  is  to  jmsh  the  other  their 
component  velocities  along  tlie  normal  must  be  equal. 

Let  OP  and  CP'  be  perpendiculars  upon  the  common  normal. 
(The  point  P  is  not  the  point  of  tangency  of  the  teeth.)  Now  by  299 
the  component  velocity  of  T  along  PP'  equals  the  actual  velocity  of 
P,  viz.,  ci>iOP. 

Similarly  the  component  velocity  of  the  point  T'  (in  contact  with  T) 
along  PP'  is  equal  to  the  actual  velocity  P',  that  is  CP'.oia.  As  stated 
above,  these  component  velocities  are  equal,  hence 

0Pa)i  =  CP'a>2 
CP' 


<i>2 


OP 


<«>1 


The  ratio  — »  is  known  as  the  "Velocity  Ratio'*  of  the  two  wheels* 
(^ 

The  velocity  ratio  —  of  the  ideal  rolling  cylinders  was  -^»  and  that 

ratio  mvM  be  maintained  by  the  teeth;  hence  we  must  have 

CP'  _  ft 
OP      n 

This  proportion  is  not  true  unless  the  line  of  action  parses  thru  /. 
Hence  the  condition  of  correct  outlines  of  two  engaging  teeth: — their 
common  normal^  at  all  timeSy  must  pass  thru  the  pitch  pointy  t.  e.,  the  point 
of  contact  of  the  ideal  rolling  cylinders.  The  ideal  circles  O  and  C  are 
called  the  **pitch  circles,'*  and  their  point  of  contact  I  is  called  the 

**pitch  point.**  If  the  line  PP'  varies  from  I,  the  ratio  —  varies; 
hence  while  g>]  is  uniform,  cja  is  not  uniform.  ^ 

The  problem  then  is:  How  shall  the  working  outlines  of  teeth  be 
correctly  determined?  The  answer  is:  By  means  of  rolling  curvesy 
drawn  as  shown  in  previous  sections. 

Taking  again  our  two  "pitch  circles"  with  their  accompanying 
disks  (shown  with  dotted  out- 
lines). Fig.  323,  we  take  a  third 
small  cylinder  B  (or  anything 
which  will  roll)  on  the  inner  side  of 
the  circle  0,  and  let  it  roll  as  0 
and  C  rotate,  being  always  in 
geometrical  tangency  with  both  at  L 
K  r  be  a  tracing  point  on  the  cir- 
cumference of  By  it  will  trace  upon 
the  disk  belonging  to  C,  the  arc 
of  an  epi-cycloid;  simultaneously 
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it  will  trace  upon  the  disk  belonging  to  0,  the  arc  of  a  hypo-cycloid. 
These  two  arcs  are  necessarily  tangent  to  each  other  at  T,  so  that 
they  have  a  common  normal;  moreover  as  J  is  (so  far  as  the  disks 
are  concerned)  the  instantaneous  axis  for  both  curves,  77*  is  the 
instantaneous  radius  for  each  curve,  and  as  it  coincides  with  the  normal, 
the  latter  passes  thru  the  **jnich  point.*'  The  two  arcs  are,  therefore, 
correct  for  that  part  of  the  tooth  of  0  which  is  inside  the  pitch  circle  O, 
and  for  that  portion  of  the  tooth  on  C  which  lies  outside  the  pitch 
circle  C     Thus  as  T  '"approaches"  /,  the  hypocloidal  arc  on  0  engages 

with  the  epicydoidal  arc  on  C,  and  the  ratio  —  is  kept  constant. 

The  outlines  of  the  teeth  are  completed  by  using  the  circle  B  (or 

some  other  small  circle)  on  the  inside  of  the  pitch  circle  C. 

The  hypocycloidal  arcs  are  called  the  "flanks,"  and  the  epicydoidal 

arcs  are  called  the  "faces"  of  the  teeth.     It  is  evident  that  the  arcs 

may  be  drawn  separately,  either  with  great  accuracy  by  the  use  of 

models,  or  approximately  by  the  use  of  circular  arcs  with  the  mean 

radius  of  curvature,  or  the  radius  of  curvature  for  the 
mean  value  of  6. 

Formerly,  when  wooden  teeth  were  in  common 
use  (being  inserted  into  the  rim  of  a  circle  of  less 
diameter  than  the  pitch  circle)  the  radius  of  £,  r^, 
was  taken  equal  to  ^  the  radius  of  the  pitch  circle. 
The  consequence  was  that,  in  accord  with  808  (j), 
the  "flanks"  were  straight  lines  or  plane  surfaces, 
and  the  teeth  tapered  towards  the  rim.    When  great 

pressures  are  required,  such  teeth  are  weak,  and  metallic  teeth  with 

strong  bases  are  used.     See  Fig.  824. 

8 13.    The  outlines  of  involute  teeth.     It  was  intimated  above, 

that  non-circular  curves  could  be  used  in  place  of  the  small  circle  B. 

If  a  logarithmic   spiral  he  rolled  upon  the  pitch  circles  with  the  pole  as 

a  tracing  point,  it  will  describe  on 

each  disk  the  involute  of  a  certain 

base  circle  concentric  with  the  pitch- 
circle. 

The  two  involute  arcs  can  be  drawn 

without  the  spiral  by  a  neat  device 

equivalent  to  a  crossed   belt.     Let  0 

and  C  be  the  centers  of  pitch  circles 

with  a  pitch  point  at  /.     Fig.  325. 

Thru  I  draw  a  "line  of  action"  ED 

making  the  angle  6  (best)  equal  to 


fKtffc  _ ./.  _  _y  j*Tpfe 


Btraight  flanks 
Fig.  884 
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75^,  and  draw  the  two  *'base"  circles  concentric  with  0  and  C  and  tangent 
to  ED.  Draw  also  the  other  tangent  E'  D'  and  we  have  the  appearance 
of  a  cross-belt  connecting  the  two  base  circles*  and  we  may  assume  that 
the  mounted  wheels,  with  base  circles  attached,  form  a  pair,  one  driving 
the  other  by  means  of  the  belt.  It  should  now  be  clearly  seen  that  if 
the  belt  does  the  driving  without  slipping,  the  pitch  circles  will  roll 
without  slipping.  Let  the  point  P  in  the  belt  be  a  tracing  point  as  it 
passes  from  E  to  D.  It  traces  on  the  disk  of  C  the  involute  T'T  of 
the  base  circle  EE\  At  the  same  time  P  traces  on  the  disk  of  O  the 
involute  Q'Q  of  the  base  circle  DD\  These  two  involutes  are  always 
tangent  at  the  point  P,  and  their  common  normal  is  the  line  ED* 
Hence  the  curves  can  serve  as  the  working  outlines  of  two  teeth  which 
work  together  correctly. 

A  ''Rack'*  is  a  segment  of  a  wheel  of  infinite  radius;  in  other 
words*  it  is  a  straight  bar  with  teeth  on  it  suited  to  engage  with  the 
teeth  of  a  spur  wheel.  If  involute  teeth  are  used  ^  -.  -^ 
on  the  wheel,  the  faces  of  the  teeth  on  the  rack  /  \  A.  \  /  \ 
are  plane  surfaces  perpendicular  to  the  line  of  action. 
Fig.  826.  The  "  base-circle  '*  is  infinite  if  the  pitch 
circle  is*  and  the  involute  of  an  infinite  circle  is  a 
straight  line. 

814«  The  sliding  of  teeth  is  a  very  important  consideration, 
since  it  involves  a  loss  of  energy.  It  was  stated  above  that  the  action 
of  two  engaging  teeth  was  along  their  common  normal.  That  was 
true  only  on  the  supposition  that  the  engaging  surfaces  were  smooth. 
It  might  perhaps  have  been  better  to  say  that  the  actual  driving  was 
along  the  normal  while  the  teeth  were  slipping  to  and  from.  The 
direction  of  the  real  action  is  deflected  by  the  "Angle  of  Friction."* 
AU  teeth  both  roll  and  slide,  more  or  less;  hence  their  working  surfaces 
should  always  be  clean  and  lubricated.  Involute  teeth  possess  at  least 
three  advantages  over  epicycloidal  teeth  when  well  made: 

(1)  They  are  stronger,  being  largest  at  the  base. 

(2)  They  involve  less  sliding. 

(8)  They  work  perfectly  if  the  distance  between  centers  is  not 
quite  the  calculated  amount.  This  last  is  not  true  of  other  kinds  of 
teeth. 

The  velocity  of  sliding  is  readily  shown  if  we  take  the  two  teeth 
shown  in  part  in  Fig.  825.  They  are  in  contact  at  P.  Call  the  tooth 
of  the  wheel  0,  Pi,  and  the  other  tooth  Pj.  The  velocity  of  Pi  is 
OPaii  =  ri  in  a  direction  perpendicular  to  OP.     The  velocity  of  P2  is 

*  See  the  author's  paper  upon  "The  Efficiency  of  Gearing  under  Friction." 
[Transactions  of  the  Academy  of  Science  of  St  Louis,  Vol.  VIII,  No.  6.] 
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CPiiH  —  v^  in  a  direction  perpendicular 
to  CP.  See  Fig.  827.  The  common 
com[)onent  along  the  normal  PN  is 
OD(t)i ^ ECiOi^ PA.  The  component 
velocity  of  Pi  perpendicular  to  the 
normal  is 

AB^^Ivl^-PA^ 


The  component  velocity  of  P2  perpendi* 
cvlar  to  the  normal  is 


AK^^/vi'''PA* 

=  G)2P^ 

Hence  the  velocity  of  sliding  is 

AK-AB==  i^PE  -  wiPZ) 

This  velocity  changes  with  the  position  of  P.     It  is  only  at  I  that  the 
sliding  becomes  zero,  since  IBAA%^IDt^i, 

For  further  information  in  regard  to  the  teeth  of  both  spur  wheels 
and  bevel  wheels,  and  for  numerous  practical  details,  the  reader  is 
referred  to  works  on  "Gearing."  Enough  has  been  given  to  show 
the  relation  of  Kinematics  to  the  Theory  of  Gearing. 

815.  The  imiversal  joint  Two  shafts  intersecting  at  O  make 
with  each  other  an  y,  ^, 

angled.     Each  shaft  g      ^^"""^  *" 

carries  a  fork,  and  to 
the  ends  of  the  forks, 
an  equi-armed  rec- 
tangular cross  is  con- 
nected by  pin  joints. 
(A  disk  with  four  pro- 
jecting radial  pins 
would  serve  even 
better  than  a  cross.) 
Fig.  828. 

Let  the  paper  be  the 
plane  of  the  axes.  Imagine  a  sphere  with  radius  unity,  on  whose  surface 
are  the  forks  and  pin  joints.  Let  0  be  the  topmost  point  on  the  sur- 
face of  the  sphere;  that  is,  the  pole  of  the  great  circle  SNS'N\  Dur- 
ing rotation  all  the  pins  describe  arcs  of  great  circles  which  are  pro- 
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jected  on  the  plane  of  the  paper  in  straight  lines  NN^  and  SS\  Let 
A,  a  fork-end  of  No.  1,  and  By  a  fork-end  of  No.  2»  be  above  the  plane 
of  the  paper.  Let  the  arc  AN  =  <f>u  and  the  arc  fiS  =  <^.  The  plane 
of  the  cross  cuts  the  spherical  surface  in  a  great  circle,  which  is  pro- 
jected into  an  ellipse,  TABT'A'B'. 

Consider  now  the  spherical  triangle  ABO.     We  have 

thearcilO  =  W-^i 
the  arc  BO«90°-<^ 
the  arc  AB  =  90"" 
the  angle  AOB^  180"*  -  0 

By  spherical  trigonometry. 

cos  ^B  =  cos  AO  cos  BO+sin  AO  sin  BO  cos  AOB. 
0  =  sin  <^  sin  <^ —cos  <f>i  cos  (fh  cos  6. 
Hence  cos  6  » tan  <f>i  tan  <^. 

Differentiating,  we  have 

0  =  tan  ^1  sec*  <^  d<^  +sec*  <f>i  tan  <^  d(f>i 

+d<l>2  _  tan  <^  sec*  ^1  _  tan^i+cot<^i 
— d<f>i      sec*  <f>2  tan  ^i      tan  <^ + cot  <^ 

For  positive  rotation  d(f>i  is  negative  while  d<^  is  positive.    Moreover 
the  arcs   —difh  and  d<fh  are  proportional  to  their  respective  angular 

velocities,  hence  4.JL1      xJi  t  «/ii4.     jji 

(1)2  _  tanfpi+cotfpi  _      1       cos*t/+tan*9t 

<i>i       tan<^+cot^2      cos  6'       l+tan*<^ 

_  cos^(l+tan*<^i) 
cos*  ^+ tan*  ^1 

From  which  we  see  that  0)2  is  not  constant  for  a  constant  value  of  g>i» 
but  fluctuates  between  two  extremes  according  to  the  positions  of  the 
forks. 

When  <^  ~  0,  Fork  No.  1  is  in  the  plane  of  the  axes,  and  Fork  No.  2 
is  in  a  plane  perpendicular  to  that  plane,  so  that  <^  »  90^  and 

<t>i 

(02=  g 

COS  U 

which  is  the  greatest  value  of  (i)2. 

When  <^  =  90^,  <^  — 0,  and  Fork  No.  2  is  in  the  plane  of  the  axes  an^ 

(02  =  wi  cos  0 
which  is  the  least  value  of  0)2. 
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When  ^1  =  ^8  =  arc  tan  ^lcQs^ 

This  occurs  at  two  points  for  every  revolution. 

The  greater  the  angle  6y  the  greater  the  variations. 

816.    The  eJOTect    of    one  or  more  intermediate  shafts.    This 

constantly  changing  angular 
velocity  in  one  or  both 
shafts  is  a  bar  to  the  use 
of  the  universal  joint  for 
heavy  machinery.    If,  how- 

**i      /n  ^S^^^'Sk^  W  **'! ever,  the  angle  0  is  bisected 

v^  Va  /  by  an  additional  shaft,  with 

a  fork  at  each  end,  with  arms 

in  the  same  planey    the  ratio  of  —  is  constant.     See  Fig.  329. 

(1)1 

The  truth  of  this  statement  is  recognized  if  one  reflects  that  since 
the  two  forks  of  No.  2  are  in  the  same  plane,  and  the  deflecting  angle 
is  id  at  each  end,  the  position  of  Fork  No.  8  is,  when  seen  from  the 
central  shaft,  identical  with  that  of  No.  1,  so  that  <f>z  =  <f>i  for  all  parts  of 
a  revolution.  Hence  No.  3  turns  with  the  constant  angular  velocity 
of  No.  1.     The  analytic  proof  of  this  result  is  very  simple. 

If  a  device  requires  an  oscillating  value  of  g>s  the  amplitude 
of  such  changing  value  may  be  increased,  by  placing  the  forks  of  No.  ft 
in  different  planes.     If  they  are    perpendicular  to  each  other,  the 

As  a  Universal  joint  involves 


cos^i^ 


ratio  —  will  vary  from  cos*  J^  to 

0)1 

no  special  loss  of  energy,  it  has,  or  may  have,  many  applications  in 
special  machines.    It 


«i 


No.l 


is  often  known  as 
"Hooke's  Joint." 

Devices  for  increas* 
ing  the  amplitude  of 
an  oscillating  angular 
velocity,  by  the  use  of 
**Hooke's  Joints." 
In  Fig.  330,  the  forks 
of   shaft   No.    2  are 

• 

ratio  —  varies  from  cos*)8  to  sec*)8. 

Wl 


*»i 


No,l 


in    planes   perpendicular  to  each  other.     The 
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In  (b)  where  the  forks  on  every  intermediate  shaft  are  in  planes  at 

light  angles  to  each  other,  the  result  is  that  the  velocity  ratio  — 
varies  from  cos'^^S  to  sec'^^S.  ^^ 

817*  The  sidereal  day.  The  promise  made  in  285  is  now 
to  be  kept.  We  shall  avoid  unnecessary  complications,  if  we  assume 
that  the  earth's  center  moves  in  a  circular  path  with  its  polar  axis 
perpendicular  to  the  plane  of  the  ecliptic*  Think  of  a  plane  thru  the 
earth's  axis  and  the  sun's  center  turning  about  the  sun,  one  revolu- 
tion a  year  carrying  the  earth's  axis  with  it.  Call  its  angular  velocity 
(1)1,  which  is  left-handed  seen  from  the  North  Pole*  Meanwhile  the 
earth  revolves  about  its  axis,  with  respect  to  the  svnnging  jjlane^  one 
revolution  every  solar  day;  let  its  angular  velocity  be  (Os.  Hence  by 
804  the  resultant  angular  velocity  of  the  earth  is 

And  we  have  the  earth  connected  with  an  imaginary  cylinder  which 
rolls  upon  a  fixed  imaginary  cylinder  whose  axis  is  thru  the  Sun.  The 
instantaneous  axis  I  is  on  the  line  of  centers,  distant  ri  and  r^  from 
Sun  and  earth  respectively.     Hence 

(i>i  :  (1)2  :  0)8 =rs  m  :  R 

in  which  R  is  the  mean  distance  from  earth's  center  to  the  Sun's  center, 
1.  e.,  98,108,000  miles.  Now  the  angular  velocities  are  to  each  other 
as  the  numbers  of  turns  in  a  given  time,  say  one  year.     Hence 

(1)1  :  (i)8  :  (i)i  =  iVi  :  iV2  :  N^ 

Now  iVi  =  l;        JV2  =  865 J  nearly;        iVs  =  iVi+iV,  =  866l. 

Hence,  the  number  of  absolute  complete  revolutions  of  the  earth  in 

one  year  is  866^.     Each  complete  turn  (according  to  a  fixed  star, 

sidus,  not  according  to  the  Sun,  sol)  is  called  a  sidereal  day,  while  a 

day  according  to  the  Sun  is  called  a  mean  solar  day.     Of  course  the 

sidereal  day  is  less  than  24   hours  of  solar  time.     Its  actual  length 

is  given  by  the  eq. : 

oj        1  J  365.25X24X60X60  , 

is:  Sidereal  day  =  seconds, 

366.25 

=  86164  sec.  =  23  hr.  56m.  4  sec.  nearly. 

The  paths  described  by  points  on  the  earth  are  epitrochoids,  modified 
by  the  eccentricity  of  the  sun,  and  the  obliquity  of  the  earth's  axis. 

The  student  may  prove  that  the  radius  of  the  rolling  cylinder  is 
254,220  miles,  and  the  radius  of  the  fixed  ideal  cylinder  on  which  the 
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earth's  cylinder  rolls  is  92,8^3,780  miles.     Of  course  it  is  the  value 

of  ci)3  which  diminishes  the  observed  weight  of  bodies  near  the  equator.* 

8 18*    Trains  of  wheel  work.    By  means  of  teeth,  gear-wheels 

may  maintain  an  unchanging  velocity  ratio>  — ;  the  slipping  or  sliding 

Ct)2 

between  the  teeth  spoken  of  in  814  does  not  affect  the  angular 
velocities  as  it  is  always  perpendicular  to  the  normal  line  of  motion. 
It  is  quite  different  with  friction  wheels  and  with  belts,  since  the 
slipping  is,  in  these  cases,  always  in  the  direction  of  the  resultant  motion. 
Hence  toothed  wheels  are  used  where  exact  values  of  the  ratio  are 
required,  as  for  clocks,  watches,  screw  and  gear  cutting  machines, 
and  many  others. 

A  train  of  wheel-work  is  essentially  at  every  instant  a  compound 
lever,  with  this  supreme  advantage  that  motion  does  not  dislocate  the 
levers;  the  individual  levers  are  always  in  position  to  act  advantage- 
ously. Consider  the  train  shown  in  Fig.  831.  Only  the  **pitch  circles'' 
are  shown,  the  teeth  in  every  case  are  partly  within  and  partly  without 
the  pitch  circles.     Let  the  axles  be  No.  1,  2,  3,  4,  and  the  angular 

velocities  be  coi,  W2,  ws,  W4.     Required  the  value  of  —  in  terms  of  the 

(1)4 

radii,  or  of  the  numbers  of 
teeth,  n  and  iV,  if  teeth  of  the 
same  pitch  are  used  in  every 
combination,  t*  e.,  n  is  in 
every  case  proportional  to  r. 
Let  the  large  wheels  be  driv- 
ers and  the  pinions  (small 
gears)  be  the  followers. 

By  812 


Vlg.  881 


0>1 

ri 

0)2 

rz 

W8 

u 

2^ 

9 

ss 

• 

ss 

<i)2 

Ri' 

0>8 

R2' 

<i)4 

R, 

Multiplying  the  three  equations 


Ci)i 


Tzr^r^ 


712713714 


6)4       R1R2R3      NiNiNz 

K  the  individual  ratios  are  —  >  —  and  —  the  required  ratio  is  — • 

8    4  6  60 


*  When  weights  are  measured  by  corresponding  standard  "weights"  placed  in 
a  balancing  pan,  no  loss  results  from  the  rotation  of  the  earth,  as  the  contents  in 
the  pans  are  affected  equally. 
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If  each  pinion  has  12  teeth,  the  numbers  of  teeth  in  the  wheels  will 
be  86,  48,  60,  so  that  the  total  number  of  teeth  will  be 

2n+2JV  =  180. 

The  ratio  —  could  have  been  effected  by  a  single  combination. 
60  J  B  f 

with  a  pinion  of  12  teeth  and  a  wheel  with  720  teeth,  and  a  corres- 
ponding radius.  The  economy  of  the  Train  is  evident  in  spite  of 
two  additional  axles.  The  axles  need  not  be  in  a  plane;  they  may  be 
arranged  as  one  may  wish  in  two  or  three  planes.  A  gear  wheel  may 
act  as  both  follower  and  driver;  in  that  case  it  does  not  change  the 
numerical  value  of  o),  hut  it  does  change  its  sign.  Hence  it  is  called 
an  idle  wheel. 

Problem. 

Design  a  train  of  wheel  work  such  that  while  the  first  shaft  revolves 
3600  times,  the  last  shaft  shall  revolve  but  once^  and  in  a  direction 
opposite  to  that  of  the  first  shaft.  Use  no  velocity  ratio  greater  than 
9  or  less  than  3. 


CHAPTER  XVIIL 

WoBK  AND  Energy. 


819  •  When  a  body  moves  against  the  resistance  offered  by 
another  body,  thereby  overcoming  it,  i.  c,  actually  moves  in  spite  of 
the  resistance,  it  is  said  to  do  *'work,**  The  amount  of  work  done  is 
measured  by  the  product  of  the  resistance,  in  units  of  force,  multiplied 
by  the  distance  moved  against  the  resistance.  The  work  may  be  done 
by  pushing  or  by  pulling.  A  locomotive  may  push  a  snow  plow  thru 
deep  snow;  a  horse  may  drag  a  stone  along  a  rough  surface,  or  thru 
a  layer  of  earth;  a  man  may  lift  a  box  from  the  fioor  to  the  table. 

1.  If  the  resistance  is  constant,  as  it  is  in  the  case  of  overcoming 
the  attractive  pull  of  the  earth  upon  the  box,  the  work's  measure  is 
easily  found,  since  W  is  the  same  for  every  element  of  the  distance 
actually  raised,  so  that  we  have 

Work  =  Wh 

In  the  case  of  the  snow  plow  and  the  dragged  stone,  the  resistance 
was  not  strictly  uniform  but  it  had  an  average  value  which  may  be 
approximated  and  used,  so  that 

Work  =  Rs 
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It  will  be  convenient  to  let  the  letter  U  represent  the  numerical 
value  of  "FForA:  done." 

Work  done  in  stretching  a  spiral  spring. 

2.  If  an  elastic  spring  (Fig.  332)  is  drawn  out  from  its  neutral 

position  a  distance  «,  the 
re •- ^>j  ^^^^    resistance  is  not  constant, 

— ^^^bQQQQQQQQQMQj^Oily^  |^  but  it  is  uniformly  varying. 

vig?aaa  ^^^   It  began  at  zero,  and  ended 

at  *p,  if  p  is  the  "force"  of 
the  spring.  See  230.  The  average  resistance  offered  in  this  case  is 
^sp,  so  that  the  *'work"  is        77— i   -2 

If,  after  having  drawn  out  the  spring  a  distance  ^i,  a  second  epoch 
begins  and  the  person  (or  body)  pulls  the  spring  out  to  the  full  stretch 
Si,  the  work  done  during  the  second  epoch  is  still  the  distance  (sa^Si) 

multiplied  by  the  average  pull;  viz.,  — — ^>  so  that  the  work  done  is 

2 

U^?-(S2  +S0  {S2  -  «l)  =  ^  («2*  -  O 

=  ip«2*  —  ipsi\  which  is  easily  interpreted. 

3.  When  the  resistance  is  neither  constant  nor  uniformly  varying, 
the  average  may  be  difficult  to  find.  If  R  represents  the  magnitude 
of  the  resistance  at  any  general  point  of  the  distance,  then  Rds  is  an 
element  of  the  work,  and  the  entire  work  is  represented  by  the  sum  of 
all  such  elements,  so  that 


according  as  the  distance  is  measured  from  Si  or  from  zero.     If  R  varies 
according  to  a  simple  mathematical  law,  the  integration  can  be  made. 

820«  The  potential.  Suppose,  for  the  sake  of  an  example,  that 
a  body  which  weighs  W  at  the  surface  of  the  earth  is  drawn  by  some 
ideal  foreign  body,  straight  away  from  the  earth  (which  we  assume  to 
be  at  rest)  against  the  resistance  offered  by  the  diminishing  attraction 
of  the  earth,  to  a  distance  h  from  the  surface?  How  much  "work'* 
does  the  foreign  body  do? 

We  know  from  the  law  of  gravitation  that  the  earth's  attraction 
varies  inversely  as  the  square  of  the  body's  distance  from  the  earth's 
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center,  in  mathematical  language  (see  241),  F^  —^  in  which  &  is  to  be 
determined  by  the  well  known  fact  that  fF»  — ,  in  which  r  is  the  radius 
of  the  earth;  so  that  our  differential  equation  becomes 


dU--'^d8 


s' 


and  the  required  Work  is 


h+r 


da 

\r       h+r J 


*+r 


A+: 

If  we  extend  our  ideal  problem  so  as  to  make  A  =  oo ,  we  have 
1  1 


h+r 


==0  and 


00 


—  =JFr. 


The  problem  might  have  been:  Find  the  work  done  by  a  motor 
(or  mover)  which  draws  an  attracted  body  away  from  an  attracting 
magnet,  assuming  that  the  attraction  varies  inversely  as  the  square  of 
the  distance  between  the  two  bodies.  The  constant  k^  in  such  a  case, 
would  be  determined  by  a  known  attraction  Pq,  at  a  known  distance  «o- 


k        P  s  ^ 
and  a  general  value  of  F  would  be  F=  —  =      ^  ^ 


^ 


Hence,  if   the 


8" 


attracted  body  is  moved  away  from  the  magnet,  supposed  to  be  at 
rest  at  a  distance  «o»  to  a  distance  infinitely  great,  the  "work"  done  in 
overcoming  the  resisting  attraction  is 

00  —100 

1 


=       iFds^PnSn^      l—^-P^^a 


o«o 


0"0 


8 


=  PoSo 


This  quantity  of  work  is  known  as  the  "Potential"  of  the  attracting 
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body  with  reference  to  a  mass  of  P  units  at  the  distance  8. 
represented  by  some  writers  by  the  letter  F;  hence  in  general 


It  is 


V^Ps 


so  that 


dV 
da 


=  P 


which  gives  the  mutual  attraction  at  the  distance  a. 

Since  the  direction  of  the  line  of  resultant  mutual  attraction  is  not 
involved,  it  is  evident  that  the  loima  of  points  where  the  attraction  on 
an  equal  mass  is  constant  is  the  surface  of  a  sphere  whose  radius  is 
8^  and  that  the  strength  of  that  locua  is  measured  by  the  rate  at  which 
work  is  done  in  increasing  the  radius  or  distance. 

The  reader  should  take  note  of  the  absence  of  the  time  element  in 
all  this  discussion.  We  are  not  now  concerned  with  time»  velocity 
or  acceleration. 

821.  The  work  done  in  a  steam  cylinder.  When  the  force 
which  moves  a  body  overcomes  a  resistance,  which  is  constant 
during  a  part  of  its  course,  and  then  becomes  variable,  the  total 
work  may  sometimes  be  found.  Suppose,  by  means  of  an  Indicator 
(which  see  in  an  Encyclopedia),  the  intensity  of  the  gas  or  steam 
pressure  on  the  piston  of  an  engine  at  every  point  in  its  passage  from 
end  to  end  of  a  cylinder  is  known.  How  much  "work"  is  done  by  the 
gas  or  steam  in  pushing  the  piston  along? 

During  a  part  of  the  stroke,  the  intensity  of  the  pressure  is  constant 
and  equal  to  pu  Then,  if  the  area  of  the  piston  face  is  A^  the  working 
force  is  pA;  and  if  the  distance  moved  under  full  pressure  is  ^i,  the 
work  during  the  first  epoch  is  SipiA  =  Ui. 

Next  suppose  the  supply  is  cut  off, 
and  the  gas  already  in  the  cylinder 
expands  isothermally^  i.  e.,  the  tern- 
^  perature  of  the  expanding  gas  is  kept 
constant  by  means  of  a  hot  jacket 
(without  which  the  gas  would  cool 
as  it  expands).  See  Chapter  XXVII. 
If  the  gas  is  a  "perfect  gas,"  like 
air  under  ordinary  conditions,  the 
pressure  will  fall  according  to  the  law 
given  in  physics: — 


£ 


(b) 


^i 


rts.8aa 


pV  =  constant  =  K. 

in  which  K  is  a  constant  depending  upon  the  temperature,  and  V  is 
the  volume  of  a  certain  weight,  in  this  case  the  weight  of  the  steam  or 


<«— .-^-^-.>» 


THE      WORK      DONE   BT  STEAM  IN   A  CYLINDER  207 

gas  used  in  one  ''stroke."  In  a  cylinder  the  volume  V  increases  as  s 
increases,  and  the  volume  of  the  gas  at  any  time  is  V^sA,  hence*  for 
an  element  of  motion*  the  element  of  work  done  by   the  expanding 

steam  b  dUt  =  pAd3~AK^  -/^^ 

V  8 


c/»l 


and  Ui^K   I^^Klog,^ 

8  Si 

Hence  the  entire  work  done  in  the  two  epochs  of  a  full  stroke  is 


When  p  was  pu  V  was  SiA;  hence  K^piSiA.    So  that 


U  (per  stroke)  =  piSiA  1 1 +log,  —  J 


It  is  evident  that  if»  in  the  diagram  connected  with  Fig.  SSS,  the 
ordinates  represent  the  pressure  per  sq.  unit  of  piston  area,  the  area  of 
the  figure  OABCD  represents  the  work  done  by  the  entering  and  the 
expanding  gas.    The  curve  BEC  is  a  portion  of  a  hyperbola. 

The  work  done  by  a  team  of  horses  in  drawing  a  grain-reaper  a 
known  distance,  or  the  work  done  by  a  locomotive  in  drawing  a  train 
of  cars  a  certain  distance  may  be  shown  by  a  ''dynamometer/'  if  it 
automatically  constructs  a  diagram  similar  to  Fig.  3S3(a). 

822*  In  all  that  has  been  said  about  Mechanical  Work^  only 
motion  and  force  have  been  considered.  Without  motion,  no  mechani- 
cal work  is  done.  A  brick  in  the  wall  does  no  work  tho  it  supports  a 
heavy  load.  When  a  man  holds  a  heavy  weight  without. moving  it, 
he  does  no  mechanical  work;  but  when  he  lifts  it  against  the  pull  of  the 
earth,  he  does  mechanical  work:  if  he  allows  it  to  sink  down  in  his 
hands,  the  earth  does  mechanical  work,  upon  the  heavy  body  and 
upon  the  man. 

When  work  is  done,  at  least  one  of  the  bodies  concerned  moves;  more 
often  both  move;  when  a  horse  pulls  a  cart  both  move;  when  the  earth 
actually  pulls  a  body  to  a  lower  level,  only  one  sensibly  moves.  Gener- 
ally, at  least  three  bodies  are  concerned  whenever  "Work"  is  done. 
Suppose  a  horse  drags  a  stone  up  a  rough  inclined  plane;  the  horse 
does  the  wprk;  the  rough  plane  resists  the  motion  by  what  we  call 
"friction";  the  earth  pulls  back  by  one  component  of  its  attraction. 
The  friction  and  the  backward  pull  constitute  the  resistance,  if  the 
motion  is  uniform;  so  we  have 

R^fW cos  0+W Bind 
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The  pull  P  of  the  horse  must  be  vwre  than  R  in  order  to  Hart  the 
stone,  and  if  the  pull  becomes  less  than  A,  the  stone  soon  stops  moving^ 
and  the  '"work"  ceases.     When  P>Ry  there  is  an  unbalanced  foree^ 

which  causes  the  stone  to  move  faster  and  faster,  and  the  work  done 
per  second  becomes  greater  and  greater.  In  this  case  a  jfart  of  the 
work  is  expended  in  increasing  the  momentum  of  the  moving  body. 
This  brings  us  to  a  new  word: — 

Power. 

828«  The  word  ''power"  is  used  in  mechanics  to  express  the  raie  at 
which  work  is  done;  or  the  rate  at  which  a  motor  of  some  kind,  or 
some  moving  body,  is  able  to  do  work. 

The  thing,  animal,  machine  or  material  which  can  do  33,000  foot-lbs. 
of  work  in  a  minute  is  said  to  be  of  one  "Horse-Power."  That  is,  if 
it  can  actually  pvU  2,000  lbs.  thru  a  distance  of  16.5  feet  in  a  minute, 
or  16§  lbs.  thru  a  distance  of  ^000  feet  in  a  minute,  its  capacity  is 
one  "Horse-Power."  A  Horse-Power  may  be  thought  of  as  33,000 
foot-lbs.  per  min.  or  550  foot-lbs.  per  second,  or  990  foot-tons  per  hour. 
A  horse-power  is  often  written  H-P. 

Untechnical  people  often  misunderstand  the  meaning  of  "horse- 
power." If  a  "30  H-P"  machine  is  mentioned,  one  must  not  think  of  a 
slow  moving  team  of  thirty  horses.  The  distance  factor  is  as  im- 
portant as  the  force  factor.  A  machine  which  can  pull  220  lbs.  a  mile 
in  a  minute  is  a  35  H-P  machine.  This  does  not  mean  that  it  must  drag 
a  body  which  weighs  220  lbs.,  or  that  it  must  carry  220  lbs.  weight;  it 
means  that  it  must  actually  pull  220  lbs.,  as  shown  by  a  spring  balance, 
on  something  large  or  smaU,  which  moves  a  mile  a  minute. 

824«  Reversible  work.  When  the  body  upon  which  work  is  done 
is  of  such  a  character,  or  the  motion  is  such  that  the  body  can  give 
the  work  all  back  again,  or  do  an  equal  amount  of  work  on  another 
body,  the  process  is  said  to  be  reversible.  For  example:  If  in  the 
case  of  stretching  a  spiral  spring  a  distance  s  as  shown  in  819.  The 
"work"  done  by  the  agent  who  (or  which)  pulled  out  the  spring  was 
^ps^.  Now  conceive  of  the  spring,  after  a  time,  acting  upon  the  agent 
and  pxdling  it  back  to  the  point  of  starting,  thus  doing  \ps^  units  of 
work  upon  the  agent  in  the  reverse  process.  Clearly  the  process  of 
stretching  the  spring  was  reversible. 

During  the  interval  between  the  two  motions,  where  was  the  evi- 
dence of  W^ork  done?  Where  was  the  ability  or  capacity  for  doing 
\p^  units  of  work?     Clearly  it  was  *' stored  up*^  in  the  spring. 
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Energy. 

825.  The  work  thus  stored  up  is  called  Energy.  If  the  spring  is 
X>erfect9  and  if  the  draw  hook  is  secured,  the  energy  may  stay  in  the 

spring  for  a  long  time.  ^ 

Suppose,  now,  we  wish  the 

spring  to  give  up  its  energy 

to  a  rigid  mass  of  metal. 

Suppose  the  spring  and 

mass  rests  upon  a  smooth  horizontal  plane,  with  a  thread  C  between 

the  hook  and  m.    Fig.  834. 

If  now  the  restraint  is  removed,  the  spring  will  pull  the  mass,  thereby 
doing  work  upon  m.  It  will  continue  to  pull,  tho  with  diminishing 
magnitude,  till  the  spring  reaches  its  neutral  unstretched  condition. 
The  average  pull  was  ips  and  the  work  done  on  m  is  ips^t  which  is 
just  the  energy  that  was  stored  up  in  it.  Now,  suppose  the  spring  is 
cut  off  and  instantly  removed. — Where  is  the  energy  now?  Of  course 
it  is  in  m.  But  m  is  not  a  spring,  its  fibers  are  not  distorted  in  any 
way;  but  it  is  in  motion;  it  has  velocity,  momentum,  and  in  some  way 
the  energy  it  has  is  a  function  of  its  mass  and  its  velocity.  The  velocity 
has  already  been  found  in  XIV  to  be 


^  m 


Now  the  energy  in  the  mass  m  is  just  what  the  spring  put  into  U^ 
namely,  E  ^  ^ps^.  Substituting  the  value  of  ps^  from  this  last  equa- 
tion, we  have  ,      „,  , 

„      mtr        rr  V* 
Hi  ^ ^  


2         ^g 

826.  Notation  and  definition.  The  letter  E,  in  this  Chapter,  will 
numerically  represent  Energy  when  it  is  a  quantity;  the  unit  of  energy 
is  similar  to  the  unit  of  work. 

Mechanical  work  will  be  represented  by  the  letter  U  as  before. 

Definitions.  A  unit  of  work,  U,  means  an  action  of  one  unit  of 
force  actually  exerted  upon  a  moving  body  in  the  direction  of  its  motion 
thru  a  unit  of  distance. 

A  unit  of  Energy,  £,  means  the  capacity  in  a  body  to  exert  an  action 
of  one  unit  of  force  thru  one  unit  of  distance. 

The  numerical  measure  of  Energy  need  not  contain  either  the  num- 
ber of  units  of  force  or  the  number  of  units  of  distance.     For  example. 


The   Energy    of  a  moving    mass  is  numerically   expressed   by 


mv^ 
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in  which  m  is  tlie  number  of  the  units  of  mass  in  the  moving  body,  and 
V  the  rate  of  its  motion  in  feet  per  second.  There  is  nothing  in  E  that 
involves  direction.  Thus  we  see  that  the  energy  may  be  due  to  the 
velocity  of  a  moving  mass,  or  to  a  distortion  or  change  of  condition  or 
position  of  a  body  which  is  at  rest. 

82 7«  Kinetic  and  potential  energy.  This  distinction  is  recog* 
nized  by  the  use  of  different  names: 

Energy  due  solely  to  mass  and  motion  is  called  Kinetic  Energy. 

Energy  due  solely  to  mass  and  position  or  condition  is  called  Potential 
Energy. 

The  word  kinetic  is  from  the  Greek  kineo,  which  means  "I  move.** 
Potential  is  from  the  Latin  "potens,"  which  means  "capable";  so  poten- 
tial energy  means  energy  that  in  some  way  is  stored,  but  which,  when 
let  loose,  is  capable  of  doing  work.  This  is  illustrated  by  the  entire 
motion  of  the  oscillating  straight  pendulum  discussed  under  harmonic 
motion  in  XIV.  At  first,  the  energy  was  (from  some  source)  put  into 
the  spring;  then  it  was  transferred  to  the  mass  of  a  moving  body; 
then  back  into  the  spring.  When  the  oscillating  mass  was  between 
an  extreme  position  and  the  neutral  center,  the  energy  was  partly 
kinetic  and  partly  potential,  i»  e.,  part  was  in  the  moving  mass  and  a 
part  was  still  in  the  spring. 

Energy  is  stored  up  in  countless  ways:  in  a  compressed  gas,  in  ex- 
plosives, in  fuels,  in  organic  and  inorganic  compounds,  in  magnetized 
bars,  in  storage  batteries,  etc. 

828*  Energy  dae  to  position.  A  special  form  of  stored  energy  is 
said  to  exist  in  bodies  which  have  been  raised  to  storage  tanks  or 
platforms  above  planes  where  they  may,  by  falling  slowly,  develop  or 
restore  energy  for  doing  useful  work.  Such  bodies  are  said  to  hold 
**potential  energy  due  to  position,**  It  would  be  more  accurate  to  say  that 
in  lifting,  by  any  method,  a  mass  m  (of  solid  or  liquid)  to  a  height  A, 
the  invisible  (but  quite  real)  spring  or  draw-bar  which  we  call  gravita- 
tion, and  which  for  small  heights  has  a  constant  tension  W,  has  been 
stretched  h  feet,  so  that  the  work  done,  FFA,  has  been  stored  in  that 
tension  bar  of  gravitation.  That  stored  energy  is  at  all  times  "capable** 
of  doing  an  equal  amount  of  work  by  pulling  the  body  down  again. 
If  its  pull  is  unbalanced,  the  body  will  have  after  a  free  fall  of  h  feet  a 

velocity  v  =  V2^A,  so  that  , 

which  is  just  the  work  done  in  lifting  it. 

In  most  cases  a  work  process  is  not  reversible;  the  work  done  ab- 
sorbs the  energy  in  such  a  manner  that  it  cannot  be  wholly  got  back 
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as  mechanical  w6rk.  The  energy  speht  in  plowing  the  fields,  in  over- 
coming friction,  in  cutting  wood  and  metal,  in  crushing  stones  and 
ores,  is  non-reTersible.  Where  the  energy  is  stored  in  such  processes 
is  not  always  clear;  some  of  it  takes  the  form  of  heat,  as  we  know  well 
in  the  case  of  friction,  in  hammering  rods  of  metal,  and  in  turning  and 
boring  steel. 

820»      niustrations.      Many  of  the  problems   already   used  to 
illustrate  the  eflfect  of  un- 

r — r» 


I 


Q 


JLA 


u 


balanced  forces  and  couples 
in  producing  motion,  will 
serve  again  to  illustrate  the 
transfer  of  energy,  and  the 
spending  of  energy  in  the  doing 
of  work. 

The  potential  energy   Wih 
initially  residing  in  A^  when 
on  the  plane  C,  is  spent  in 
producing  kinetic  energy  in  both  A  and  B  and  in  overcoming  friction 
on  the  rough  horizontal  plane  H*     Fig.  SS5. 

As  before,  F^Wi'-fW^  is  the  Unbalanced  Force. 

a»s  — ^- — =- — ^g  is  the  Acceleration, 


1 


vdv^ 


W1+W2, 


gds 


W1+W2  mi+m. 

The  kinetic  energy  in  the  two  bodies  is  — ^- — -  which  is  by  the 

last  equation  equal  to  (^^+^)^^'  ^Wih-fWih. 

But  fWzh  is  the  work  done  in  overcoming  friction  fWt  thru  a  dis- 
tance h;  this  is  the  non-reversible  part  of   the  energy  spent.    The 

^— ^^ —  is  ready  to  do  work  by  compressing  springs,  cutting 


rest 
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groves  or  crushing  ores,  or  other  work  useful  or  useless. 

880.    The  kinetic  energy  of  a  rotating  body,  turning 
about  an  axis  thru  its  center  of  gravity.    Fig.  SS6. 
The  Energy  of  the  body  is  the  sum  of  the  energy  of  its 

jKLrts.    The  energy  of  a  part  dm  is  equal  to with- 
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out  regard   to   the   direction  in   which  it    is    moving.      Hence    we 

(Energy  of  m)  =  J  |  v^dm  =  -^  |  f^dm  ==  — - 


since  v  =  ptOy  and  (o  is  the  same  for  all  the  elements  in  the  body, 
and  in  the  integration  is  constant.     Hence  the  important  formula: 


K.E.-=^ 


Io<^ 


This  is  strikingly  analogous  to  the  formula  for  a  mass  having  a 
velocity  of  translation,  r,  viz.: — 


K.E.=^ 


mtr 


as  given  in  the  Table  of  Analagous  Formulas  (256). 

When  a  body  has  both  translation  and  rotation,  both  of  these  formulas 

are  used  to  find  its  total  energy.  A  case 
of  this  combined  motion  will  now  be  con- 
sidered. 

83  !•    The  conservadoB  of  energy. 

Take  the  case  of  body  rolling  down  an 
inclined  plane.  Let  the  rolling  radius  be 
r,  the  mass  m,  the  moment  of  inertia  /o> 
the  length  of  the  plane  Sy  and  its  inclina- 
tion d.  Then  as  in  XV,  we  proceed  as 
follows : — 

Canceling  W^cos^  with  the  normal 
action  of  the  plane  we  have  left  two  parallel  forces,  W^sin  0  and  the 
unknown  force  T  due  to  friction.  Combining  these  forces,  we  get  an 
unbalanced  couple,  Tr,  and  an  unbalanced  force,  Wsind^-T,  acting  at 
the  center.  Fig.  337. 
The  couple  gives  us 


ng.  887 


^se^g^a^^f^!^ 


Tr^IoO,       .-.  a= 
The  single  force  gives 

Wsind^T^ma         .".  a  = 

But  A  is  the  instantaneous  axis',  hence 

ra  =  a  and  r(o  =  p. 


Tr 


Wsm  e-T 


m 


m 
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whence  T—  — - — •  TFsintf 

WAnO 
a= 


vdv  =  ads 


t>i*= x«=  — ^ »smce9smc/=/i. 

7  -      ,  -» 


lo         r*  +  V 


s 


o 


Hence  the  total  energy  expended  or  exerted  during  the  entire  descent 
due  to  both  translation  and  rotation  is 

^g         2        r«+V     ^*+V 

It  thus  appears  that  the  Potential  Energy  due  to  the  elevated 
position  of  the  body  before  the  rolling  began  is  preserved  (or  con- 
served) in  the  Kinetic  Energy  of  the  body  when  it  has  reached  the 
base  of  the  plane.    This  is  an  instance  of  the  Conservatioii  of  Energy. 

Of  course  the  problem  was  ideal.  It  was  assumed  that  no  resistance 
was  overcome;  that  the  axis  for  Iq  was  thru  the  axis  of  the  rolling 
cylinder;  tho  the  body  might  be  solid  or  hollo w,  simple  or  compounded 
of  cylinders,  shafts,  pulleys,  etc. ;  and  finally,  that  no  work  was  done  by 
the  body  as  it  rolled,  t.  e,y  it  did  not  crush  anything,  or  rub  anything, 
or  slide.  There  was  friction,  for  that  made  the  body  roll,  but  none  of 
that  friction  was  overcome. 

It  was  shown  in  270  that  rolling  bodies  would  have  different 
accelerations,   velocities,  and   times,  in   covering   the   same   distance 

k  * 

8\  yet  everyone  satisfies  our  last  equation.    The  one  for  which  -^ 

r* 
was  greatest  had  the  least  final  velocity;  but  for  the  same  mass,  the 
Total  Energy  was  the  same,  tho  the  division  into  translation-energy  and 
rotation-energy  was  very  diffierent.  It  is  seen  that  the  last  equation 
is  independent  of  6^  and  hence,  the  path.  The  equation  shows  that 
the  potential  energy  due  to  the  position  of  the  body  at  a  height  h  above 
the  datum  plane  thru  the  foot  of  the  incline,  had  been  transformed 
into  the  two  forms  of  kinetic  energy. 
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832.  Rolling  frictioii.  It  is  impossible  to  make  wheels  and 
tracks  or  planes  so  rigid  and  smooth  that  some  energy  will  not  be  lost 
as  the  wheels  roll  along.  This  loss  arises  from  the  doing  of  loork  upon 
the  track,  or  the  wheels,  or  both,  which  to  a  measurable  extent  retards 
the  motion.  In  the  examples  in  the  last  two  sections,  no  allowance 
was  made  for  this  friction  which  is  called  "Rolling  Friction,"  in  dis- 
tinction from  sliding  friction,  which  is  much  greater.  In  an  example 
given  later  in  this  Chapter,  in  the  case  of  a  trolley  car,  the  co-efficient 
of  friction  is  given  as  0,003,  but  this  includes  the  friction  of  bearings. 
For  a  single  rolling  wheel  on  a  level  track  /  would  (for  metals)  not 
exceed  0,002. 

If  rolling  friction  be  included  in  the  conditions  of  the  rolling  body  of 
381  the  energy  fW  cos  6,s  will  be  lost,  and  the  resulting  Kinetic  Energy 
will  be  less  than  Wh,  the  Potential  Energy  used.    The  equation  will  be 


mv 


Rolling  friction,  like  sliding  friction,  is  very  nearly  proportional  to 
the  normal  pressure,  and  independent  generally  of  temperature  and 
the  area  of  contact,  the  breadth  of  a  tire,  or  the  length  of  a  cylinder. 

Assuming  the  Doctrine  of  the  Conservation  of  Energy,  we  write, 
for  a  freely  rolling  body,  the 'above  equations,  and  since  f7=ra),  the 
values  of  v,  o),  a,  a,  and  t  for  the  plane  s  are  readily  found  without  find- 
ing T. 

833.     The  problem   shown  in  Fig.  388,  involves  points  of  interest. 

The  Potential  Energy  stored  originally  in  the 
mass  mi,  that  is,  Wih,  has  been  spent  in  four 
ways: 


1.     In  giving  to  mi  a  K.E.^ 


mi»i' 


2.     In  giving  tom^s,  K.E.  ^ 


"^(1) 


miOi^ 
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3.     In  giving  to  rrii  a  K.E.  — 


2 


8 


8r« 


4.     In  giving  to  nii  sl  P.E.==W2- sin 0. 

The  friction  is  so  small  that  it  is  neglected. 
Let  Wi  240  lbs.,  W2  400  lbs.,  and  A  =  64  feet. 

The  student  is  left  to  divide  Wih  into  the  four  numerical  parts 
correctly.     He  may  also  find  the  values  of  a,  a  and  t. 
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834.  Rolling  and  sliding.  In  the  case  of  the  body  which  both 
rolls  and  slides^  some  of  the  energy  was  spent  in  actually  overcoming 
the  friction^  so  we  shall  find  that  the  sum  of  the  K.E.'a  due  to  trans- 
lation and  rotation  will  be  less  than  Wh. 

As  r  is  constantly /FFcos ^»  we  have  F ^W {sm6 — f  cosd). 

„                            WisiuO—fcosO)        t  *   a    t      a\ 
Hence  a=  — ^^ =g  (sincr— /cos^) 

m 

,     Wisind—fcoaff)   ^      /     •    /j    /         /ha 
»i* «  — ^ ' ' '  ^8^(g sinu—fg cos (f)^ 

m 
r^^'^l^Wh-fW  cos  0.S 

The  second  term  in  the  second  member  of  the  last  equation  measures 
what  the  work  done  in  overcoming  friction  would  have  been^  had  it  not 
rolled  at  all,  but  had  slid  the  entire  distance.  But  it  did  roll  and  slide  too. 
continuously^  all  the  way  down.     The  turning  moment  was 

L  =/f  JTcos  0 = lod 

and  its  final  angular  velocity  was     <ia  =  (i>i,  in  which  ^i  is  the  time 
it  took  for  the  body  to  reach  the  bottom  of  the  incline.  That  time  is  found 

from  the  equation  s  =  iati^  and  is  fi  =  ^1  _  a  ^| ?? . 

XT        •                                fW  cos  6,r 
Now  since  a  =  

lo 


«    ai  «     2j    /fWrcos(f\ 
a     \        lo        ^ 


/©coi*      s{ffVrcosff)^      «,  „      J      .       ... 
-2— L  s  J± L  szK.E.    due  to  rotation. 

2  alo 

To  find  the  amount  of  energy  lost  by  eliding. 

As  was  found  in  272,  the  acceleration  of  sliding  is  a— ra.     Hence 
the  distance  slid  in  the  time  ti  is 

~  (a  — ra)fi*  =  « 

2  a 

and  the  energy  lost  thru  sliding  is 


8 


\         a  /  alo 
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Adding  Results  we  have 


Energy  due  to  Translation  —Wh—sfWcosO 


Energy  due  to  Rotation 


sifrW  cos  ff)^ 


Energy  lost  by  Sliding  =  afW cos  6-  *(^^^<>«^' 

alo 

Total  Energy  accounted  for      ^Wh. 


So  we  see  how  the  energy  held  by  the  mass  m,  due  to  its  elevated 
position,  has  been  distributed  when  it  reaches  the  level  plane  at  the 
foot  of  the  incline. 

835.  An  interesting  case  of  tlie  transfer  of  energy  is  found  in  a 
steam  power  plant. 

1.  The  energy  stored  by  cosmic  forces  long  ago  in  coal  is  spent  in 
the  form  of  heat  upon  a  mass  of  water  in  two  ways;  (a)  Firsty  in  acceler- 
ating the  linear  or  angular  motion,  or  both,  of  the  ultimate  parts  of  the 
molecules  of  water  to  a  high  degree,  according  to  the  pressure  to  which 
the  water  is  subjected.  Water  whose  molecules  are  thus  highly  accele- 
rated internally,  are  commonly  called  hot\  but  their  heat  is  only  a  form 
of  stored  energy. 

d.  When  the  expanding  instinct  of  the  molecule  becomes  so  intense 
that  it  forces  away  the  walls  of  its  restraint,  it  flashes  into  steam,  as 
a  grain  of  powder  would  flash  into  a  large  volume  of  hot  gas.  The 
"work"  thus  done  by  a  grain  of  powder,  or  a  molecule  of  water,  is 
relatively  enormous. 

When  a  cubic  foot  of  water  is  converted  by  heat  into  steam,  some 
1700  foot-tons  of  external  work  is  done,  the  amount  depending  upon 
the  temperature  (and  pressure)  at  which  the  conversion  takes  place. 
Some  of  this  work  may  be  done  upon  pistons  and  so  do  useful  work. 

8.  In  a  distant  cylinder  the  steam  may  do  work  without  expanding 
and  then  expand  to  a  greatly  increased  volume  against  a  diminishing 
resistance,  thereby  doing  still  more  mechanical  "work." 

The  heat  which  accelerated  the  motion  of  the  molecules  of  water 
added  kinetic  energy  which  may  be  given  back  again  in  the  form  of 
heat  when  condensation  takes  place.    The  energy  stored  in  com- 
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pressed  air,  as  in  the  case  of  a  stretched  spring,  is  usually  called  potential; 
but  in  molecular  mechanics  the  energy  in  steam  or  any  other  gas  is 
called  "kinetic,"  but  the  difference  is  one  of  degree  only. 

By  far  the  larger  part  of  the  energy  in  fuel  is  carried  off  by  convec- 
tion or  lost  by  radiation. 

836.  In  the  case  of  a  hear;  hsmmer  striking  a  mass  of  metal  so 
hot  that  its  elastic  limit  is  reduced  nearly  to  zero,  the  kinetic  energy 
of  the  hammer,  which  may  be  due  to  the  combined  influence  of  gravita- 
tion and  expanding  steam,  is  spent  in  doing  work,  thereby  changing  the 
shape  of  the  metal  struck,  overcoming  internal  resistance,  and  increas- 
ing its  temperature. 

When  a  hammer  strikes  an  elastic  block,  the 
surfaces  of  both  block  and  hammer  are 
depressed,  and  the  two  bodies  act  like  springs, 
and  the  action,  or  force,  between  the  two 
increases  in  magnitude  till  the  deformation  or 
depression  becomes  a  maximum,  at  which  point 
the  hammer  stops  and  instantly  reverses  its 
motion,  flying  back  into  the  air  again.  A  blow 
with  a  machinist's  hammer  upon  an  anvil  will  /^^ 

illustrate  this.  ((  "mI 

A  blow  with  a  cinb  upon  an  elastic  ball,  and  \si^ 

the  rebound  of  an  elastic  ball  from  the  hard 
surface  of  a  wall,  are  illustrations  of  motion 
caused  by  expanding  springs  which  derive  their 
energy  from  the  kinetic  energy  of  a  moving 
body. 

The  kinetic  energy  of  a  falling  weight  drives 
a  pile  into  layers  of  earth;  it  does  work  in 
overcoming  friction  on  the  sides  and  end  of 
the  pile,  and  in  crushing  it  at  the  end.  In 
all  such  cases  some  energy  is  transformed 
into  heat. 

337.  The  frictioii  of  pjvots.  A  pivot  is 
a  special  modification  of  the  end  of  a  shaft, 
either  vertical  or  horizontal,  but  subject  to 
thrust,  for  the  double  purpose  of  reducing  the 
■BMnent  of  friction  and  of  preserving  the  aline-  I 
ment.  Pivots  are  of  three  kinds:  ftat  pivots  I 
or  rings   (a)   Fig.  S39;  conical  pivots  (b);  and  ««.«» 

cup-and-ball  pivots  (c). 

(a)     In   a   flat  piTot,   the  frictional  surface  is    irr*,  and  if    the 
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thrust    in   the    shaft    is    Q    (which    may    be   W^  the  weight  of  a 
vertical  shaft  and  what   it  carries),    the   intensity  of  the  pressure 

is  p  =  -^  ••    The  friction  upon  an  elementary  ring,  whose   radius  is 
TTr* 

p,  is  f.^irpdp.p  and  its  moment  is  ^'nfppl^dp,  and  the  moment  of  all  the 
friction  is  r\    f^ 

Mom.  of  friction  =2fl[/.-^   |/>"dp=  -fOx 

TTT^   J  3 

The  work  done  during  one  revolution  in  overcoming  friction  is 

^wM^—fQr. 
3 

The  student  will  do  well  to  note  the  fact,  that  the  work  done  by 
overcoming  the  friction  during  one  revolution  may  be  obtained  by 
integration,  or  by  multiplying  the  "moment  of  friction"  by  27r. 

Had  the  bearing  surface  been  a  ring,  the  integration  would  have 
been  from  r  to  iJ. 

Moment  of  friction  =  27rf ^? {  f^dp=  ^fQ  ^^^ 

The  frictional  work  done  in  one  revolution  may  be  found  as  follows: 
The  elementary  ring  %irpdp  with  a  pressure  p  has  a  friction  fp^irpdp. 
In  one  revolution  the  movement  on  this  surface  is  27rp,  so  that  the  work 

done  on  it  is  jtt/'  \     a   9^    9j 

dU {in  one  rev.)  =4i7rfpprdp 

U  (lost  per  rev.)=  -7r2/p(B»-H) 

3 

n  f  =  o,C7(lost^)  =  i7rfQ/l 

(b)  In  the  case  of  a  conical  pivot  (Fig.  839  6),  a  small  hole  may  be 
left  in  the  bottom  of  the  step  block  for  the  ready  removal  of  foreign 
matter  and  for  the  injection  of  lubricants.  If  R  and  r  are  the  radii 
of  the  bases  of  the  bearing  surface,  the  total  surface  is  7r«(/J— r)  in 
which  s  is  the  slant  height.  If  7>  be  the  normal  intensity  of  pressure 
at  every  point  of  the  surface,  p  sin  d  is  its  component  parallel  to  the 
axis  of  the  shaft,  and  the  resultant  of  all  such  components,  is 

irsiR —r)psind  =  Q 
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Hence  we  have  ^ 

P- « 

Ad  elementary  zone  of   the  surface  is  iwpdi;  but  da  sin  0  =  dp,  so 

that  the  elementaiy  surface  is  -  .    J^'     The  pressure  is  p  -7— ^/)d/>,and 
sin  tf  SID  If 

the  friction  is/timesthepressure,  and  the  moment  of  friction  isptimes 
that  product: 


The  work  done  in  overcoming  friction  during  one  revolution  is  by  (aj 

V  per  rev.  '       3  sin  ^    (£  —r)* 

It  r-o.U-E(-f^Sl_).fim 

V  per  rev.  /       S  sinP 

(c)  In  the  "cnp-uid-ball"  pivott  or  a  hemisphere  supported  in  a 
hemispherical  cup.  the  friction  is  nearly  eliminated  if  the  parts  are  of 
hard  material  and  well  made.  As,  however,  the  surface  of  contact 
increases  with  wear,  the  moment  of  friction  will  increase  with  the  in- 
crease of  the  radii  of  zones  of  contact.     See  Fig.  339  (c). 

838.    The  "Thrust  Block"  of  the  U.  S.  BatUeship  DeUware- 
The  thrust   of  a  propeller 
shaft  b  equally  distributed 
to  several  ring-shaped  bear- 
ings by   means  of   several 

projecting  rings  on  the  I 

shaft.     Fig.  340. 

If    the  depth    of    the 
grooves  in  the  step  block         ,», -j,™.tfli««- „(»* 
(or  the  height  of  the  rings  ««.  a*o 
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on  the  shaft)  is  R—r,  and  the  number  of  rings  is  n,  the  bearing 

Q 

surface  is  nir(iJ*— r*),  and  p= • 

The  moment  of  friction  on  an  elementary  zone  of  one  ring  is  ^vfpp^dp 
as  above,  and  the  moment  of  friction  on  all  the  rings  is 

(Mom.  of  Fric.)  =  -fQ  ^^ 

The  toork  lost  per  revolution  is  — —  • • 

3       /P-r* 

Each  of  the  twin  shafts  of  the  U.  S.  Battleship  Delaware  has  thirteen 
rings  thrusting  against  the  same  number  of  interior  projections  of  the 
block.  Each  projection  is  about  ii  of  a  complete  circumference. 
The  radii  of  the  bearing  surface  are  r  =  9j  inches*  /i  =  13j  inches. 

If  Q  be  the  thrust  in  the  shaft*  and  the  pressure  on  all  the  bearing 
surfaces  of  the  block  be  uniform^  the  intensity  of  the  pressure  is  about 


ii.l37r(/P-r2) 
The  moment  of  friction  reduces  to 

just  as  before.    The  Energy  lost  in  overcoming  friction  is  also  as 

'before  ..Q    P,_  . 

E  (lost  per  rev.)  =  ^^  •  ^— ^ 

3       IP — r^ 

The  magnitude  of  Q  cannot  be  calculated  from  the  data  given  in 
Chap.  XXI ;  but  if  /  is  known,  the  percentage  of  Q  lost  is  easily  found. 
The  value  of/  should  not  diflfer  greatly  from/=  0.018. 

Good  workmanship  is  required  to  so  regulate  rings  and  grooves  as 

to  make  the  pres- 
sure uniform. 
However,  a  slight 
ine  qu  ality  is 
removed  by  wear. 

839.  The  work 
done  in  an  engine 
stroke.   It  is  quite 
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worth  while  for  the  student  in  his  first  course  in  Applied  Mechanics  to 
see  clearly  that  no  energy »  except  that  due  to  f  riction»  is  lost  on  account 
of  the  pressure  against  the  shaft  in  the  case  of  a  reciprocating  crank- 
engine.  Countless  so-caUed  inventors  have  here  gone  astray.  (Fig.  841 .) 
It  has  been  shown  that  if  the  steam  pressure  against  the  piston 
of  an  engine  be  pA  =  F»  the  thrust  up  the  connecting  rod  (neglecting 
friction  and  steam  expansion  as  they  do  not  affect  the  matter  under 
discussion)  is  F  sec<^;  and  the  component  at  right  angles  with  the 

*='*°^"  r=Fsec^sm(^+^ 

while  against  the  shaft  the  thrust  is 

Q^Fsec<l>co3{(f)+0). 

The  thrust  Q  does  no  work  since  it  does  not  move  the  shaft 
in  the  direction  of  the  thrust's  action.  The  component  T  does  move 
the  crank  pin;  hence  it  does  work.     In  the  time  dt  its  work  is 

dU^Td8=Trd0 

if  U  stands  for  the  work  done»  and  ds  is  rdO.     The  work  done  during 
a  stroke  is  /»,t  /»- 

V^  \Trdd=pAr\8ec<f>sm(^+0)d0 

Jo  Jo 

Developing,  since  c  sin  <^  =  r  sin  dy  and  c  cos  ^<^ = r  cos  ddO^  we  have 


sin  6dd  +    I  —  sin  <^<^ 


The  first  integral  is  2,  and  the  second  is  zero. 
Hence  U  (the  Work  done)  —pA,StT  as  it  should  be;  hence: — 
The  work  done  in  turning  the  crank  equals  the  toork  done  by  the  steam, 
and  none  is  lost  on  account  of  the  thrust  or  tension  against  the  shaft. 

840«  The  energy  in  a  moving  car.  A  railway  car  with  4,  8  or  12 
wheels  has  a  velocity  Vq  up  along  a  straight  inclined  track.  How  far 
will  it  move  before  stopping? 

Let  the  weight  of  car  body  and  wheels  be  Wu  Let  there  be  n  wheels, 
each  weighing  PF2,  and  having  a  radius  of  r  feet,  and  a  moment  of 
inertia  lo^^  mJco\  the  radius  of  gyration,  ko*  being  known.  Let  /  be 
the  co-efficient  of  rolling  friction  (0.003),  and  the  grade  be  0. 

The  total  kinetic  energy  in  car  and  wheels  must  equal  the  work 
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done  in  overcoming  the  rolling  friction,  and  in  overcoming  gra^atation 
to  a  height  s  sin  d.     Hence 


ir  P  -  ^^^^o'    . 

A.i!/.  ^  -\-n 


Whence 


''^  ^gWi{fco30+8in0)' 


^o<  ^fWi8Cos0+WiSsmd 


If  8  be  known  by  experiment,  the  equation  will  serve  to  determine 
a  better  value  of  /  for  local  conditions. 
If  ^  =  0,  the  distance  becomes 


«  = 


v(jFi+nPr2^') 


StgfW: 


Both  formulas  show  that,  Vq  being  the  same,  the  car  will  go  further 
with  heavy  wheels  than  with  light  ones,  the  initial  energy  being  greater. 

84  !•  Measuring  the  work  done  by  an  engine.  The  work  done 
by  the  steam  in  a  cylinder  is  more  than  the  work  done  by  the  engine, 
inasmuch  as  work  is  done  in  overcoming  friction,  which  work  is  prac- 
tically lost. 

A  great  variety  of  methods  are  in  use  for  measuring  the  work  done 

by  the  engine ^  as  the  reader  may  see 
by  consulting  Professor  Wm.  Kent's 
Engineers'  Pocket-Book,  p.  1280.  A 
common  type  of  dynamometer  is  the 
Prony  Brake,  a  form  of  which  is  shown 
in  Fig.  342. 

The  inner  surface  of  the  strap  carries 
blocks  of  wood  which  are  made  to  press 
against  the  face  of  the  driven  pulley 
or  fly-wheel  of  the  engine  until  the 
moment  of  friction  is  all  that  the 
engine  will  overcome  and  maintain 
its  proper  speed. 
The  unknown  moment  transmitted  to  the  wheel  equals  the  moment 
of  friction  which  equals  Pty  so  that  Pr  =  M. 


^.iVofiyBraJw 


Fls.  84S 


Now,  since  Pa  =  Sl,  we  have 

M  = 


rlS 
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Known  dimensions  and  the  reading  S  (the  tension  on  an  inverted  spring- 
balance)  give  the  moment  transmitted  to  the  wheel.  The  work  done 
in  overcoming  the  friction  during  on^  revolution  is  SirJIf;  and  if  iV  revo- 
lutions are  made  per  minute,  the  work  done  is 


and  the  horse-power  shown  is 


H-P  = 


33000.a 


It  is  customary  to  keep  a  jet  of  water  flowing  against  the  blocks 
to  keep  them  cool. 

This  is  called  an  ** Absorption**  Dynamometer,  since  the  work  done  by 
the  engine  is  all  absorbed  in  overcoming  friction,  and  in  generating  heat. 

842.  A  transmission  dynamometer  is  one  which  absorbs 
practically  no  work,  but  measures  the  power  transmitted  by  a  belt. 
A  very  elegant  form  is  shown  in 
Fig.  343.  It  does  not  in  any  way 
interfere  with  the  transmission,  and 
it  at  all  times  measures  the  power 
transmitted  provided  the  {R.  P.  Jf . 
=  A^)  of  the  large  driver  are  known. 
It  can  be  applied  at  any  point  in 
a  train  of  machinery  to  show  how 
much  power  irf  transmitted  by  a 
particular  belt.  The  two  upper 
wheels  are  "idle'*  wheels,  absorbing 
no  energy  since  the  tension  in  the 
belt  is  constant  over  the  entire  arc 
of  contact  on  each.  No  allowance 
is  here  made  for  the  stretching  and 
slipping  of  the  belt. 

Let  Ti  be  the  unknown  tension 
in  the  driving  ply,  and  Ti  the  ten- 
sion in  the  following  ply.  For 
simplicity  let  all  the  plies  be  parallel, 
and  let  the  radius  of  the  idle  wheels 
be  a.     The  lever  beam  is  free  to 

turn  slightly  about  the  journal  box  at  C,    The  balance  of  moments 
about  C  gives  the  equation: 

2(fl-a)(ri~r2)=pz 
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PI 


jso  that  Ti-Ti  = 


^{R-a) 


The  value  of  P  is  read  from  the  spring  balance  at  S. 

The  energy  transmitted  permin.  in  terms  of  the  diflference  (Ti —  Ti) 

Hence  E.  per  min.  = 

R-a 

So  the  horse-power  transmitted  from  Driver  to  Follower  is 

R-a    38,000 

348.  How  a  brake  applied  to  the  wheel  of  a  moving  car  absorbs 
its  energy  and  retards  its  motion.  Assume  that  the  wheel.  Fig.  344, 
is  rolling  to  the  left,  on  a  horizontal  track,  with  just  enough  tension 
on  the  axle  towards  the  left,  to  overcome  the  "rolling  friction."     Notv 

suppose  that  the  brake  shown  is  pressed 
firmly  against  the  wheel,  but  is  held  by  the 
suspension  rod  from  turning  with  it.  The 
action  of  the  brake,  shown  by  the  arrow 
F,  resists  the  turning  of  the  wheel,  and 
tends  to  turn  it  right-handed,  with  a 
««••«*   ^^^^^^^s>.__-<:::^        moment  Fr  =  M.     It  also  lifts  upon  the 

ni  II  1  ^^  wheel  at  the  center  by  the  force  F.  But 
the  wheel  does  not  turn  backward  even  if  it  is  free  to  turn  without 
friction  on  its  axle;  there  must  be  a  second  moment  which  very  nearly 
balances  Fr,  It  is  found  in  the  action  of  the  track  which  acts  back- 
ward as  shown  by  the  arrow  lettered  T.  This  action  T  is  resolved 
into  an  equal  force  T  acting  backward  against  the  axle,  and  a  left- 
handed  couple  Tr,  which  is  very  nearly  equal  to  Fr.  It  is  the  force 
r,  acting  against  the  axle,  which  retards  and  stops  the  car.* 

The  action  of  the  brake-rod  P  is  backward  against  the  axle,  and 
equally  forward  at  the  end  A^  by  means  of  a  lever,  against  the  frame 
of  the  car;  so  its  resultant  action  on  the  car  is  nil.  The  brake  lifts  on 
the  wheel  thereby  tending  to  diminish  the  load  or  pressure  at  the 
bottom  of  the  wheel;  but  the  wheel  drags,  or  tends  to  drsigdotDn  the 
brake  and  its  support  on  the  frame,  thereby  leaving  the  load  on  the 
wheels  unchanged. 

*  The  force  F  must  be  slightly  greater  than  T  in  order  that  there  may  be  a 
small  unbalanced  moment  to  retard  the  rotation  of  the  wheel  to  correspond  with 
the  retardation  of  the  car.  The  greater  Io»  the  greater  the  difference  (F— 2).  It 
is,  however,  T  which  retards  the  car. 
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If  the  brake  were  at  the  top  of  the  wheel  (Fig.  345)  the  result  would 
be  just  the  same.  The  resultant  of  the  brake  action  and  the  track 
action  on  the  wheel  would  be  F+T,  causing  the  wheel  to  exert  a 
retarding  force  ot  F+T  on  the  axle;  but  the 
brake-rod  in  this  case  would  act  upon  the  car 
as  an  accelerating  force  F»  so  that  the  resultant 
action  upon  the  car  is  still  T  a  retarding  force. 

Problem.  The  student  may  prove  that  the 
resultant  action  upon  the  car  is  the  same 
when  the  brake  is  applied  upon  the  center  of 
the  lower  quadrant*  or  on  the  rear  side  of  the 
wheel. 

344.  The  kinetic  energy  in  a  moving 
trolley  car.      Suppose  a  trolley  car  having  8 

wheels  is  moving  at  the  rate  of  22  ft.  per  sec.  (15  miles  per  hour). 
What  is  its  total  Kinetic  Energy? 

The  total  weight  of  car,  trucks,  etc.,  is  W.    The  wheels  are  of  the 

same  size,  with  a  rolling  radius  of  r  feet,  a  weight  of  Wi  each,  and  a 

radius  of  gyration  of  ku    At  the  given  rate  of  motion^  the  angular 

22 
velocity  of  the  wheels  is  —  =  co  j. 

r 
There  are  four  motors.    The  weight  of  an  armature  and  its  shaft  is 
TTs,  its  radius  of  gyration  is  A^s,  and  its  angular  velocity  is  (D2>bco)i. 
Accordingly,  the  K,E.  of  the  car  is 

g     St         g         %  9         i 

Mr.   Richard    McCulloch,   Asst.    Manager,    United   Railways,  St. 
Louis,  has  kindly  furnished  the  following  data  of  a  standard  electric  car: 
Total  weight  of  car  and  trucks,  without  load,  52,000  Ibs.^fT. 

Diameter  of  each  of  8  wheels,  2r=88*'8«  —  feet. 

4 

Weight  of  each  wheel,  480  lbs* 

Weight  of  each  of  4  armatures,  642  lbs. 

Outside  diameter  of  armature,  2rt  =  18i*'= — - —  feet. 

Ratio  f:l!-??-4TV-c 
ui      17 

T  '  121 

Approximate  value  of  fci*«  —  = 

SS         12o 

Approximate  value  of  W  =  —  «  ^ — - — — 

2  1152 
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t)         9.9. 

It  is  seen  that  if  v^%%  ft.  per  sec.,  <i)i=»  —  =  —  ~^^» 

Tl  8* 

and  ci)2=»4iVX  0)1  =  65  nearly. 

Substituting  these  values  in  the  formula  for  Kinetic  Energy,  gives 

K.  E.  =  433,845  foot-lbs. 

If  the  above  car  is  on  an  up  grade  of  one  foot  in  100  feet,  with  a 
rolling-friction  co-efRcient  of  0.003  =/,  how  far  will  it  go  before  stopping, 
after  the  electric  current  is  turned  oflf? 

I^t  the  required  distance  be  a:,  then  the  car  will  have  a  vertical 

rise  of  A  = feet,  and  it  will  overcome  a  constant  f rictional  resist- 

100 

ance  of  fWy  so  that  the  work  done  by  the  Kinetic  Energy  in  over- 
coming friction  is  fWx. 

Hence  K.E.  =  W  —  +ffVx. 

100    "^ 

433,845  =  52000  (—  +0.003a: )  =520(1.3)x 

VIOO  / 

a:  =  ^^55^=642  ft.  nearly. 
676 

Had  the  energy  due  to  the  rotation  of  wheels  and  armature  been 
omitted,  the  calculated  value  of  x  would  have  been  only  585  feet. 

These  results  should  be  checked  or  corrected.  The  value  of  g  was 
taken  as  32. 

It  is  possible  that  the  value  of  k2  has  been  taken  too  large  on  account 
of  the  weight  of  the  shaft  and  gears.  It  may  also  be  that  the  co- 
elBScient  of  rolling  friction  is  greater  than  that  assumed,  on  account 
of  the  friction  of  motor  shafts  and  gears. 

345.    The    difference    between    momentum    and    energy.    In 

ordinary  discussions  these  words  are  often  misused  and  confused.  It 
is  important  to  distinguish  them  clearly.  The  student  knows  that 
momentum  is  mv,  and   that  the  kinetic  energy  of  a  moving  mass  is 

—  >  but  these  formulas  appeal  to  the  eye  only,  and  the  reader  asks 

how  their  meanings  differ.     An  illustration  will  help  us  to  answer. 

Momentum  enables  us  to  get  the  measure  of  the  force  which  caused 
the  motion.  Energy  is  the  measure  of  the  work  already  done  upon 
a  body,  thereby  creating  an  internal  state  of  stress  or  restraint,  or 


MOMENTUM  AND    ENERGY    ARE   VERY    DIFFERENT  THINGS         317 

producing  motion,  whereby,  in  either  case,  the  body  does,  or  is  capable 
of  doing,  an  equivalent  amount  of  work  upon  another  body. 

Suppose  we  have  a  smooth  bore  gun.  Fig.  346,  containing  a  charge 

of  "prepared'*  powder  and  a 

^v>^-;^:^M^>^:  ...v^^  ^e*vy  shot  fitting  the  bore 


Fig.  846 


of  the  gun,  but  capable  of 
moving  without  friction  (an 
ideal  gun). 

We  will  assume  (what  in 
gunnery  is  nearly  true)  that 
the  powder  next  the  shot  burns  first  and  the  resulting  gas  starts  the 
shot,  and  that  as  the  gas  chamber  increases  in  capacity,  in  con- 
sequence of  the  shot's  motion,  the  powder  continues  to  burn  so  as  to 
maintain  the  pressure  till  the  shot  leaves  the  gun,  at  which  time  the 
^'prepared"  (or  gradually  burning)  powder  is  all  consumed. 

Let  the  area  of  the  rear  end  of  the  shot  be  A,  and  the  constant  gas 
pressure  be  p^  so  that  F^pAy  is  the  unbalanced  pressure  on  the  shot. 
The  unbalanced  pressure  in  the  opposite  direction  upon  the  breach 
of  thegun  is  also  F  =  p-4.     The  forward  acceleration  of  the  shot  is 

ai  =  —  •  and  the  (backward)  acceleration  of  the  gun  is  os »  — . 
wii  trh 

In  the  time  tu  the  shot  leaves  the  gun  with  a  velocity 

tiai  =s  -^^—'  —  vi ,  and  the  gun  recoils  with  a  final  velocity  tia^  = =  Vf 

tni  vii 

Comparing  these  two  equations,  since  ti  is  the  same,  we  notice  that 
Vinii^vtmi  or  their  momentums  are  equal;  that  is,  the  momentum  of  the 
gun  is  equal  to  the  momentum  of  the  shot. 

Now  let  us  compare  their  kinetic  energies.  The  kinetic  energy  of 
the  shot  measures  both  the  work  which  the  gases  did  upon  it,  and 
the  work  which  the  shot  is  capable  of  doing  by  overcoming  resistances 
to  its  motion.     A  similar  statement  can  be  made  for  the  gun. 

rpi  /  *k        U    *   •      E'        ^1*^1*        mi  /  tip  A  \^ 

The  energy  of  the  shot  is  £Ji= =  —  I  ~        ) 

2  2  >  mi  I 

%mi  9>m% 

El  7W2 

E2      mi 


BO  that 


Hence  their  kinetic  energies  are  inversely  as  their  masses  or  weights. 


' 
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If  the  gun  weighs  80  tons,  and  the  shot  500  lbs.,  the  energy  of  the 
allot  is  320  times  as  great  a^  the  energy  of  the  gun. 

The  energy  of  the  gun  is  readily  employed  in  compressing  a  large 
volume  of  air  in  a  steel  cylinder,  the  stored  energy  of  which  may  later 
assist  in  handling  the  gun. 

The  energy  of  the  shot  is  employed  in  demolishing  structures,  tear- 
ing down  earth  works,  or  in  breaking  thru  steel  armor. 

The  great  quantity  of  work  the  shot  can  do  is  explained  by  the  great 
quantity  of  work  done  upon  it  by  the  gas  while  inside  the  gun.  In 
the  time  t\  with  an  acceleration  a^  the  distance  thru  which  the  gas  con^ 
tinned  to  pushy  is  ^i^^^ai^i^;  and  the  v)ork  done  by  the  gas  on  the  shot  is 

^As.^vAa,t..^t^?^^t^^V.^ 
^  %  StW  2mi 

just  what  was  found  for  the  K.E.  of  the  shot. 

In  the  same  time  /i,  with  an  acceleration  os,  the  gun  moves  backwards 
S2  =  ^os^i',  and  the  work  of  the  gas  in  pushing  it  back  is 

The  ratio  — ^  =  —  is  the  same  as  for  their  energies. 
Ut      nil 

[Incidentally,  it  may  be  stated  that  l^si+s^.] 
In  Applied  Mechanics,  we  rarely  have  occasion  to  use  the  word 
**momentum",  or  the  quantity  itself,  except  in  measuring  or  comparing 

unbalanced  forces.     In  the  proportion  —  =  —  we  have  the  ratio  of 

W      g 

two  (unbalanced)  forces  put  equal  to  the  ratio  of  the  accelerations 

they  produce  (on  the  same  mass).     When,  however,  the  form  of  the 

equation  is  changed  so  that  it  reads 

9 

W  . 
and  when  we  remember  that  —  is  the  number  of  units  of  mass  in  the 

g 

body  acted  upon  by  F,  we  say  F  =  ma,  which  may  be  read :  "An  unbal- 
anced force  is  (numerically)  equal  to  the  momentum  it  can  produce  in 
a  unit  of  time."* 


*  The  confusion  in  the  mind  of  a  person,  who  has  read  a  book  on  Mechanics 
without  understanding  it,  is  well  illustrated  by  an  account  g^ven  by  President  R. 
S.  Woodward  of  the  reply  made  by  a  young  candidate  for  honors,  who  had  "been 
thru*'  Mechanics,  to  the  question:  ''What  makes  a  trolley-car  continue  moving 
after  the  current  is  shut  off?"  Said  the  candidate:  "It  is  the  force  of  the  power  of 
the  rrwmentum  of  the  energy  of  the  car."  Evidently  he  had  no  exact  knowledge 
of  anyone  of  the  four  important  words  he  used;  so  he  put  them  all  in. 


THE    FUNDAMENTAL    ENEBGT    EQUATION  Slfr 

840.  The  fnndameiital  equation: —  Energy  Exerted  =  Useful 
Work  Done+S^inetic  Energy  created+Waste  in  generating  heat, 
overcoming  friction,  and  theH'ear  and  Teor  of  materials,  ~  applies  with 
special  fitness  to  devices  which,  by  means  of  levers  and  pulleys,  modify 
both  force  and  velocity. 

Take  for  example  a  "Block  and  Tackle,"  with  several  "plies,"  as 
shown  in  Figa.  S47  (a)  and  (b).  Several  disks  or  pulleys  (called 
tkeavea)  are  mounted  on  a 
shaft  .which  is  supported 
by  a  sort  of  stirrup  or  called 
a"block."Twosuch  blocks 
and  a  rope  engaging  the 
sheaves  as  shown  form  the 
combination  named  above. 
The  upper  is  called  the 
"fall-block"  and  the  lower 
the  "running-block."  The 
free  end  of  the  rope  is 
called  the  "tackle-fall."  If 
the  radii  of  the  sheaves  are 
made  proportional  to  the 

velocities  of  the  ropes  ««.i«7 

engaging  them  (as  roughly 

shown  in  the  figures  above)  the  sheaves  may  all  be  fixed  upon  the 
shaft;  but  they  may  be  loose,  and  have  equal  radii. 

Omitting,  for  the  present,  the  friction  and  stiffness  of  the  rope  on 
small  sheaves,  we  may  say  that  the  tension  is  uniform  from  end  to 
end  of  the  rope.     A  stretch  of  rope  between  blocks  is  called  a  ply. 

Suppose  by  some  agency  the  tackle  fall  is  drawn  down  or  out  with  a 
velocity  p,  and  that  thereby  the  hook  Tj  is  drawn  up  with  a  velocity  m, 

what  is  tlie  ratio  —  ? 
u 

The  "Energy  Exerted"  in  one  unit  of  time  is  Tip;  the  "Useful  Work 
Done"  is  Wu\  in  uniform  motion  no  "Kinetic  Energy  is  Created"; 
and  there  is  no  "Waste"  or  "Wear  and  Tear".    Hence  Tiv^Wu. 

If  Tt  rises  at  the  rate  of  u  feet  per  second,  every  ply  is  short- 
ened at  the  rate  of  u  feet  per  second,  and  the  shorteniug  of  the  rope 
between  blocks  will  be  nw  feet  per  second,  if  there  are  n  plies.  Since 
the  rope  is  kept  taut,  the  motion  of  T\  must  absorb  the  whole  shortening 
t^  the   plies;    hence  v  — nu  and    we    have    from    both    methods    of 

reasoning  —  =  ~  =n  =  the  number  of  plies. 
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ply4 


plvi 


Fig.  848 


If  the  block  end  of  the  rope  is  made  fast  to  the  running  blocks  the 
number  of  plies  is  odd.     If  it  is  fast  to  the  fall-block,  the  number  is  even. 

84T.      In  Fig.  (a)  the  ply  1  has  no  velocity;  ply  2  has  a  velocity 
2w  up,  and  ply  3  has  a  velocity  of  2w  down.     To  find  the  velocity  of  h 

on  the  sheave  which  receives  the  plies  3  and  4 
(Fig.  348),  we  may  find  the  instantaneous  axis,  /,  of 
the  sheave  and  construct  the  velocity  of  h  which  is 
clearly  4w,  for  the  ply  4.  Ply  5  has  a  velocity  4u 
doion,  and  ply  6  a  velocity  6w  up  which  is  v. 

Let    the  student    construct    the    velocity  of   the 
6th  ply. 

Another  way  of  reasoning  to  find  the  velocity  of  a 
ply  moving  upward  is  to  say  that  the  velocity  u  must  be  the  mean  of 
the  two  velocities  at  h  and  k.     Call  x  the  velocity  at  h»  and  Vj^  the 

velocity  at  fc.    Then  u  = -*  or  x^^^u+vjg,  which  shows  that  the 

plies  have  velocities  which  form  an  arithmetical  progression. 

Bat  a  real  block  and  tackle  is  far  from  ideal ;  the  internal  and  external 
friction  of  the  rope  due  to  bending  and  straightening  is  a  large  factor, 
and  when  that  is  properly  taken  into  account,  as  well  as  the  friction 

of  bearings,  the  ratio  of  useful  work  is   only  about  70  per  cent  of 

7 

the  Energy  exerted.     Hence  if  but —  Ti  does  useful  work  we  must 

.  .  .  10 

have,  referring  again  to  Fig.  347, 


W 


=  n,  orri  = 


low 

In 


in  which  n  is  the  number  of  plies. 

The  friction  is  distributed  around  to  all  the  sheaves;  consequently 
the  tension  is  not  uniform  in  the  rope,  so  that  it  diminishes  at  every 
turn,  being  least  at  ply  No.  1  when  W  is  being  raised,  and  greatest  at 
No.  1  when  W  is  being  lowered. 

The  useless  work  done  and  the  energy  lost  in  bending  and  unbending 
a  rope  depends  upon:  The  tension,  the  ratio  of  diameter  of  pulley  to 
diameter  of  rope,  and  the  method  of  twisting,  braiding  and  binding  the 
strands  of  the  rope.  If  the  ratio  of  diameters  is  too  small,  the  internal 
rubbing  is  very  destructive  to  the  life  of  a  rope.  For  long. service  in 
important  positions  that  ratio  for  wire  ropes  should  not  be  less  than 
40  to  1;  that  is,  a  half-inch  wire  rope  should  have  a  twenty-inch 
pulley. 

A  compound  tackle  has  two  or  more  running  blocks  and  two  or 
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more  ropes.     Fig.  349.    The  student  will  have  no 
difficulty  in  explaining  their  operation. 

848.  The  differential  windlass  is  a  tackle  with 
a  chain  engaging  sheaves  made  like  sprocket  wheels, 
the  two  in  the  fall-block  being,  of  slightly  different 
radii,  and  fixed  securely  to  the  same  shaft.  The  two 
plies  to  the  running  block  having  practically  the 
same  tension  exert  a  turning  moment  on  the  upper 
disk  of  r(rj--ri);  but  the  factor  rj— n  is  made  so 
small  that  moment  of  friction  is  sufficient  to  balance 
the  turning  moment;  hence 

The  free  loop  C,  by  means  of  its  weight  hanging 
on  sheaves  of  unequal  radii,  has  a  slight  tendency  to 
prevent  W  from  "running"  down.  However,  a  small 
tension  on  the  ply  L  lowers  the  weight. 

If  W  is  to  be  raised,  a  tension  on  the  ply  C  must 
first  balance  the  moment  r(r2  — n)  and  then  it  must  overcome  the 
friction  moment  k.  Hence  W  can  be  raised  if  the  moment  applied  by 
hand  be  greater  than  ^Tirt—ri)  or 

Tir2>2T{r2-ri) 


nc.840 


If  72  =  4''  and  ri  =  3.75 


ri> 


"'('-v-') 


If  fa  =  4' and  r2  =  3^5 


16 


W 
Ti>  — 

8 


The  device  is  exceedingly 
useful  for  lifting  and  sustain- 
ing weights  too  heavy  to 
be  lifted  by  hand  alone. 

349.  The  transmission 
of  energy  by  belts.  Suppose 
a  pulley  and  its  connections 
is  being  driven  by  a  belt. 
Fig.  35 1.  As  the  belt  moves, 
the  friction  between  it  and 
the  pulley  causes  the  pulley  to  turn.  The  tension  of  the  belt  at 
A  la  Tu  at  £  it  is  Tt;  the  turning  moment  is  {Tt—Ti)R. 


mm 


n*.  860 
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The  tension  increases  along  the  arc  of  contact,  and  the  difference 
Tf—Ti  is  made  up  by  infinitesimal  increments,  due  to  the  holding 
friction,  or  grip,  between  the  belt  and  the  face  of  the  pulley. 

At  the  point  C,  the  tension  is  7,  and  on  the  element  of  the  pulley 
face,  cRdO,  the  resultant  of  the  two  adjacent  T's  acts;  c  is  the  width 
of  the  belt.  These  7's  are  perpendicular,  respectively,  to  the  radii 
at  d  and  d+dOy  and  their  angle  is  (v—dO);  hence  their  resultant  is 
TdO^  normal  to  the  jace  oj  the  wheel. 

If  the  student  will  graphically  get  the  resultant  of  (T)  and  {T+dT), 
the  difference  between  whose  lengths  is  invisible^  he  will  readily  see 
that  the  resultant  is  TdO^  which  is  equally  invisible.  It  is  best  to  make 
both  dT  and  db  just  tnsible,  and  then  reason  on  the  result. 

Now  the  pressure  TdO  upon  the  area  cRdd  produces  a  certain  f  rictional 
grip,  which  is  (within  a  definite  limit)  proportional  to  the  total  pressure 
and  independent  of  the  area  of  action.  Let  the  grip  be  aTdO,  which 
must  be  just  the  infinitesimal  difference  between  the  2^s  on  the  two 
sides   of   the   element;  hence 

aTdd^dT 


adO^ 


dT 


The  co-eflScient  a  is  not  the  "co-eflScient  of  friction";  it  is  less  than/. 
Integrating  this  equation  from  -4,  where  0^0  and  7=  Ti,  to  B  where 
0—01  and  Ti  is  Tj,  we  have 


a    I  d0—    I  —  =a 

Jon     Jt^ 


=  a^i  =  log.-i 


r, = Tic""! 


(1) 


Since  c  =  2-7+  it  is  plain  that  the 

T 
ratio  of —  is  greatly  increased  by 

T\ 

increasing  0x.  If  0^  be  doubled 
by  a  deflecting  idle  pulley  C,  as 
seen  in  Fig.  352,  the  ratio  between 
Ta  and  T\  is  squared  in  value. 

It  should  be  noted    that    the 
radius  of  the  wheel  has  no  effect 

upon  the  ratio  — "  • 
^  Ti 


J 
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It  is  further  evident  that  the  factor  a  should  be  less  than  the  co- 
efficient of  friction  between  belt  and  wheel.  If  it  reaches /,  the  belt 
is  in  danger  of  slipping,  and  slipping  causes  heat,  loss  of  energy  and  a 
complete  change  of  conditions.  The  ^'tightener"  does  two  things: 
increases  the  arc  of  contact,  and  tightens  the  belt. 

The  values  of  7i  and  Tt  may  be  calculated  if  the  power  to  be  trans- 
mitted, and  the  R.P.M. »  N  (the  Revolutions  per  Minjite),  of  the  puUey 
be  known. 

There  is  always  a  certain  amoimt  of  ahipping  in  a  belt  or  rope 
engaging  a  ^'working'*  pulley.  As  the  tension  increases  on  the  *'fol- 
lower",  the  belt  slips  forward;  and  as  it  diminishes  on  the  driver,  it 
slips  backward.  Hence  the  ^'follower'*  lags  behind  an  amount  depend- 
ing upon  the  elasticity  of  the  belt. 

1.    Problems.    Given  H-P,  N,  du  and  a,  to  find  Tx  and  Ts. 

By  formula  already  used  (See  341). 

H-P  X  SSOOO  =  {^ttRN)  ( Tt  -  Tx)  T,  -  Ti  -  ^^^^^?"^  (2) 


irRN 


which  combined  with  (1)  gives 


y  ^    16500  H-P  ^  ^     16500  H-P 

'     7rBiV(€»Vl)  7rJBiV(l-€-^,)  ^^^ 

«.  Given  H-P  =  240,  B  =  3',  iV  =  120,  a  =  i,  ^i  =  «  (radians).  Find 
numerical  values  for  Tx  and  T%. 

850.  The  work  done  in  turning  a  screw.  The  right-and-left  screw 
described  on  p.  268,  was  turned  by  a  wrench  which  had  an  effective 
lever  length  of  7  feet.  Six  men  by  means  of  a  double-geared  "crab," 
and  a  *'block-and-tackle"  of  six  plies,  exerted  a  tension  of  approxi- 
mately 20,000  pounds  upon  the  end  of  the  wrench.  Hence  the  ^'Energy 
exerted**  in  one  turn  of  the  screw  was 

Energy  exerted  =  27r.  7.12.  20,000  inch  lbs. 

« 10,560,000  inch  lbs.  I  using  tt  =  —  ]  • 

Assuming  that  one-fourth  of  this  Energy  was  spent  in  overcoming 

friction  between  threads,  and  calling  the  thrust  produced  between  the 

segments  of  the  adjustable  tube  (the  two  *'nuts'*  operated  upon  by 

the  screw)  P,  we  have  the  equation  of  "Energy  usefully  exerted"  and 

"Useful  Work  done"         •    -^  ^^^  ^^^     n  • 

J.  10,560,000  =  P.  f 

The  pitch  of  each  screw  was  |  of  an  inch;  hence  the  distance  thru 
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which   resistance  vxis   overcome  was  f  of   an   inch   each  revolution. 
Accordingly   the  thrust   was 

P  =  10,560,000  lbs.  or  5,280  tons. 

There  were  24  adjustable  tubes.     Three  wrenches  were  broken  during 
the  work  of  adjustment. 


CHAPTER  XIX. 

Elasticity,  Deformations  and  Deflection  of  Beams. 

SSI.  Elasticity  is  that  property  of  a  body  which  permits  a  cer- 
tain amount  of  deformation  or  change  of  shape,  as  the  effect  of  surface 
actions  from  other  bodies,  retaining,  however,  the  power  of  actively 
recovering  its  original  form  gradually  as  the  deforming  actions  are 
gradually  diminished  to  zero.  Like  a  rubber  band,  but  much  less  in 
degree,  a  steel  rod  is  stretched  by  tension,  but  it  recovers  its  length 
when  relieved,  if  the  tension  is  not  too  great.  AU  bodies  are  elastic 
to  some  extent,  tho  that  extent  is  very  small  in  such  bodies  as  lead, 
tin,  zinc,  gold  and  loose  granular  or  earthy  matters.  Pure  gases  are 
elastic  without  limit  imder  ordinary  conditions.  Steel,  platinum, 
iron,  brass  and  other  alloys  are  perfectly  elastic  between  certain 
limits  of  stress.  By  "perfect"  we  mean  that  the  deformation  is  pro- 
portional to  the  stress.  If  a  rod  is  stretched  a  quarter  of  an  inch  by  a 
certain  stress,  and  is  stretched  a  half  inch  by  twice  that  stress,  and  a 
whole  inch  by  four  times  that  stress,  and  recovers  itself  every  time 
when  relieved,  we  say  its  elasticity  is  "perfect"  for  such  stress. 

352.  The  elastic  limit  Every  element  in  a  uniform  bar 
which  is  under  tension  shares  in  the  deformation  which  consists  of  an 
increased  length  in  the  direction  of  the  stress,  and  a  slight  lateral 
shrinkage;  the  shrinkage  is,  however,  small  compared  with  the  longi- 
tudinal extension.  When  the  pulling  bodies  cease  to  pull,  the  bar 
resumes  all  its  original  dimensions  provided  the  stress  was  not  too 
great. 

When,  however,  the  stress  passes  a  certain  magnitude,  called  the 
"Elastic  Limit,"  the  bar,  when  relieved  of  the  tension,  recovers 
itself  only  partly:  it  is  then  said  to  have  taken  a  "permanent  set." 
Nevertheless  the  deformeed  bar  may  still  be  perfectly  elastic  within 
the  original  limit;  in  fact,  in  some  cases  the  limit  may  have  been 
slightly  raised. 

To  repeat  what  has  been  already  said,  the  amount  of  deformation 
is  called  the  strain  as  distinguished  from  the  stress  which  produced 
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it.  The  amount  of  strain  produced  by  a  certain  stress  varies  greatly 
in  different  bodies. 

Thus  far  in  this  book  we  have  generally  treated  solids  and  liquids  as 
incompressible,  often»  as  rigid;  but  that  condition  was  only  ideal, 
for  there  are  no  rigid  bodies;  but  thus  far  compressibility  was  too 
small  to  be  worth  consideration.  Now,  however,  elasticity  must  be 
taken  into  account.  We  have  calculated  bending  moments;  we 
must  now  find  how  much  the  beam  actually  bends,  and  how  much  it 
is  deflected. 

We  can  find  deflections  only  when  we  know  the  stiffness  or  degree 
of  rigidity  of  the  material.  This  can  be  found  only  by  careful  experi- 
ments, such  as  are  found  in  every  engineering  laboratory.  The 
practical  details  of  experiments  are  left  to  "Laboratory  Practice";  a 
typical  case  will  suffice  here. 

858«  The  modulus  of  elasticity.  Suppose  a  uniform  bar 
between  large  ends  prepared  for  clutches 

is  carefully  measured  for  length  and  dia-         > . / 

meter,  and  subjected  to  a  known  mode* 
rate  tension.  The  added  length  which 
we  have  called  X  ^s  measured  with  the  greatest  care  (see  p.  35),  and  both 
the  Modulus  of  Elasticity  and  the  Elastic  Limit,  as  fully  defined  and 
explained  in  (188),  are  determined  for  the  specimen  under  considera- 
tion. 

It  must  be  now  remembered  that  in  this  Chapter  E  means,  not 

energy,  but  the  Modulus  of  Elasticity^  and  that  it  means  stress  per 

unit  of  surface,  that  is,  lbs.  per  square  inch,  for  example.     Its  formula 

value  IS 

J?—  ^^*^  stress  _   Tl  ^  pi 

unit  strain      A\       X 

so  that  TT  =*  T 

E       I 

which  can  be  read,  in  words ^  either  forward  or  backward,  with  a  clear 
recognition  of  the  meaning. 

In  the  APPENDIX  a  table  is  given  containing  the  Ultimate 
Strength,  the  Elastic  Limit,  and  the  Modulus  of  Elasticity  under  Tension 
of  woods  and  metals,  according  to  the  most  trustworthy  authorities. 

A  smaller  table  is  given  for  materials  much  used  for  Direct-Thrust 
or  compression. 

A  third  table  gives  similar  information  for  building  materials  and 
metals  under  shearing  stress,  concerning  which  see  Chapter  (XXI). 
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854.  Flexure.  Rmdius  of  Curyatnre.  The  effect  of  a  Bending 
Moment  is  called  Flexure.  The  methods  of  finding  M  at  any  point  have 
already  been  given;  they  had  nothing  to  do  with  internal  stress  or 
with  the  resulting  flexure.  The  deformations  were  assumed  to  be  too 
small  to  effect  the  values  of  M  appreciably. 

The  flexure  at  a  point  is  determined  by  its  radius  of  curvature. 

Fig.  354  represents  a  portion  of  a  bent  beam  nv-hich 
was  originally  straight.  The  lamina  between  the  cross- 
sections  AC  and  BD  was  of  uniform  thickness  before 
the  load  was  applied.  Under  the  load  the  fiber  at  the 
top  has  been  lengthened;  at  the  bottom  it  has  been  short- 
ened. It  is  assumed  (and  the  assumption  is  correct  for 
ordinary  safe  bendings)  that  the  cross-sections  are  still 
plane  surfaces,  or  normal  planes,  which  intersect  in  a  line 
at  Oy  distant  from  the  neutra  laxis  of  the  sections  by  the 
Radius  of  Curvature^  p^ON.     Now  the  triangle  ONN' 

SS'       c 
and  BN'B\  are  similar,  hence =  —  in  which  c  is  the  distance  from 

dx        p 

the  neutral  axis   of  the  beam  to   the  extreme  fiber.     The  short  arc 

BB' ^    p 

dx   ^  E 

in  which  p  is  the  intensity  of  stress  at  JB,  and  E  is  the  modulus  of 
elasticity  of  the  material  of  the  beam.  Let,  as  in  I4S9  the  letter  a 
represent  the  intensity  of  the  normal  stress  at  a  unit's  distance  from 
the  neutral  axis. 

Hence  as  p^ac 
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BB'  is  the  elongation  of  a  fiber  whose  length  was  dx;  hence 


c 
P 


=  2. 

E 


or  p=  —  =  — 


But  by  145 


cE 

V 

M 


E 

a 


so  that 


/>= 


EI 
M 


This  very  important  equation  shows  the  relation  between  four 
quantities: — The  rigidity  of  the  material  which  is  represented  by  E; 
the  cross-section  of  the  beam,  shown  by  /;  the  way  it  is  loaded  and 
supported,  shown  by  M;  and  the  flexure  produced,  shown  by  p. 

The  formula  of  p,  as  found  in  the  Calculus,  is: 

_  {dx^+dz^)i 
dxd^z 


THE    RADIUS    OF   CURVATURE 


3«7 


Let  the  beam  be  a  cantilever.  Fig.  355 
(load  not  shown).  The  neutral  plane  of  1  ^p 
the  beam  was  originally  horizontal  and 
parallel  toOX.  OZ  is  vertical,  positive  down- 
-ward,  so  that  p  is  positive  (that  is»  ^z  is 
positive  with  dx  positive).      [If  a  bent  beam 

a  point   of   inflexion   the   sign    of 


+x 


+r 


has 


dx 


changes  sign.    This  must  be  kept  in  mind.] 

Dividing  both  terms  of  the  fraction,  giving  the  value  of  p,  by  (dx)* 
we  have 


(-(I)') 

SB  .  • 


dx* 

But  the  beam,  tho  bent,  is  so  nearly  parallel  to  OX  that  the  square  of 

—  may  be  neglected  when  compared  with  unity;  hence   the  closely 
dx 

approximate  value  of  p  in  common  use  is 


1 

dH 

1 

M 

or  —  « 

— 

IS 

<Pa 

dx* 

p 

EI' 

dx* 


hence  the  useful  equation 


EI 


dx* 


M. 


which,  if  the  very  slight  distortion  due  to  shear  lie  neglected,  is  the 

differential  equation  of  the  curve  on  an  elastic  beam  when  bent.  The 
co-ordinates  x  and  z  locate  a  point  on  the  bent  neutral  line  of  the  beam; 
and  if  the  axb  OX  is  tangent  to  the  curve  at  0,  z  measures  the  deflec- 
tion from  it. 

855«    The  function  of  a  ''Fixed  End."    It  must  be  made  clear 

that  the  fixed  end  of  a  cantilever  beam 
furnishes  both  a  vertical  support  and  a 
bending  moment. 

Fig.    356   represents   a   cantilever 

beam  with  one  end  fixed  in  a  wall. 

nc.  sM  \:^   It  may  be   supposed   to  rest  on   a 

cross-beam. at  0,  and  to  rest  under  a 
second  cross-beam  at  C,  in  such  a  way  that  a  tapgent  to  the  axis  of  the 
beam  at  0  is  horizontal.     In  place  of  the  two  cross-beams,  a  broad 
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block  of  masonry  above  and  another  below  may  serve  to  "fix**  the 
end  of  the  beam  in  the  same  way« 

The  upper  cross-beam  or  block  acts  dovm  with  a  force  P,  and  the 
lower  beam  or  block  acts  up  with  a  force  P+W.  The  two  torces 
P  and  P  form  a  left-handed  couple;  and  the  two  W*s  (one  on  the  end 
of  the  beam)  form  a  right-handed  couple,  and  as  the  couples  balance, 
the  moments  are  numerically  equal,  i.  e.  Wl^Pn^Mo* 

If  we  are  thinking  of  the  action  of  the  part  OB  upon  the  part  OC^ 
or  upon  the  wall  of  masonry,  we  see  that  it  is  pulling  down  Wy  and 
applying  a  turning  moment  Wl,  right-handed.  If  we  are  thinking  of 
the  action  of  the  wall  or  part  OC  upon  the  part  OB,  we  see  that  it  is 
acting  up,  V^W,  and  applying  a  moment  Pn^Mo*  which  is  left-- 
handed.  The  support  V  and  the  moment  Mot  together,  balance  the 
force  W  acting  at  the  end  of  the  beam. 

The  wall's  action  on  the  section  of  the  beam  at  0,  consists  of  a  shear* 

ing  stress  equal  to  W,  and  a  uniformly  varying  normal 
stress  whose  resultant  action  is  equivalent  to  a  left^ 
handed  couple  whose  movement  exactly  balances  the 
couple  IW.     Hence  Mo^'lW.    Fig.  S57. 

For  methods  of  '"fixing"  the  ends  of  steel  beams  and 
columns,  the  reader  is  referred  to  books  issued  by  makers 
of  structural  steel. 

856  •     In  all  the  problems  which  now  follow,  E  and 
ng.  867    I  are  constant.     The  reader  may  have  in  mind  any  con- 
stant cross-section;  a  rectangle,  a  circle,  a  tube,  an  I-beam, 
or  a  built  beam  or  post  like  one  of  those  shown  in  1 5G«     The  entire 
side  view  of  a  beam,  bent  or  straight,  will  generally  be  represented  by 
a  heavy  line. 

The  reader  must  not  fail  to  remember  that  every  straight  beam 
bends  when  loaded,  but  as  a  rule  the  bending  is  so  small  that  it  is 
detected  only  by  careful  measurement.  In  the  drawings  which 
follow,  the  distortions  are  greatly  exaggerated  in  order  that  they  may 
be  visible.  It  does  not  follow,  however,  that,  because  deflections 
and  slopes  are  small,  they  are  of  no  account.  Precise  levels  are  often 
necessary,  and  some  materials  of  construction  crumble  or  crack  at 
very  small  flexures  produced  by  temporary  loads.  For  the  most  part 
the  loads  here  considered  will  be  loads  which  come  and  go;  they  do  not 
usually  include  the  weight  of  the  beam  itself.  The  effects  produced  are 
to  be  added  to  those  produced  by  the  beam's  own  weight,  when  these 
last  effects  are  worth  consideration. 

357*    The  stiffness  of  a  beam  is  often  of  more  importance  than 

its  strength. 
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'*In  some  instances,  deflection  rather  than  absoltUe  strength  may  become 
the  governing  consideration  in  determining  the  proportions  of  the 
beam  to  be  used.     For  beams  carrying  plastered  ceilings,  for  example, 

it  has  been  found  by  practical  test  that,  if  the  deflection  exceeds 

36a 

of  the  distance  between  supports,  there  is  danger  of  the  ceiling  cracking/' 

We  are  now  ready  to  find 
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for  loaded  beams  which  are  straight  and  horizontal  when  unloaded, 
or  for  posts  which  are  vertical  when  not  acted  upon  by  horizontal 
forces. 

858.    Case  I.    Cantilever   beams  with  load  at  the  end.     In 

accord  with  the  notation  shown  in 
Fig,  358,  we  find  an  expression  for  the 
bending  moment  at  P  due  to  the  load 
W  at  the  end,  distant  Z — x  from  the 
neutral  axis  at  P.  Hence  we  have 
from  854  "^^ 

(1)  EIp-^^M^Wil-^) 

ax* 

Multiplying  by  dx,  and  integrating,  we  have 

(2)  £7^-If(Zx-^)+(H  =  0) 

ax  ^  X  / 

dz 
As  the  beam  is  horizontal  at  0,  when  x  =  0,  —  is  also  equal  to  zero, 

and  hence  H  =  0.     Integrating  again  ^ 

(s)  £i2=»r(^-|*)+(if=o) 

The  quantity  z  measures  the  deflection  of  the  bent  beam  at  the 
point  x;  when  x^O  there  is  no  deflection,  hence  K  must  be  zero. 
Equation  (1)  shows  that  M  will  be  maximum  when  x=sO,  hence 

^^^*^*  Max.  (Jf)  =  IFZ  (I) 

The  slope  equation  (2)  shows  that  the  slope  is  the  greatest  when 

x  =  Z,  hence  ^^         ^p 

Max.  slope  (  3^  )  =  -^77  =  tan  Ox  (II) 

V  ttX  /       9,EI 


830 
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The  equation  (3)  is  the  algebraic  equation  of  the  curve  of  which  the 
bent  beam  is  a  part;  z  is  the  deflection  of  P;  evidently  the  greatest 
deflection  is  at  the  end  when  x=^L    Hence 


Max.  (a)  =  A  = 


SEI 


(III) 


If  for  Max.  (M)  we  put  the  working  Max.  Moment  of  Resistance 


fl 

—  «  Wly  we  have 
c 


fl 
Max.  working  Load  (WQ  =  •^-— 

cl 


(rvo 


The  letter  /  denotes  the  working  strength  of  the  material,  not  its  break- 
ing strength,  nor  even  the  stress  at  the  elastic  limit.  If  the  elastic 
limit  is  40,000  lbs.  per  sq.  inch,  /  may  be  10,000  lbs.  per  sq.  inch. 

The  number  c  measures  the  distance  from  the  neutral  axis  of  the 
cross-section  to  the. extreme  fiber,  either  above  or  below. 

N.  B. — In  the  integrations  which  follow,  we  shall  introduce  "Con- 
stants of  Integration''  instead  of  integrating  between  limits;  and  when 
it  is  readily  seen  that  for  a  simple  value  of  x  the  constant  is  zero,  the 
fact  will  be  indicated  thus :  +  (^  =  0),  or  +  (C  =  0),  without  explanation. 

850.    Case  II.    Cantilever  beams   with  unifonnly  distribated 

load  of  intensity  w  lbs.  per  linear  foot. 

With  the  notation  of  Fig.  359,  we  find 

'  the  moment  about  an  axis  at  P,  of  the 

X   distributed  load  t(?(Z— a?)  between  P  and 

A.   Its  moment  is  seen  to  be:  Its  weight 

w{l—x)  times  its  mean  arm, ;  hence 


■\-z 


n«.8M 


we  have 

(1) 

Integrating 


EI 


d^ 


w 


M^^.{l--x)\ 


EI  —  ^-'^iJL-xy+H 
dx  6 

wP 
When  a;  =  0,  the  slope  is  zero,  hence  H  =  — »  and 


6 


(«) 


[Had  we  developed  the  binomial  in  (1)  before  integrating,  the  constant 
to  be  added  would  have  been  zero,  but  the  result  would  have  been  the 
same.  Sometimes  we  integrate  a  binomial  as  such,  and  sometimes 
we  develop  it.] 
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Integrating  (t)  we  get 


(3) 


eV  «  4/ 


We  note  that  all  the  equations  of  Moment,  SIope»  and  Deflection  are 
one  degree  higher  than  in  Case  I.  As  b,efore  we  evidently  have  for 
ar  =  0. 


Max.  (M)  = 


wP      Wl 


in  which  we  write  wl  =  W. 


Both  slope  and  deflection  are  Maximums  when  x»2> 


(I) 


\dx/        6        6EI 


(H) 


Max.  8  »  A  s 


Max.  Load  (distributed)  »  FT = 


wl^  ^  Wl* 
8   ^  SEI 

cl 


(III) 


av) 


860«    Case  III.    A  simple  beam  carries  a  load  in  the  center. 
Fig.  860.    This  is  like  Case  I 
inverted.  The  halves  **fix"  each 
other  horizontally  at  0,  and  the    b_ 
supports  act  up  at  the  ends. 

However,  the  student  should     ^i  ^   

solve  this  case  independently  «  rp 

and  then  get  the  same  results  by  inserting  -  for  i,  and  —  for   W    in 

formulas  I-IV,  Case  I. 

Max.  (M.)  =  —  (I) 

4 


Max. 

dz 
dx 

WP 
16EI 

Max.  (z) 

=A  = 

WP 
4AE1 

\ia.T.  1i 

nnA  ^ 

4// 

(ID 


(in) 


el 


(IV) 
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86  !•    Case  IV.    A  simple 
_  beam  carries  a  imifomi  l«Mid. 
'Fig.  861.    If»r=Z«,.theequa- 
tions  are  readily  written. 

Making  x  =  0  in  (2),  we  have 

(4)  H^"^^^^^ 

8  48         24 

Similarly  using  (3),  making  x  =  0, 

(5)  K=^-.Z^  +  E!l^.El 

48        384  128 

The  greatest  moment  is  evidently  at  the  center  where  the  slope 
is  zero.  Trri 

Max.  (M)  =  —  (I) 

O 

The  greatest  slope  is  at  the  support  when  x  =  -  • 

2 

Ma..('-l)  =  M.  =  J^  (ID 

\dx/      EI      HEI 

The  ordinate  z  does  not  directly  measure  the  deflection  of  the  beam. 
The  valxte  of  the  deflection  at  the  center  is  found  by  making  x  =  —  • 

H  --  +K 

Max.  Def.  =  A  =  +  -^ =  -^5Z.  (IH) 

EI  384£/ 

The  maximum  allowable  distributed  load  is  found  by  making  the 

Wl  .  // 

Max.  (M)  =  —  equal  to  the  Moment  of  Resistance  — ,  hence 

8  c 

Max.   iW)  =  ^  (IV) 

cl 
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862.  Case  V.  A  beam  is  fixed  at  both  ends  and  carries  a 
uniform  load*  Fig.  86^,  The  curve  of  the  bent  beam  is  evidently 
symmetrical  with 
respect  to  a  vertical 
thru  its  center,  and  the 
vertical  supports  are 
equal.  Since  the  ends 
are  "fixed"  at  the  ends, 
as  was  shown  in  855, 
it  is  evident  that  there  must  be  a  moment  Mq  at  each  end  as 
shown.  Tz      T7      ^^ 

The  moments  Mq  have  equal  magnitudes. 

The  moment  at  P  is,  considering  forces  acting  on  the  segment  OP, 


(1) 


wx^ 


M,  =  Vxx-^^-Mo 


<«) 


dx  ^         6 


(3) 


E7a  = 


6 


^^+(ii:=o) 


There  are  three  ways  of  finding  the  value  of  Mo,  viz.: 

Letx  =  nn  (2) 

Let  x=- in  (2) 

Letx^Hn  (3) 
In  every  case  we  get  ^ 


(4) 


Ma  = 


12 


The  moment  at  the  center  is  from  (1)  when  z  ~  — 


I 

2 


<«) 


uiP      wP      wP      wP 


Jf^=  _  _  _  _ 

4         8 


12       24 


(D 


The  greatest  deflection  is  evidently  at  the  center 

_,-.      wl^      wl*      wl* 
96       384       96 
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(6)  A~--^ ^^JL  aiy 

884£/  384J5I 

If  the  values  of  Vi  and  Jfo  are  substituted  in  (1)  and  (2),  we  have 
the  moment  and  slope  curves: 

..  dz         w    /Ix*  _  ^'  _  P^\ 

dx  "°  2£7vT       "3       T/ 

From  (7)  we  see  that  Jf  =  0  when   ar  =  0.2lZ,  and  a:  =  0.7W.     This 
shows  that  the  beam  is  really  a  cantilever.     The  cantilever  arms  BL 

and  AL  being  each 1,  and  the  suspended  portion  LL'  being /. 

dM   ^^^  I  wP  ^^ 

If  we  make  -      =  0,  we  find  a?  =  —  >  and  —  for  a  maximum  value 

dx  p   2  24 

of  M\  and  yet  we  see  that  Jf©  =  —  ,  is  twice  as  large.   The  explanation 

of  the  fact  that  the  maximum  moment  is  not  the  greatest  will  be  found 

in  the  moment  curve  804« 

If,  in  order  to  get  the  points  of  maximum  slope,  we  place  the  differen'- 

dz 
Hal  of  —  equal  to  zero,  we  shall  get  the  equation  we  just  used  for 

"^^  dz 

finding  where  Jf  =  0.     We  actually  find  Max.  — »  by  substituting  in 

dx 
(2)  the  value  x  =  0.21Z,  or  0.79Z.     We  thus  find  the  slopes. 

Max.  —  =  tan  ^  =  ±  -  -5^  (III) 

dx  \%5EI 

We  may  remark  in  passing  that  if  cantilever  beams  were  really  made 
with  terminal  pins  at  L  and  Z,  and  a  simple  beam  were  hung  thereon 
with  a  uniform  load  thruout,  E  and  /  being  constant,  the  three  parts 
would  assume  the  same  continuous  curve,  and  have  the  same  moments 
as  does  the  continuous  beam. 

The  maximum  working  load  is  found  as  before  from  the  equation 

12        c 

Max.  JF=i^  (IV) 

cl 

863«  The  economy  of  an  inexpensive  ''fixing"  of  the  ends  of  a 
beam  is  seen  if  the  load  this  beam  will  carry  is  compared  with  the  same 
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beam  with  the  ends  merely  supported  as  in  the  last  case.  The  practi- 
cal ability  to  carry  a  distributed  load  has  been  increased  50  per  cent  by 
"fixing"  the  ends. 

In  stiffness,  the  superiority  of  the  beam  with  fixed  ends  is  still  more 
remarkable.  Comparing  the  deflections*  we  see  that  it  is  five  times  as 
stiff. 

The  reader  will  see  in  the  above  simple  illustration*  the  suggestions 
which  led  to  the  Cantilever  Bridge.  By  the  use  of  two  cantilevers 
and  a  suspended  span*  the  gain  may  be,  not  in  the  ability  to  carry 
an  increased  load*  but  in  the  ability  to  carry  the  same  load  over  a 
longer  span  between  piers. 

When  instead  of  constant  cross-sections*  the  sections  are  so  pro- 
portioned that  the  extreme  fibre  stress*  pi  is  constant*  the  deflection  of 
a  double  cantilever  beam  is  a  little  more  complicated.  See  Chap.  XXII 
on  "Beams  of  Uniform  Strength." 

864.    The  graphical  analysis  of  a  bent  beam.    It  may  now  be 

stated*  once  for  all*  that  inasmuch  as  every  slope  equation  can  be 
obtained  from  the  deflection  equation  (which  is  the  equation  of  the 
elastic  curve)  by  differentiating  it;  and  as  the  moment  equation  can 
be  obtained  from  the  slope  equation  by  differentiation;  and  the  shear 
equation  in  like  manner  from  the  moment  equation*  we  have 

Deflection  is  a  maximum  when  Slope  is  zero. 

Slope  is  a  maximum  when  Moment  is  zero. 

Moment  is  a  maximum  when  Shear  is  zero. 

It  thus  appears  that  a  complete  analytical  diagram  of  a  loaded 
beam  should  contain  five  curves: 

No.  1.  The  elastic  curve  of  the  beam  itself  whose  ordinates  give  the 
Deflection. 


No.  2. 

No.  8. 

No.  4. 
No.  5. 


dz 
The  curve  whose  ordinates  give  the  Slope,  —  • 

dx 
The  curve  whose  ordinates  give  the  Moment*  EI 


The  curve  whose  ordinates  give  the  Shear, 


The  straight  line 
whose  ordinate  gives  the 
distribution  ofthe  load*  w. 

These  curves  are  drawn 
for  the  last  problem  in 
Fig.  863.  The  dotted  line 
shows  the  unloaded  beam, 
the  axis  of  X. 

No.  0,  shows  theunloaded 
beam  and  its  supports. 


dM 

dx 


d^z 
dx^ 
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No.  1,  shows  the  bent  beam,  a  curve  of  the  4th  degree. 
No.  2,  shows  the  slopes  in  No.  1,  a  cubic  equation. 
No.  3,  shows  the  moments  in  No.  1,  a  parabola* 
No.  4,  shows  the  shear  in  No.  1,  an  oblique  straight  line. 
No.  5,  shows  the  uniform  load  on  No.  1,  parallel  to  OX. 

^  865.    Case  VI.    A 

beam  has  one  end  fixed 
-X  and  carries  a  aniform 
load. 

With  the  notation  of 
Fig.  364,  we  get  at  once 


(1) 


t£7X^  ,  -  T 


jf==Fiar-^^-Jf, 


(2) 


(3) 


dx         2 


-Jf^+(H  =  0) 


^^  VxOfi  WX^  MnX^         ,„ 


6 


24 


2 


(4) 


From  (1)  when  x  =  l  we  know  that  M  =  0;  hence 

wP 


Mo=Vd- 


From  (3)  we  have  when  x  =  Z,  z  =  0;  hence 


(6) 


M„=LJt- 


From  (4)  and  (6)  we  get 


(6) 


(7) 


0  = 

6 

wl* 

24 

Mo 

2 

^0  = 

3 

wP 
12 

^1= 

—  wl  = 
8 

8 

Mo^  + 


Wl 
8 


This  gives  the  numerical  value,  and  the  positive  sign  shows  that  we 
were  correct  when  we  made  it  left-handed.  Differentiating  (1)  to  get 
the  equation  of  shear  for  the  purpose  of  finding  where  ilf  is  a  maximum 
we  get 


dM 

dx 


=  0  =  Fi— wo?, 
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(8)  hence  x  =  —  =  -  /, 

w       8 

This  value  in  (1)  gives 

(9)  M^'^V^l^^.^^^^JLwL 

8  2     64         8        1«8 

This  is  the  maximum  for  that  part  of  the  beam^  but  is  much  less  than 
3fo*  the  moment  at  0. 

To  find  the  length  of  the  cantilever  end,  we  make  Jf  »0,  and  solve 

(1)  for  X.     We  get  , 

x^^Z^and  -•     Hence 
4 

(10)  Cantilever  OR^^- 

4 

The  slopes  at  R  and  A  are  readily  found  to  be 

l  —  \ UWJ^  ^ 

\dxJu        "t^El 


( 


dz\  WP 


dxfj^        4SEI 


Making  —  » 0  in  (i)  we  find  for  the  point  of  greatest  deflection 

9Ml    ^^ 
x—  -^ — »  with  which  z  becomes  in  (3) 

16 


185  J57 


We  can  now  write  our  several  maximum  values  for  a  uniform  beam» 
with  one  fixed  end  and  an  evenly  distributed  load: 

Max.  if.  =  —  =3fo  (D 

8 

Max.  Slopes  ^?^-i-  (II) 

48£/ 

Max.  Deflection  A  »  -^^  (III) 

8/7 
Max.  allowed  Load  =  -^  •  (TV) 

cl 

It  is  interesting  to  note  that  the  maximum  moment  at  the  fixed  end 
is  the  same  as  it  tootdd  have  been  at  the  center,  had  the  end  not  been  fixed. 
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Comparing  these  results  with  those  of  the  beam  in  Case  4,  ^^e  see 

that  while  only  just  as  strong^  it  is  tiw-and-a-half  times  as  stiff,  i.  e.,  its 

% 
deflection  is  only  about  —  as  great. 

866.  Case  VII.  A 
simple  beam  carries  a 
single  eccentric  IcMul. 

Fig.  865. 

It  will  be  convenient 
to  take  axes  as  shown  and  left-^handed  moments  positive.* 

There  are  two  elastic  curves,  one  containing  OjB,  and  another  con- 
taining BA ;  hence  we  shall  have  two  sets  of  equations. 


71c.  866 


Eq's  for  BA. 

Mp^-^ViX-Wix-xi) 
dz 


(4) 

dx        2 


-W(--xix)+C 

(6)        Elz^^-W(^-'^) 

6  V6         «  / 

+Cx+D 

In  these  equations,  x  must  not 
be  less  than  Xi. 


(1) 

(2) 
(3) 


Eq's  for  OB. 
Mp^  Vix 

dx  2 


EIz^Vi'^+Hx+(K  =  0) 
6 

In  these  equations,  x  must  not 
exceed  xi. 

Vi  and  Vi  are  known. 


We  have  four  conditions  for  finding  the  values  of  the  four  con- 
stants of  integration: 

1st.     The  deflection,  i.  c,  z  is  zero  at  G,  hence  from  (3)  K^O. 
2nd.     The  deflection  at  A  is  zero,  hence  (6)  gives,  when  a:  =  i. 


(7) 


6         Ve      2  / 


3rd.     The  slope  of  the  two  curves  at  £  are  the  same;  hence  if  x^xi 
in  (2)  and  (5)  we  get 


2  2  2 


+H. 


(8) 


2 


*  One  should  always  be  free  to  take  axes  and  moments  as  the  situation  requires, 
but  when  they  have  once  been  chosen,  no  change  should  be  made  in  t?ie  same 
problem.  For  example  one  must  not  get  the  equations  for  the  segment  OB  with  O 
as  the  origin,  and  then  take  A  as  the  origin  for  the  equations  for  the  segment  AB.. 


BiAXIMCM   VALUES   UNDER   AN  ECCENTBIC    LOAD  339 

4th.    The  deflections  of  the  two  curves  at  B  are  equal.    Hence  if 

x^xi  in  (3)  and  (6)  we  have  W^+Cxi+D^Hxi.  (9) 

3 

From  (8)  and  (9)  we  get  D  =  ^^  •  (10) 

6 

W 
Putting  the  value  of  Z)  in  (7)  we  get      C=  -  -1  (ari'+^XiP)  ;     (11) 

6Z 
and  finally  from  (8)  we  get  H=  — ^  (3xiZ-ari«-2P) ; 

or  H=_El»()a_xO(Z-ari)--^(P-a!»«)      (12) 

if  we  put  Z— a:i=»ari. 

Having  found  the  values  of  the  constants*  we  will  now  find  the  four 
important  matters  which  every  engineer  and  architect  is  at  times 
required  to  know,  either  about  an  existing  beam,  or  in  designing  a  new 
beam. 

The  greatest  moment  is  always  at  the  point  where  the  load  is, 
since  the  shear  changes  sign  at  that  point;  hence  letting  x^Xiia  (1) 

1  .  jr      Wxt 

we  have,  smce  Fi  =  — .      ^^  .,3^  ^  xj^^  ^^^ 

If  jri»xs»  —  >  the  moment  becomes  —  as  in  Case  3. 
%  4 

The  greatest  slopes  are  found  at  the  ends  where  Jf  »0.  AtO,  x«>0, 
and  the  slope  is,  from  {i), 

(^)  ^E^-E^(p-xj)  (ID 

\dxJ^^  El         filEr  '  ^    ' 

At  A,x  =  I,  and  the  slope  is,  from  (5), 

(lb  ^  <"-''•'  ^') 

These  slopes  are  different  unless  xi=  -  ^xt,  when  Xhtsy  aie 

/dz\       ^  WP 


\dx/    1 


UEI 
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The  deflection  is   greatest  at  the  point  where  the  tangent    to  the 

elastic  curve   is  horizontal,  and   consequently  —  » 0.    To  find  that 

dz         .  ^ 

we  point  we  put  —  «  0,  in  (2)  and  solve  for  x.     It  thus  appears  that 

dx 

whence  a:  =  ±  —  VSxi  (/ + Xi) 

8 

The  positive  value  gives  the  point  required;  the  negative  value 
gives  a  maximum  point  on  the  algebraic  curve,  not  on  the  beam. 

If  we  substitute  -  ^Sxi{l+X2)   for  x  in  (8)  and   solve  for  z,  the 

8 

maximum  deflection  is  found  for  the  load  W  placed  xi  distant  from  the 
right  hand  support. 

807.  Case  VIII.  Moving  or  live  loads.  Beams  carrying  a  con- 
centrated load  are  generally  designed  on  the  assumption  that  the  load 
may  be  moved  from  point  to  point.  It  is  therefore  necessary  to  find 
where  the  load  must  be  to  produce  the  greatest  possible  stress  or  deforma- 
tion for  that  load.     In  the  last  problem,  the  greatest  value  of  M  for 

an  eccentric  position  of  W  was »    and  this  is  a  real  maximum 

only  when  Xi^^xa^  —  ;  hence  the  greatest  possible  moment  caused  by 

a  concentrated  load  moving  across  a  simple  supported  beam  is  at  the 
point  where  the  load  is  when  it  is  at  the  center: 

Max.  lf=  — .  (I) 

4 

and  Max.Jr=^  (H) 

cl 

But  the  position  which  makes  M  a  maximum  is  evidently  not  the 
position  for  the  greatest  slopes  at  the  ends.  The  questions  to  be  now 
answered  are: 

Where  must  W  be  on  the  beam,  to  make  the  slope  at  0  a  maximum? 
and  what  will  that  maximum  be? 

rr  y-n 

The  slope  at  0  is  —  >  which  will  be  a  maximum  when  —  =  0. 

EI  dxi 
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841 


Hence  we  have,  by  differentiating  (11)  in  8  OS,  the  equation  for 
finding  Xu 

toii-8ari*-2P«0 


S 


Thus  we  get  the  greatest  possible  slope  at  0  by  placing  IF  at  a  point 
Xi^OA^Sl  from  0.  Substituting  Xi» 0.4232  in  the  expression  for  the 
slope  at  0  in  the  last  section,  we  get 


Max.  Slope  ( —  1  = 

\dzr        U.6EI 


for  a  rolling  load 


(III) 


which  is  numerically  a  little  greater  than  was  the  end  slope  when  the 
load  was  at  the  center  in  Case  III. 

The  maximum  deflection  will  be  at  the  center,  when  the  load  is  at 
the  center,  viz.: 

Wl^ 


A«- 


48£/ 


808.    The  two  elastic  curveB  of  a  beam.    A  few  words  must  be 
said  about  the  two  elastic 


curves  (8)  and  (6),  in  8ftS, 
which  together  include  the 
beam.  Fig.  866  shows  the  two 
cubics  with  deflections  greatly 
exaggerated.     The  curves  have 

a  common  tangent  at  B  and  yet  they  intersect  each  other  there;  just 

as  do  an  ellipse  and 
^Mo  its  osculatory  circle 

o  at  a  general  point 

^^^^  on  the  circum- 
ference. 

869.  Case  IX. 
A  beam  with  a 
single  concentrated  load,  has  one  end  fixed.  To  find  Maximum 
Moment,  Slope  and  Deflection,  as  the  load  passes  over  the  beam. 
With  the  notation  of  Fig.  867,  the  equations  1-6  appear  to  be  quite 
the  same  as  in  the  last  problem  for  the  two  curves. 
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(4) 


Equations  for  BA. 


(5)  EI-^^^-ix^xiY+C 

dx        ^         % 

(6)  EIz  =  '-^-—(x-xiy+Cx+D 

6        6 

dz 
When  x  =  Z,  —  =0,  hence 

dx 

(7)  o_^iP_  W^a"-xi)*+C; 

2  2 

When  X = f ,  z  =  0,  hence 

(8)0  =  i:ig-^(^--')'  +  C^  +  Z); 
6  6 


(1) 
(«) 

(3) 


Equations  for  OB, 
M^ViX 

dx         % 

EIz--  —  +Hx+iK^O) 
6 


When  x^xi  the  slopes  are 
equal  in  the  two  equations  (2) 
and  (5);  hence 

(9)  H^C; 

When  x  =  xi  in  (3)  and  (6),  the 
values  of  z  are  the  same,  hence, 
since  H  —  C^ 

(10)  D  =  0. 


(11) 


(12) 


(13) 


Combining  (7),  (8)  and  (10),  we  get 

W{l-xiy(n+xi) 


Fi  = 


C^H^" 


2Z» 
Wx.il-xiy 


F,=jr-Fi= 


4Z 
fFa:i(8P-giO 
2Z» 


Having  found  all  the  constants  for  any  given  xu  which  determines 
the  position  of  the  load,  the  moment,  .slope,  and  deflectionf  of  every 
point  are  given  by  equations  (1)  to  (6). 

Thus  far  we  have  been  supposing  the  load  is  stationary  at  Xu 

870«  The  load  now  moves  across.  It  is  now  necessary  to  find 
where  the  load  must  be  to  produce  the  maximum  moment,  the  maxi- 
mum slope,  and  the  maximum  deflection;  and  what  those  maximum 
values  are.  Equation  (!)•  shows  that  the  greatest  moment  in  OB, 
Fig.  367,  must  always  be  at  the  point  B  where  a;  =  a:i,  so  that 


(14) 


For  maximum  value  (for  M  changes  as  Xi  changes) 

"^^  =  ^f(2/+2ari)(Z-a:i)*-2(I-a:i)(2Zxi+a:i«)]  =  0; 


whence 


dxi       2/3 

aji  =  i.  (  VS  - 1)  =  0.366Z,  and  Z  -  a:  =  0.634Z. 

2 
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This  value  of  xi  substituted  in  Kia;i,  Eq.  (14),  gives  the 

Wl* 
Max.  (Ms)  =  ^  •  (0.634)2(0.366)  (2.366)  =  WlO.174         (Ib) 

These  values  of  xi  and  l—xi  tell  us  where  the  load  must  be  to  cause 
a  maximum  value  of  Jf;  substituted  in  (14)  they  give  us  the  greatest 
possible  moment  at  £  in  the  central  portion  of  the  beam,  which  is, 
when  xi  =  0*3662, 

Max.  (Mb)  =  JF0-174Z, 

But  this  is  not  the  greatest  possible  in  the  beam.  The  moment 
Mo  at  A  is  the  greatest  as  must  now  be  shown. 

The  general  value  of  Mq  is  found  by  making  X'^lin  (4);  hence 

Mo--Vil-W{l-xi). 

This  is  a  maanmum  when =  0. 

dxi 

Substituting  the  value  of  Vu  differentiating  with  respect  to  Xi  and 
solving  for  xi  we  get  Xi »  0*5772,  which  is  the  value  of  Xi  when  Mq  is  a 
maximum. 

Substituting  for  xi  in  the  above  value  of  Mq  we  get 

Wl 
Max.  (Mo)  =  -  WH0^l9i)  =  ^  —  (I J 

5-2 

which  is  clearly  greater  than  the  maximum  at  B  in  the  central  part  of 
the  beam. 

When  we  look  for  the  greatest  slope  in  the  bent  beam,  we  readily 
see  that  we  must  investigate  two  points,  the  unfixed  end  at  0,  and 
the  point  of  inflection  which  is  always  between  A  and  B.  At  each 
of  these  points  the  Moment  is  zero.  It  is  almost  self-evident  that 
the  greater  slope  is  at  0,  and  it  will  be  assumed  below  that  such  is 
the  case.  It  will  be  left  to  the  student  as  a  problem  for  practice  to 
investigate  the  slope  at  the  point  of  reverse  curvature.  The  steps 
in  the  process  are  easily  seen,  and  the  algebraic  work  may  be  a  bit 
involved,  but  one  ought  never  to  be  afraid  of  algebra  for  the  simple 
reason  that  an  equation  is  long  or  somewhat  beyond  ordinary  limits. 

We  now  assume  that  the  maximum  slope  is  at  0,  where  x  =  0  and 
the  slope  is  from  (2)  ^^  g 

\di)n^  EI* 
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This  quantity  H  varies  with  xi\  hence  to  find  its  greatest  value  as  the 

load  moves  over  the  beam,  we  put  —  =  0.     Prom  (12)  we  thus  get 

dxi 

I 

S 

which  determines  the  position  of  the    load    for  the  greatest  possible 
slope  at  0.     Substituting  this  value  in  H  we  get 

Max.  Slope  at  ^ 


V^M 


%1EI  (ID 


Now  we  must  find  the  greatest  possible  deflection  as  the  weight  W 
moves  across.  So  long  as  IF  is  on  the  beam,  every  point  is  deflected; 
but  the  point  where  W  is  and  the  point  where  z  is  the  greatest  (numeri- 
cally) are  two  different  points.  While  this  statement  is  generally 
true,  there  is  one  exception,  and  that  is  the  very  one  we  want,  viz. : — 
when  the  two  points  coincide;  that  is  to  say,  when  the  value  of  x 

dz 
which  makes  —  =  0,  is  the  value  which  Xi  must  have  when  the  deflec- 

dx 
tion  is  a  maximum.*     The  fact  that  a;==a;i  is  almost  self-evident,  since 


*  The  reasoning  in  the  text,  that  x  is  necessarily  xi  when  the  deflection  is  the 
greatest  possible,  may  not  seem  satisfactory;  accordingly  the  following  mathe- 
matical proof  is  added: — 

When  2  is  a  maximum,  ^  =0. 

dx 

dz  Vx^     ^ 

Solving  the  equation^  =0=  ---  +C,  we  get 

QJX  2 


(Substituting  in  (3)  we  get  for  the  general  value  of  z 


w  {(i-xiyxx^\ 

eEI^  (2Z+a;i)4   / 


(2Z+a;i)4 

dz 
To  get  the  maximum  value  of  z  we  place  ^  =0,  and  solve  for  xi  getting  the 

ax 

same  value  as  in  the  text,  viz:  _ 

xi=l{V2—l) 

Moreover,  if  this  value  of  xi  be  substituded  in  the  value  of  x^  giiven  above,  we 

1(^2+1) 
ie=J(*'2-l)=«i 
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845 


if  free  to  roll,  the  body  would  surely  roll  to  the  lowest  possible  point. 
Hence  we  find  that  common  value  by  making  a:  ^xi  in  (d) 

whence  xi = /(  V2  —  1). 

This  value  we  substitute  for  xi  and  for  x  in  (S)»  and  get  the  maximum 
deflection,  when  a;ia0*414/,  a;2  =  0'586/. 

Max.  A«  -  ^(17-12V2)  =  -  -^^  (lU) 

SEr  lO^EI 

The  largest  allowable  load  to  move  across  is  evidently  found  from 
(Ia);  hence  .  ^^r 

Max.  safe  load  =  (>F)  =  ^^^  (IV) 

cl 

If »  as  often  found  in  works  on  Applied  Mechanics,  the  concentrated 
load  is  placed  at  the  center  of  the  beam  when  one  end  is  fixed,  the  value 
of  the  supports  Vi  and  F2  are  easily  found  from  (11)  and  (18)  by 

making Xi^l—xi—  -;  whence 

2 


(16) 


s 

\      IL      16 


871.  Characteristic  positions  of  a  rolling  load.  The  solution  is 
now  complete.  We  have  found  the  four  maximum  values  we  wished 
to  find.  It  may  be  well  to  summarize  our  results  pictorially  so  that 
their  meaning  may  be  fully  appreciated.      Fig.  368   is  a   panoramic 


ocm 


T\\ 


^:iUl H  C 

OM * 

0-5691 

-0.-M4' ' — *^ 

OMJl ^ 

FUr.  868 


view  of  the  rolling  load,  as  it  passes  from  A  to  0,  stopping  for  reflec- 
tion at  four  important  stations.  Of  course  the  bending  is  many  times 
magnifled. 

The  first  stop  is  at  No.  1  when  X2  =  0.423Z.    During  this  stop  the 
moment  at  Ay  which  is  Mq^  is  the  greatest  the  beam  will  have  to  hear. 

Max.3fo=  — =FF(0.19fa) 
5.2 
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The  load  does  not  stop  at  the  center  of  the  beam  inasmuch  as  that 
point  has  no  present  interest,  as  it  involves  no  maximum. 

There  is  great  interest  connected  with  the  second  stop  at  No.  2, 
which  is  0.586Z  distant  from  A,  for  that  is  the  lowest  point  recxhed  hy 


the  rolling  load. 


Max.  A» 


WP 


10225/ 


The  third  stop  at  No.  S,  which  is  0.6S4Z  from  A,  gives  the  point 
where  the  moment  under  the  load  is  a  maximum. 


Max.  3fB=ir(0.174Z  = 


Wl 
5.75 


The  fourth  stop  is  at  No.  4»  which  is  the  place  where  the  load  stands 
when  the  slope  at  0  is  the  greatest: 


WP 
Max.  slope  at  0.  = • 


^9  FIc  808  Vf 

The  equations  for  the  two  segments  are: 


872.  Case  IX.  A 
load  W  moves  across  a 
horizontal  beam  fixed  at 
both  ends*  A  general 
position  is  shown  in 
Fig.  869. 


For  BA. 

(4)       M  =  VxX-Mo-W(x-Xx) 

(5)EI—^^-MoXt-—{x-xiy 
dx       2  ^        -J-/7 

(6)£/a= — ^-- {x—XiY 

6  2         6 


From  (5),  when  x  =  l 


+Cx+D 


(7)  0=  lii  -MJL-  —  {l-x^y+C 

i  St 


For  OB. 
M=VxX-Mo 


(1) 

(2)   f;/^  =  !^  _3f^+(ff =0) 

dx      a 


(8)     EIz  = 


Vi3* 


JTo** 


6  2 

From  (6)  when  x=l 


+(/s:=o) 


(8)     0  = 


6 


*         ®  +CI+D 


The  slopes  are  equal  when  x  =  Xi;  hence 

(9)  C=0 

The  deflections  are  also  equal  when  x  =  Zi;  hence 

(10)  D  =  0 


Jfo  j  whenaji=  —  | 
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Solving  (7)  and  (8)  for  Vi  and  Mq*  we  have 
(11)  Mo^^.x,(l^x{)^ 

(i«)  Vi^^ii+ixiXi-xO* 

It  is  evident  from  symmetry  that  the  maximum  moment  in  the  con- 
cave part  of  the  beam,  and  the  maximum  deflection,  are  at  the  center, 

when  «!  =  —  and  Fi  =  —  =  Vi.    This  value  of  Xi  makes 

2/        8 
&nd  also  -»-    ,       .^.,      ««.■ 

^    "  2     2         8  8 

That  is,  if  W  is  at  the  center,  the  moments,  at  center  and  at  the  ends  are 

Wl  wl 

the  same,  —  •     It  must  however  be  carefully  noted  that  3f  =  —  is  not 

8  8 

ike  greatest  possible  moment, 

£q.  (11)  gives  the  general  value  of  Mo  dependent  on  the  position 

of  the  load.     To  find  its  maximum  value  we  put =  0, 

dxi 

P-4tei+3ari««0  =  (Z-3x)(/-x) 

Whence,  xi=  -/. 

3 

This  value  in  (11)  gives 

Max.  Value  of  Jfo  =  —  Wl.  (I) 

27 

Hence  the  danger  point  (if  there  is  one)  is  at  the  end,  when  the  load 

is  distant  only  —  I. 

3 

The  greatest  slope  is  always  at  the  point  of  inflection  where  if  =  0. 
From  (1)  we  find  that  M  =  0  when  x=  — ?•     Substituting  this  value 

of  X  in  (2),  we  have  a  general  value  of  the  slope  depending  on  xi: — 

dx"  2    jB«         R  2/1  2/'     l+Stxi 
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This  expression  is  readily  found  to  be  a  maximum  when 

«!•=-(  Vis -1)=0.4S4L 
6 


This  value  in  (16)  gives 


Max.  Slope  =  — 


lOWP 
309  JS/ 


(ID 


The  position  of  the  point  of  inflection  when  the  load  is  at  Xi  ^  0.434i» 
is  found  from  «=  -^^  when  this  vlaue  of  Xi  is  substituted. 


Vi 


Hence 


a^. 


Ixi 


l  +  ^Xi 


=  0.23i 


The  position  of  S  changes  for  every  change  in  place  of  W. 

The  Deflection  at  the  center  is  readily  found  from  (3)  by   sub- 
stituting x  =  xi^  — »  Fi=  —  and  Mq—  — 

%  X  o 


giving 


A  = 


wry 

19iEI 


(HI) 


The  maximum  Safe  load  is  from  (I) 


Max.  safe  W  =  — ^  • 

4icl 


(IV) 


878«  Characteristic  positions.  The  results  of  this  discussion  may 
be  pictured  as  before.  Fig.  370.  Diagram  showing  characteristic 
positions  of  a  single  load  rolling  from  0  to  A. 


No.  1  shows  load  when  Mq  is  3/ax.  =  —  WL 

27 

No.  2  shows  load  when  Slope  (at  S)  is  Max.  =  — 


No.  3  shows  load  when  A  is  Max.  = 


WP 


lOWP 
S09EI 


19^EI 

874:«  The  utility  of  fixing  one  or  both  ends  of  a  prismatic  beam 
under  a  uniform  load,  is  plainly  seen  if  we  compare  the  results  already 
reached. 
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Every  engineer  and  architect,  and  student  even,  asks: — What  is 
gained  in  either  strength,  or  stiffness  by  fixing  one  or  both  ends  of  a 
plain  beam  with  constant  section?  This  natural  question  is  answered 
by  placing  results  in  a  table  so  that  comparisons  are  easily  made. 


875.    Table. 

Maximum  Strength,  Slope,  Deflection  and  Safe  Loads  in 

Prismatic  Beams. 

y^greatest  allowed  stress.       casdistance  of  extreme  fiber  from  neutral  axis. 


W==lw 

1 — , 

^^s^^^i 

1^^*555^ 

Max. 

Moment 

Wl 
8 

Wl 

8 
at  fixed  end 

Wl 

12 
at  ends 

Wl 
2 

Max. 

Slope 

2iEI 

48£'/ 

Wl* 
12&EI 

eEi 

Max. 

Deflection 

5Wl^ 
884A;i 

WV 
19&EI 

WP 
SSiEI 

HEI 

Max. 

Working 

Load 

d 

^ 

12fl 
el 

-eT 

Weight  of 

Beam  is  not 

included 

^—^ 

r-^ 

s^0 

l-SU 

1 

Max. 

Moment. 

Wl 

4 

Wl 

5.2 
at  fixed  end 

4m 

27 

at  the  ends 

Wl 

1 

Slope 

WP 

WP 
ZIEI 

WV 
ZlEI 

• 

WJ^ 
2EI 

Max. 

Deflection 

48/7r 

WP 
1Q2EI 

WV^ 
192EI 

Wl^ 
ZEI 

Max. 

Working 
Load 

el 

5.?// 
el 

6.75/r 
el 

fl 
cl 

350 
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870.  Case  IX.  82.  A  simple  beam  carries  a  nnifwrn  and  a  siiigle 
concentrated  load. 

(a)  If  the  concentrated  load  be  at  the  center,  add  the  maximum 
values  of  corresponding  quantities:    Thus: 

Max.  M  =  — -  H ^  ,  in  which  Wi « Iw. 

8  4 

Max.  Slopes -^(5:»+ -5:1) 

EI\M       15.6/ 

EI  V  384        48 

(6)  If  the  concentrated  load  is  not  at  the  center,  the  values  of  M, 
dz/dx  and  z  are  to  be  found  for  the  concentrated  load  from  the  general 
equations  of  Case  VII,  and  the  results  for  different  points  are  to  be 
added  to  the  results  for  the  same  points  for  the  uniform  load. 

(c)  Or  the  problem  can  be  solved  anew  by  the  method  already 
used.     Fig.  371.     Thus: 


Vi  and  Fj  are  known. 

Eqs.  for  AB 

(4)  M  =  Fia:-  —  -  W^ix-xd 


(5)  EI 


dz 
dx 


Fiar«     wx"    W^r         ., 
2         6       «         +C 


(6)  E/z= 


6 


wx 


Wt 


_i^_:if(x-xi)» 

2*        6  +Cx+D 


Eqa.  for  OB 


(1)  M  =  rxx- 


wx' 


(2)EI^^^'^^^+H 
dx         ^  6 

(3)  EIz^  Kl^^!!?^+Hx+(K^O} 


6 


24 


It  will  be  found  that  n  =  C,  and  that  2)  =  0.  The  value  of  C  can 
then  be  found  from  (6)  by  letting  x  =  ly  and  the  maximum  values  can 
be  found  as  in  Cases  VII  and  VIII. 

877«  Case  XI.  If  a  beam  carries  two  (or  more)  concentrated 
loads  there  will  be  three  (or  more)  elastic  curves,  and  there  will  be 
three  (or  more)  sets  of  equations,  and  six  (or  more)  constants  of  inte- 
gration. All  such  constants  can  be  found  by  the  methods  already  used 
but  the  process  may  be  long  and  the  equations  of  the  three  (or  more) 


TWO    EQUAL  LOADS  EQUALLY    ECCENTRIC 


851 


elastic  curves  may  be  much  involved*  If  one  (or  more)  of  the  loads  is 
negative  becoming  thereby  a  support  (or  supports) »  we  have  the  case 
of  a  continuous  girder  over  one  (or  more)  supports  which  will  be  dis- 
cussed later. 

878«    Case  XII.    A  simple  beam  carries  two  equal  concentrated 
loads  equally  distant  fk'om       ^  _  ^  o 

the  center.  Fig.  37£  shows   ^" 


both  the  bent  and  the         ^ — •*- — *  <^  ^ •—ji^^iir 

unbent  beam.    We  are  to 

find  the  moment  and  deflection  at  C  and  at  B. 

dz 
Knowing  that  —  ==0  at  C,  the  student  will  have  no  difficulty  of 

dx 

finding  moments  and  deflections  if  he  takes  the  two  curves  OB  and  BCf 
as  in  other  Cases.  He  may  (or  may  not)  take  his  origin  at  the  center 
of  the  beam. 

There  is  however  a  second  method. 

870«    Another  solution.    Consider  the  half  beam  CBO,  Fig.  S7S» 

as  an  inverted  cantilever,  horizontal 

^ ' ^^    and  fixed  at  C.     Vi^W at  the  end 

B — ^       _^t     causes   an   upward  deflection    (by 


Case  1)  of 


w{\y  _ 


WP 


SEI        ^^EI 

The  load  at  B,  acting  at  the  end  of  the  cantilever  BC,  whose  length 

I .    ^     .»F(i-a)» 


is a»  produces  a  dovmward  deflection  at  B  ot 


2 


If  the 


SEI 


force  acting  at  By  were  acting  alone,  either  up  or  down,  the  free  end 
BO  would  remain  straight^  and  the  outer  end  would  have  a  greater 
deflection  than  B.  That  greater  amount  is  found  by  multiplying  the 
distance  a  by  the  tan  d,  which  is  the  slope  at  B.    That  slope  (by  Case  1) 


iEI 


Multiplying  by  a  and  adding  to  the  deflection  at  B,  we 


have  the  total  deflection  at  0,  caused  by  the  load  at  B,  namely: — 


W{\-a)*      Wa(^\-a)* 


SEI 


+ 


%EI 


W{\-ayfl-ia 
£;/       \    6 

W{l*-9aJ*-\-4,a*) 
MEI 


+ 


i)- 


W(l-ia)Hl+a) 
UEI 


352  DEFLECTIONS,  SLOPES  AND   MOMENTS 

Subtracting  the  deflection  due  to  the  force  at  B  from  the  deflection  due 
to  Fu  we  have  ^_  TFa(8P-4a')  . 

24£/ 

If  we  put  the  total  load  on  OCA  (Fig.  372)  as  Wu  iiienW^Wi/2,  and 

the  above  deflection  is  „,    ,^,5     ,  .v 

^_Wia(SP='4a^)  .. 

48£/ 

[See  Carnegie  Pocket  Companion,  p.  94.] 

880.  Prismatic  beam 

Ma  mm 

^^^^^     with  a  cantilever  on  one 
— ig >     end,  under  uniform  load. 

(Fig.  374.) 
nff.a74      ^  The  supporting  forces 

are  readily  found  to  be: 

It  is  also  evident  that  Mo  — •     The  shear  at  any  point  in  /i  is 

Vi—Wix^  which  is  zero  when  a:  =  — =  — •    The  moment  at  any 

point  in  the  part  OA  is  (taking  forces  acting  on  the  left  of  our  general 
point).  . 

(1)  « 

This  is  a  maximum  when  the  shear  is  zero,  that  is  f or  x  »  ~  —  —  •  — . 
and  maximum  M  is  readily  found  for  any  practical  case.  ^ 

The  slope  equation  for  the  part  OA  is  found  from  (1)  in  the  usual 
way  (multiplying  (1)  by  dx  and  integrating)  so  that 

^  ^  dx         2  6 

Integrating  again  we  have 

(3)  EIz^  Vj^^xhvi  +£f^+(jf  .^) 

^  6  24  ' 

When  a:  = /i  2  =  0,  so  that  ,,  ^rn 

24  6 

This  value  of  H  substituted  in  (2)  and  (3)  will  give  the  slope  and 
deflection  at  any  desired  point.     Perhaps  the  most  important  questions 
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are: — first,  what  is  the  slope  B,tAf  and  second,  what  should  the  rela- 
tion between  1%  and  h  be  to  make  the  slope  at  A  zero? 

The  slope  at  A  is  found  by  making  x  —  l,  and  putting  the  value  of 
H  in  (2). 

dx  Ell   «  6  M  6    J      £/[    3  8   J 

dz 
If  —  (at  A)  is  zero,  O^SFi^SZiWi 

whence  li^Ht-^ — ,  and  ij^— -J  — 

From  which  we  see  how  long  the  cantilever  should  be  to  have  the  beam 
horizontal  on  the  top  of  the  support.     If  Wi^Wi;  2|»  ~/i,  and  the 

portion  OA  is  under  Case  VIII,  of  a  beam  fixed  horizontally  at  one 

end,  and  uniformly  loaded.    For  2i«  —lu  the  moment  at  A  is 

wli^  .  3 

M  (at  -4)  = »  as  in  8ftS,  and  Vi  is  —liWu  and    the   greatest 

moment  in  the  portion  OA  for  «=  — /,  is  Jf  =  H trP,  which  is  less 

8  128 

than  at  ^  as  already  found  in  Case  VIII. 

881*  The  cantilever  part  In  general  the  slope  or  direction  of 
the  cantilever  at  the 
point  of  support  is  not 
zero  (tho  the  inclina- 
tion is  presumably 
small)  in  which  case 
the  cantilever  is 
analyzed  independently.  As  the  beam.  Fig.  375,  is  very  nearly  horizontal, 
the  formulas  for  vertical  loads  may  be  applied  without  serious  error. 

^  '  ft  dx* 

(«)  -EI^  -  ^(k*x-l,z*+^)  +H 

dx       X  \  3  / 

When  a: « 0  we  have  H——EI tan d.     Proceeding 

a  V  2       8      i«/ 

(8)    Hence  z~  -  ^^^  (6k*^-4kx*+x*)+xtAn0, 
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from  which  it  appears  that  the  deflection  of  a  point,  distant  x,  below 
the  axis  of  OX  is  diminished  by  a;tan^»  from  what  the  deflection 
would  have  been  had  0  been  zero. 

Equations  (2)  and  (8)  give  the  slope  and  deflection  for  every  point 
in  the  beam  OB,  as  ^  is  supposed  to  be  known. 

882.    Case  XIII.     A  moying  group  of  concentrated   loads  at 


fixed  distances  apart,   rolls  on  and  across  a  given  girder  or   beam. 
Fig.  876. 

Under  each  wheel  there  is  a  moment  which  varies  as  the  g^roup 
moves  across.  The  problem  is  to  find  the  maximum  moment  to  which 
the  beam  or  girder  is  subjected.  The  greatest  moment  under  some 
one  wheel  will  be  the  maximum  sought.  Let  us  find  the  position 
of  W2  when  the  moment  under  it  is  a  maximum,  and  then  find  what 
that  maximum  is. 

Let  X  be  the  distance  of  W2  from  the  left-hand  support  V2,  the 
moment  at  W2  will  then  be 

(1)  M:c^V2X-Wia 

But  V2  depends  upon  x,  and  the  position  of  the  center  of  gravity  of 
the  group.  Accordingly  we  find  the  position  of  that  center  G.  Let 
the  distance  from  W2  to  G  be  n.     Then 

n(LW)  =  W,b+W^{b+c)-Wia 
^  W^b+WKb+c)-Wia^ 

"Wi+W2+Wz+Wa 
Hence  Fa  =  ^—-^^  (2 WO  by  Chap.  III. 

and  7   __   2__ 

(2)  ifz  =  i^-^— ^?  2(W0  -  Wa. 

This  is  the  general  value  of  the  moment  under  W2  as  that  group 

moves  across  the  girder:  it  will  be  a  maximum  when =0.     DiflFer- 

dx 
entiating,  reducing,  and  solving  for  ar,  we  get 

__  Z       n 

^"2       2' 
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This  shows  that  the  maximum  moment  under  W2  will  occur  when 
the  central  point  of  the  girder  is  midway  between  W2  and  O  the  center 
of  gravity  of  the  group.  This  value  of  x  substituted  in  Fs>  and  both 
in  Mx  will  give  the  maximum  moment  sought  for  the  point  under  Wt^ 

We  may  next  find  the  greatest  moment  under  Wz  (if  there  is  any  doubt 
as  to  the  result)  and  compare  the  two  to  find  the  greatest  of  all.  The 
formulas  apply  only  for  an  unchanging  group. 

Example.  Let  /  =  100  feet,  Wi  =  6  tons,  Wt  =  10  tons,  Ws  =  12  tons, 
FF4  =  4  tons.  Let  a  =  8  feet,  6=10  feet,  c  =  12  feet.  Find  the  Max. 
moment,  applied  to  the  beam  as  the  group  passes  over. 

888.    Special  example.   Two  equal  loads  W  and  Wu  whose  distance 
apart  is  a,  roll  across  a  simple  beam.     Find 
where  the  loads  are  when  the  bending  moment 
is  a  maximum,   and    find   that  maximum. 
Fig.  877. 

Prove  that  there  are  two  positions,  one  on 


a 


? 


ir-. 


each  side  of  the  center,  with  G  distant  —  from  the  center,  where  the 

4 

moment  reaches  a  maximum  value,  viz. : — 

Max.  Jf  =  IF  (---  +  -) 

V2       «       8Z/ 

How  much  greater  is  this  than  what  the  constant  moment  between 
the  loads  would  be,  if  the  wheels  were  equally  distant  from  the  center 
of  the  girder? 

884.  The  exceeding  stiffness  of  thin  tubes  as  compared  with 
solid  rods  of  the  same  weight  per  unit  of  length,  is  very  suggestive. 

Problem.  Com- 
^\kk'v.^.k^^^vvk.k^^^skkkkkkk>.kkkkkkkkk<.kkk^kkkkkkkkk'vkkkWv<g  y<^in?v     pare  the   deflec- 

tion of  a  solid 
rod  of  uniform 
radius,  when 
used  as  a  canti- 
lever beam  car- 
rying a  concent- 
rated load  at  the 

end  with  that  of  a  tube  of  the  same  length,  material  and  weight. 
Fig.  878.     In  each  case  let  the  load  be  W. 

Let  the  radius  of  the  rod  be  r,  and  the  outer  radius  of  the  tube  be 
nr.     If  r'  be  the  inner  radius  of  the  tube,  we  have 

7rr2  =  7r(nV-r'2) 
r'2  =  r2(n2-l) 


I 


^^'.u^'.^■^'.^^^■',^^■^<^^.«.»,vv^^^^u^',«■^^^^^r^^ 


I 


Fig.  878 
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The  deflection  of  the  solid  cylinder  is  found  readily.   Measure  x  from 
the  fixed  end.  Jf«JF(Z-z) 


EI—^w(lx-^)+(n^O) 
dx  \         2  / 


£7.-»f(|-|)+(X-0) 


Ax 

The  deflection  of  the  tube  is 

A,- 


WP        4JVP 


SEIi      SwEr* 


WP 


>  since  Ji 


T 


SEIt 


,      w(n*r*-r'*) 

^« s — 


TJT* 


(2n»-l). 


Hence 

and 
That  is.  if 


A,= 


4  FTP 


9Eirr*(in*-i) 


A, 


—  =«n*-l 


the  deflection  of  the 
solid  cylinder  is 


(1) 


(2) 


(8) 


(4) 


times  as  great  as  the  deflec- 
tion of  the  tube. 


CHAPTER  XX. 

Gbaphical  Repbesentations  of  Bending  Moments,  Sheab» 

Slope,  and  Deflections  in  Beams. 

88S«     Whena  simple  beam  OB^  Fig.  879,  has  concentrated  loads 

WiWiWz,  the  bend- 
ing  moments  at 
points  along  the  beam 
'  are  conveniently 
represented  by  the 
ordinates  to  a  broken 
line  drawn  as  follows 
(Fig.  879) :  Let  the 
supports  at  the  left 


o' 

C 

D* 

«I 

A 

9" 
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o 

i 
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and  right  be  Vi  and  Ft  whose  values  are  supposed  to  have  been  found. 

At  the  point  A,  at  a  distance  x  from  0,  the  bending  moment  is  Vix^ 

and  if  the  ordinate  y  be  dropped  from  the  beam>  whose  length  is  ViX, 

we  have  the  equation  tt 

^  y^Vix 

which  is  the  equation  of  a  straight  line  passing  thru  0  and  which  holds 
until  it  crosses  the  line  of  action  of  Wu  at  which  point  its  value  is  ViXu  xi 
being  the  distance  from  0  to  Wu 

Now  taking  a  point  A'  between  Wi  and  Wt  at  a  distance  x  from  0, 

the  bending  moment  is       rr       nr  t         \ 

^  ViX^Wi{x^Xi)^y 

which  b  the  equation  of  another  straight  line  passing  between  the 
lines  of  action  of  Wi  and  Wu  and  connecting  with  the  former  moment 
line.    When  x  becomes  x^,  which  is  the  distance  from  O  to  W2 

yt  =  Vixt — Wi{xt — xi) 

In  the  same  way  the  moment  line  is  continued  to  its  intersection 
with  W^y  the  value  of  y  at  that  point  being 

ViXz  -  Wi  {xt  -  xi)  -  W%{xi  -  0:2)  =  y% 

From  that  point  the  moment  line  continues  in  a  straight  line  to  the 
point  B  where  the  moment  is  zero.  Thus  we  have  the  broken  line 
OCDEBy  the  ordinate  to  which  at  any  point  gives  the  magnitude  of 
the  bending  moment. 

886.  The  moment  may  change  sign.  If  the  beam  is  acted 
upon  by  vertical  forces,  some  positive  and  some  negative,  the  moment 
curve  may  cross  the  axis  of  X^  showing  that  the  bending  moment  itself 
has  changed  its  sign.  This  is  best  illustrated  by  a  beam  with  a  canti- 
lever portion. 

Let  OBC,  Fig.  880,  be  a  beam  supported  at  0  and  £,  and  carrying 
concentrated  loads  on 
both  sides  of  B,  namely     ojr~    ^     ^^+^ 
FFi  1^2  JFs,  distant  respec-    V||  ^ 

tively  from  Ox  Xu  a?«>  Xz 
Let  the  distance  OB  be  lu 
and  the  distance  fiC  be  l%* 

Having  found  the  sup- 
ports V\  and  ^2,  proceed 
as  before.  Assuming  that 
Vu  as  well  as  Vu  acts 
vertically  upwards,  we 
draw  the  moment  curve 
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as  in  the  previous  example,  ODE.  When  we  proceed  to  draw^  the  line 
between  W2  and  JB,  we  find  that  when  x  =  Zi,  the  moment  on  top  of  the 

second  support-      vA-W^ih-xO-W»(h-x,)^m 

is  negative.  Accordingly  pi  must  be  laid  off  not  downward  but  up- 
ward from  the  point  B;  thus  the  moment  line,  which  is  still  a  straight 
line,  crosses  the  axis  of  the  beam  at  the  ponit  P  at  which  there  is  no 
moment.  The  exact  position  of  that  point  is  found  by  careful  draw- 
ing or  by  solving  the  equation 

Vix  "Wiix"  xi)  -  Wiix  -  ir2)  =  0 

We  thus  learn  that  the  bending  moment  changes  its  sign  at  -P. 

Proceeding  now  from  the  point  F  where  the  last  moment  line  cuts  the 
line  of  action  of  F2,  we  proceed  to  find  the  value  of  y,  where  the  line 
crosses  W3.     Its  value  at  that  point  is 

yz=ViX^-Wi{Xz-Xi)-W2{Xz-Xi)  +  V2{Xi''h)=-0 

giving  us  the  point  C 

The  fact  that  yz  must  be  zero  was  almost  self-evident.  We,  there- 
fore, have  a  broken  line  ODEFO  and  its  distance  from  the  axis  of  x  at 
any  point  shows  both  the  magnitude  and  the  kind  of  bending  moment 
in  the  beam.  If  the  moment  curve  is  below  the  axis,  the  beam  is 
concave  upwards,  and  the  upper  fibers  are  in  compression.  W'hen  the 
moment  curve  is  above  the  axis,  the  beam  is  concave  downwards, 
showing  that  the  upper  fibers  are  in  tension.  The  point  P  where  the 
moment  changes  sign  is  therefore  a  point  of  Inflection  in  the  beam. 

387*  Shear  diagrams.  Closely  related  to  the  bending  moments 
in  a  beam  is  the  shear  at  different  points.  This,  too,  may  be  repre- 
sented graphically.  It  will  be  helpful  in  thinking  of  shear  to  imagine 
every  beam  made  up  of  thin  plates  lying  between  consecutive  cross- 
section  planes,  as  if  one  were  to  glue  together  all  the  leaves  of  a  big 
dictionary  six  inches  thick,  and  then  by  means  of  a  die  cut  out  a  prism 
six  inches  long  containing  a  piece  of  leaf  from  every  page  in  the  book, 
and  then  use  that  prismatic  block  as  a  beam  made  up  of  thousands  of 
laminae.  Shearing  stress,  as  it  will  be  remembered,  is  the  action 
between  two  adjacent  laminae  tangential  to  the  two  surfaces. 
In  the  case  of  two  adjacent  laminae  in  the  beam,  one  is  dragging  down, 
and  the  other  is  dragging  up. 

Let  us  take  the  beam  OB  in  Fig.  379,  and  draw  the  shear  diagram 
for  every  point  in  the  beam.  Beginning  at  the  point  O  we  will  suppose 
that  the  support  Vi  acts  directly  under  the  end  lamina  of  the  beam 
thereby  lifting  or  pushing  up  with  a  force  Vi,     Then  Vi  is  exactly  the 
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measure  of  the  shearing  stress  between  the  first  and  second  laminae; 
as  the  sheer  is  upward  we  will  draw  the  ordinate  00'  upward  whose 
length  to  scale  is  Fi.  Since  we  are  considering  only  the  shear  pro- 
duced by  loads  JFi,  FFj,  FFj,  we  take  no  account  of  the  weight  of  the 
di£Ferent  laminae. 

Accordingly  the  action  between  the  second  and  third  laminae  is  the 
same  as  between  the  first  and  second^  that  is  Vi\  and  the  shear  is  evi- 
dently the  same  at  every  point  between  0  and  the  line  of  action  of  W\. 
Consequently  the  shear  diagram  is  bounded  by  a  straight  line  running 
parallel  to  the  axis  of  the  beam  at  a  distance  z=V\  above  it  from 
O'  to  C. 

Taking  the  next  lamina  to  the  right  of  W\  we  notice  that  Vi  acts  up 
and  W\  acts  down.  Consequently  the  shear  is  Vi^W\.  Therefore 
C  drops  to  C^  the  distance  from  C  to  C  being  Wu  The  diagram 
then  continues  in  a  line  parallel  to  the  axis  of  the  beam  to  D'  where 
the  shear  drops  again  to  a  point  D"  which  is  below  the  axis  of  the  beam. 
This  shows  that  the  shear  changes  from  being  up  to  being  down.  It 
remains  constant  then  from  D"  to  E'  where  it  changes  again  from  E' 
to  E"  and  then  remains  constant  until  we  reach  the  support  Fi,  where 
the  last  lamina  in  the  beam  is  acted  upon  downward  by  the 
lamina  adjacent.  It  will  be  noticed  that  all  the  way  thru  we 
have  been  considering  the  action  of  a  lamina  on  the  Uft  of  the  ideal 
plane  of  section  upon  the  lamina  on  the  right  of  the  same.  The  first 
lamina  acted  up  upon  the  second,  and  the  last  hut  one  acted  down  upon 
the  last.  The  change  of  direction  and  the  change  of  sign  was  at  the 
point  where  W2  acted.  The  shear  diagram  is  therefore  made  up  by  the 
broken  line  00'C'C''D'D''E'E''B'B  as  shown  in  the  figure. 

888.    The  moment  at  a  point  is  represented  by  an  area.    In 

practice  it  is  a  good  plan  to  have  the  shear  diagram  and  the  moment 
diagram  drawn  on  the  same  sheet  of  paper  with  a  new  axis  of  x  used  in 
common  directly  under  the  drawing  of  the  loaded  beam  so  that  the 
vertical  lines  of  action  of  the  supports  and  the  loads  will  correspond. 
This  is  illustrated  in  Fig.  380. 

Taking  the  same  cantilever  beam,  we  find  the  shear  diagram  as 
follows :  Beginning  at  the  point  0  as  before,  we  erect  the  shear  ordinate 
z^  =  Fi,  and  draw  the  line  O'D'  until  it  intersects  the  line  of  action  of  the 
first  load.  Then  drop  from  D'  to  D"  a  distance  equal  to  W\  drawn  to 
scale  and  the  shear  line  moves  parallel  with  the  axis  of  the  beam  to  E\ 
where  it  intersects  the  line  of  action  of  JFj.  It  then  drops  a  distance 
Wt  and  moves  parallel  with  the  axis  until  it  cuts  the  line  of  F2  at  B\ 
V2  acts  upward  and  therefore  the  shear  diagram  rises  from  B'  to  B'^, 
a  distance  equal  to  V2  by  scale.     It  then  moves  parallel  with  the  axis 
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until  it  cuta  the  line  of  Wt  at  H'  and  drops  to  £7,  a  distance  Wt.     The 
shear  diagram  is  just  as  simple  in  this  case  as  it  was  in  the  last. 

In  accord  with  the  general  relation  between  Bending  Moment  tind 
Shear  shown  later  on,  it  should  now  be  noted  that  the  length  of  the 
ordinate  yi,  (see  Figs.  379  and  380),  is  numerically  equal  to  the  area  of 
the  shear  rectangle  OC;  and  that  the  length  of  ^  is  equal  numerically 
equal  to  the  area  OD"  less  C'C".  In  general  it  may  be  stated 
thati  if  shear  and  moment  ordinates  be  drawn  for  any  point  in  the 
beam,  the  length  of  the  momeni  ordinate  equals  (numerically)  the 
shear  area  bounded  by  the  ordinate  x, 

8S9.    Beams  nnder  distributed 

loads.  Let  the  beam  OB,  Pig.  881. 
supported  at  the  ends  as  before  by  Vi 
and  Ft,  carry  a  uniformly  distributed 
load  of  v>  lbs.  per  linear  foot.  Let  I  be 
the  length  of  the  beam  so  that  each 

support  b  —  •     The  moment  at  any 

point  A  distant  x  from  0  is  readily  seen 

to  be  , 

,.        war      w ,,        „ 

i      % 

which  is  the  equation  of  a  parabola 
I  with  a  vertical  axis,  passing  thru  the 

points  0  and  B. 

By  symmetry  we  note  that  the  vertex  of  that  parabola  is  below  the 
center  of  the  beam  and  its  distance  below  is  found  by  giving  to  x  the 

value  -  whence  _ 


which  is  the  maximum  bending  moment  in  the  beam. 

890.    Had  this  entire  distributed  load  wl  been  concentrated  at 

the  center  of  the  beam  (see  dotted  circle),  Fig  381,  the  moment  at  that 

point  would  have  been  —  >  which  is  just  twice  as  great  as  it  is  when 

the  load  is  uniformly  distributed.  If  the  moment  figure  be  drawn  for 
the  concentrated  load  wh  at  the  center,  it  will  consist  of  two  straight 
lines  meeting  at  a  point  below  the  center  with  yt  equal  to  just  twice  yi 
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found  above.  By  a  familiar  property  of  the  parabola  the  straight  lines 
OC^  and  C'B  are  tangent  to  the  parabola  at  the  points  O  and  B. 

The  shear  diagram  for  this  beam  and  load  starts  with  an  ordinate 
erected  at  0  with  the  length  Zq  —  Vi.  At  a  point  A  distant  x  from  0, 
the  shear  ordinate  is  s  =  Fi — wx,*  But  this  is  the  equation  of  a  straight 
line.    As  x  increases  z  decreases  uniforinly>  and  when  we  get  to  the 

middle  of  the  beam  where  a?=  —and  wx^V\  we  have  a  =  0.    Accord- 

2 

ingly  the  shear  diagram  runs  from  the  top  of  Zq  down  in  a  straight  line 
to  the  axis  of  the  beam  at  its  center.  When  we  pass  the  center  z 
keeps  on  diminishing,  being  negative,  and  continues  to  be  negative  more 
and  more  until  it  reaches  the  line  of  Ft  where  it  becomes  —  Vt9  so  that 
the  shear  diagram  in  this  case  is  simply  one  straight  line  running  from 
a  point  above  0  to  a  point  below  B, 

It  is  hardly  necessary  to  point  out  that  the  numerical  values  of  y 
and  yi  are  respectively  equal  to  the  shear  areas  00' A' A  and  00' C* 

891  •    If  on  a  beam  there  are  both  concentrated  and  distriboted 
loads,  the  moment  dia* 
gram  will  show  a  boun-     ■  ' 

dary  line  consisting  of 
parts  of  different  para- 
bolas intersecting  on  the 
lines  of  action  of  the 
concentrated  loads.  A 
single  example  will 
suffice. 

Take  the  double  can- 
tilever   beam    OBCD 

(Fig.    882)    with    sup- 

ports  at  B  and  C,  V\ 

and  Vt.    Let  there  be  a 

distributed  load  of 

magnitude  w  per  foot; 

and  suppose  also  a  load 

W\  is  suspended  at  0;  Wt  at  the  center  between  B  and  C;  and  Wz  at 

the  end  D.     We  will  suppose  that  the  end  loads  are  equal,  and  that 

Wt  is  the  greatest.     Let  each  cantilever  have  a  length  h^  and  the 

distance  between  the  supports  be  Zi. 

*  In  order  to  distinguish  shear  ordinates  from  moment  ordinates,  we  will  call 
the  former  2,  Zo,  etc.,  positive  upwards.  The  moment  ordinates  y,  yo»  etc., 
positive  downwards. 


■^^ 


D 

Aw, 
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Moment  Equations. 
The  equation  of  OP  is  1/  =  —  WiX • 

The  equation  of  PQ  is  3/  =  —  WiX  — ]rVi(x^lt). 


TheequstionotQRi3y^''WiX-^^+Vi{x-k)''W2(x-k-^y 
TheequeitionotRDi3y=''Wix-  —  +  Vi{x-h)''W2(x-k--) 

+V2{x-h'-hr 

Shear  Equations. 

Equation  o{0'B\  z  =  —  Wi—wx. 
Equation  of  B^F',  z^-Wi-wx+Vi. 
Equation  of  F*'C".  z= -Wi-wx+V^-W^. 
Equation  of  C'D\  2  =  -  JFi  -  uvr  +  Fi  -  JFj  +  V^. 

The  Significance  of  Shear  Areas. 

The  length  PB  =  Area  of  trapezoid  0B\ 

The  length  FQ  =  Area  of  trapezoid  0B\  minus  area  of  trapezoid  BF\ 
The  length  CR  —  Area  of  trapezoid  OB',  minus  area  of  BF\  plus  area  FC 
It  should  be  further  seen  that 

Area  OB'+Area  fC"  =  Area  Bf '+Area  CD'. 

A  few  words  of  explanation  may  be  helpful.  Beginning  at  0,  where 
the  moment  is  necessarily  0,  we  take  a  point  ^  at  a  distance  x  from  0. 
We  find  the  value  of  y  to  be 

y^-Wik 

This  negative  moment  shows  that  y  must  be  drawn  upward  and  that 
the  curve  is  convex  downward.  The  curve  is  a  parabola  and  it  con- 
tinues until  it  meets  the  line  of  action  of  the  support  Vi  at  P.  At 
Vi  we  have 

yi^-Wih- 


tvh^ 


Passing  to  a  point  A  between  B  and  W2  at  a  distance  x  from  0  we  have 

y=Vi{x— Iz)  —  Wix  — 


wx^ 
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is  the  equation  of  a  parabola  but  a  different  parabola  from  the 
former  one.  It  intersects  W2  at  a  point  Q,  whose  distance  below  the 
l>eam  is  y, ,  .         i  v  /         i  » 9 

If  this  value  turns  out  to  be  positive,  the  parabola  crosses  the  beam 
&s  shown  in  the  figure.  If  the  loads  and  dimensions  had  been  such  as 
to  make  y%  negative,  then  the  point  Q  would  have  been  above  the  beam, 
showing  that  the  beam  from  end  to  end  was  concave  downwards.  As 
it  is  drawn,  the  beam  is  concave  downwards  from  O  to  the  point  K 
where  the  parabola  crosses  the  axis  of  the  beam,  is  concave  upward  from 
K  to  ffy  where  the  next  parabola  crosses  the  axis  of  the  beam,  which  is 
then  concave  downward  to  the  end  at  />•    See  J  J  in  Fig.  382. 

Since  Wz  has  the  same  value  as  Wu  the  moment  curves  are  symmet- 
rical with  respect  to  a  vertical  line  thru  the  center. 

The  position  of  the  greatest  bending  moment  will  be  either  in  the 
center  where  Wt  is  applied,  or  above  the  supports.  The  figure  shows  the 
greatest  moments  at  the  supports. 

892  •  Ex.  Let  the  student  make  his  drawing  and  illustrate  the 
last  section  using  the  following  numerical  data:  Let  FTi  =  FF»  =  2  tons; 
let  FFi  =  15  tons,  let  ti?  =  J  of  a  ton  per  foot;  let  ^2  =  8  feet  and  let 
h  =  «0  feet. 

In  drawing  the  parabolic  arcs  the  student  should  find  in  every  case 
at  least  three  intermediate  points  on  each  arc  by  assuming  three 
separate  values  for  a:. 

893  •  Having  fully  grasped  all  the  explanations  and  instructions 
thus  far,  the  student  should  assume  numerical  values  for  beams  and 
loads,  calculate  all  values,  and  make  moment  and  shear  diagrams  to 
scale.  A  little  practice  in  this  way  will  make  the  matter  very  clear 
and  it  will  seem  to  be  very  simple  and  easy.  It  should  be  noticed  that 
in  these  diagrams  representing  moments  and  shear  it  is  assumed  that 
the  beam  is  practically  straight  or  but  slightly  bent,  and  no  attention 
is  paid  whatever  to  the  character  of  the  beam,  whether  it  is  cylindrical, 
prismatic,  wood  or  steel.  We  have  been  dealing  simply  with  external 
forces  and  with  scarcely  a  thought  for  internal  stress.  The  most  that 
we  did  in  reference  to  stress  was  to  note  whether  the  upper  fibers  were 
in  tension  or  in  compression. 

894.  Varying  loads.  Considering  now  both  the  moment  and 
the  shear  diagrams,  we  notice  that  under  concentrated  loads  alone 
the  moment  diagram  consists  of  a  broken  rectilinear  figure  and  the  shear 
diagram  of  stepped  lines  parallel  and  perpendicular  to  the  axis  of  the 
beam. 
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On  the  other  hand,  with  a  continuous  load  unilormly  distributed, 
the  moment  diagram  consists  of  a  parabola  and  the  shear  diagram  of 
an  inclined  straight  line.  When  the  beam  carries  uniformly  dis- 
tributed loads  and  several  concentrated  loads,  the  moment  diagram 
consists  of  a  succession  of  parabolic  arcs  and  the  shear  diagram  is  made 
up  by  a  series  of  inclined  straight  lines  as  in  Fig.  882. 

Had  the  load  been  distributed  di£Ferently  but  still  according  to  some 
mathematical  law  depending  upon  x,  both  the  moment  diagram  and 
the  shear  diagram  would  have  been  bounded  by  curves  of  a  higher 
order.  The  mathematical  order  of  the  shear  diagram  is  always  one 
degree  lower  than  the  mathematical  order  of  the  moment  diagram. 
For  example,  suppose  we  have  a  simple  beam  OB^  Fig.  883,  with 

end  supports  ¥%  and  Vt. 
Suppose  in  addition  to  a 
uniform  load  of  intensity  vf 
an  additional  load  is  put  on 
which  at  any  point  has  the 
intensity  ex  so  that  the 
intensity  of  this  additional 
load  will  be  zero  at  O  and 
that  it  increases  uniformly 
from  O  to  B  where  it  is  d. 
It  is  evident  that 

j^      wl   .    1  cP 

2        8  2 
and  that 

j^       wl  .    %  cP 

2        8  2 

Now,  drawing  the  moment  diagram  with  a  single  line  denoting  the 
axis  of  the  beam,  we  have  at  the  point  A^  a  distance  x  from  0,  a  moment 


wx^       cx^ 


y^Vix— 

2  6 


This  is  an  equation  of  the  third  degree.  The  curve  passes  through  both 
0  and  B,  and  is  concave  upward  between  those  points.  This  curve  is 
not  symmetrical  with  respect  to  a  vertical  axis  thru  the  center  of  the 
beam. 

The  shear  diagram  begins  at  0  and  is  drawn  vertically  with  a  value 
zi  =  Vi.     At  A  we  have 


z  ^Vi—wx  — 


ex 
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This  is  the  equation  of  a  parabola  which  does  not  pass  thru  either  0 
or  £,  but  which  does  pass  thru  the  points  0'  and  B\  has  its  axis  vertical, 
and  is  concave  downward. 

It  thus  shows  that  the  curve  of  the  shear  is  one  degree  lower  than  the 
curve  of  moments,  and  the  mathematical  reader  will  be  interested  to 
see  that  the  shear  equation  is  the  ''first  derived  equation'*  from  the 
moment  equation.    That  is  to  say,  if  we  differentiate  the  moment 

equation  and  find  the  value  of  —  >   we   shall  find  that  it  is  exactly 

dx  J 

equal  to  z  of  the  shear  equation.     But  —  measures  the  Slope  of  the 

dx 

Moment  curve  at  the  point  z.  Hence  we  see  that  while  the  shear  area 
measures  the  ordinate  to  the  moment  curve,  the  Shear  Ordinate  meas- 
ures the  Slope  of  the  Moment  Curve. 

If  we  carry  this  investigation  one  step  further  down  and  derive  by 
differentiation  a  new  equation  from  the  sheer  equation,  in  the  case  of 

dx 
the  last  problem,  we  find  that  we  get —  =  —  w— ex,  which  is  exactly 

dz 
the  intensity  of  the  load  at  the  point  x. 

Since  the  slope  of  the  moment  curve  is  measured  by  the  ordinate  to 
the  shear  diagram,  it  follows  that  when  the  moment  is  a  maximum^  the 
shear  diagram  must  cross  the  axis  of  x.  Hence  if  we  find  where  the 
shear  diagram  crosses  the  axis  of  x  we  have  the  point  of  maximum  moment. 

895.  An  illustration.  In  this  last  example  the  equation  of  the 
shear  diagram  was  . 

«— Fi  — war— — 

n.  now,  we  let        ^^jy^  c=  -T,  Z=«4,  we  have  ^1  =  60, 

and  2 

a  =  60-ar-— • 

4 

Since  z  must  be  0  where  the  shear  curve  crosses  the  axis  of  X,  we  have, 
solving  the  quadric,  x  =  +13.6  or  — 17.6. 

This  positive  value  of  x  substituted  in  the  moment  equation  will 
give  the  rnxudmum  mxyment  in  the  beam.    This  moment  equation  is 

y^M^Wx 

«  12 

The  negative  value  of  x  gives  the  position  (off  the  beam)  whence  a 
negative  ordinate  to  the  **Cubic*^  gives  an  algebraic  minimum. 

It  may  be  useful  to  the  student  to  know  that  the  point  of  maximum 
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moment  in  the  above  beam  is  not  the  point  under  the  center  of  gravity 
of  the  load. 

The  use  of  the  shear  diagram  for  finding  the  points  in  a  beam  where 
the  moment  is  a  maximum  should  never  be  overlooked. 

396.  Equilibrium  polygons.  It  has  just  been  shown  that  both 
bending  moments  and  shearing  stresses  can  be  clearly  represented  by 
diagrams,  formed  by  curves  or  broken  straight  lines.  Another  and  a 
much  more  useful  method  of  showing  at  a  glance  the  bending  moment 
in  a  beam,  arch  or  truss,  is  by  means  of  the  Equilibrium  Polygon, 
explained  in  89  • 

Suppose  we  have  a  system  of  vertical  concentrated  loads,  F,  Fi,  f  2  -  .  • 

F4,  which  are  to   be 
borne  by   a    beam 
resting  on  two  sup- 
ports L  and  X,    Fig. 
884,    (a)    and     (6), 
represents  the  force 
diagram    and    the 
equilibrium   polygon 
complete.     The  mo- 
ment at  any  point  in 
the  beam,    as  Q,  is 
equal  to  the  (tension 
eo)  times  QN\  (its 
arm),    minus    the 
thrust  ao  times  QS  (its 
arm).   But  the  tri- 
angle QNNi  is  similar 
to  the  triangle  EOH, 
in  (6),  hence  tension 
in  eo=  H  sec  6  and 
eo.QNi  =  H.QNi8ecff 
=  H.QN. 
In  like  manner  the  moment  ao.QSi  =  H  sec<^.QSi  =  iI.QS, 

^^"""^  M=H{QN-QS) 

Similarly,  the  moment  at  the  point  T  is 

The  force  H  is  known  as  the  "Horizontal  thrusf*  (or  "tension")  of 
every  link  in  the  chain,  and  its  length  in  the  force  diagram  is  called 
the  *'pole  distance," 


»«.  884 
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The  rational  of  the  above  is  as  follows:  For  the  purpose  of  ascer- 
taining the  stresses  in  the  beam,  we,  in  imagination,  substitute  a  closed 
chain  in  its  place,  having  the  same  loads  and  the  same  supports.  The 
chain  shown  in  Fig.  884  has  five  links  in  tension  and  one  in  compression. 
At  any  point  0,  the  bending  moment  of  the  external  forces  acting  on  the 
beam,  is  balanced  by  the  resisting  moments  of  its  internal  stresses. 
Now  the  moment  of  the  loads  with  reference  to  a  point  is  the  same 
whether  the  loads  act  on  the  beam,  or  at  joints  of  the  chain,  and  the 
balancing  moment  is  easily  found  by  means  of  the  tension  in  the 
lower  link,  and  the  thrusts  in  the  upper  link^  since  the  magnitudes  of 
their  stresses  are  given  in  the  force  diagram. 

Since  both  H  and  y  are  found  graphically,  and  since  the  factor  H  is 
constant  for  a  given  chain,  the  intercepts  on  vertical  lines  multiplied 
by  H  give  the  bending  moments  at  corresponding  points  on  the  beam. 
Thus  the  chain  polygon  becomes  in  effect  the  bending  moment  diagram. 
H  is  given  in  units  of  force  (according  to  the  scale  used  in  the  force 
diagram)  and  y  is  given  in  units  of  length  (according  to  the  scale  used 
for  the  length  of  the  beam). 

In  the  case  of  a  distributed  load,  the  chain  becomes  a  cord  which 
forms  a  curve.  However,  trusses  are  always  loaded  at  joints,  and  even 
a  distributed  load  on  a  beam  may,  without  sensible  harm,  be  assumed 
as  concentrated  at  frequent  points. 

897*  In  subsequent  uses  of  the  equilibrium  polygon,  it  will  be 
convenient  to  transform  it  to  an  equivalent  figure  having  the  closing 
link  horizontal.  Thus,  Fig.  885, 
having  the  polygon  OZCD,  it  is 
evident  that  so  far  as  values  of  y 
and  areas  are  concerned,  the  figure 
OXC'D'  is  equally  representative 
and  more  convenient. 

This   transformation   must    be 
shown  to  be  legitimate.     It  was 

distinctly  stated  that  the  *'pole'^  0,  of  the  force  polygon  could  be  taken 
at  random.  Now,  having  so  taken  it,  we  have  drawn  the  force  poly- 
gon and  found  the  supports  Vi  and  F2.  Let  us  now  assume  a  new  pole, 
so  that  the  line  0'^  is  a  horizontal  line,  and  draw  a  new  equilibrium 
polygon,^  whose  compression  member,  aOj  will  coincide  with  the  axis 
of  the  unbent  beam.  It  0'A=H,  we  have  the  transformed  figure 
given  in  Fig.  385. 

If  now  we  go  one  step  further  and  make  OM  =H=  Unity ,  according 
to  some  convenient  scale,  the  bending  moment  at  Wi  will  be  numerically 
represented  by  the  ordinate  A  'D\  and  our  equilibrium  polygon  becomes 
the  Curve  of  Moments^  due  to  the  given  loads,  as  shown  in  88S  • 
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Before  showing  the  value  of  the  above  discussion,  some  of  the  rela- 
tions between  the  elastic  curve  of  a  bent  beam  and  the  curves  of  its 
derived  equations  must  be  x)ointed  out. 

808«    Derived    equations   and  graphic  relations  between  their 

corves  and  areas.    It  has  been  seen  that  the  elastic  curve  of  a  loaded 

beam  usually  consists  of  one  or  more  curves  of  the  8d  or  4th  order,  the 

ordinates  to  which  are  known  as  Deflections,  which  in  this  book  have 

generally  been  represented  by  z.    The  equation  of  a  single  elastic 

curve  takes  the  form  ^.t      ^/  x  •,% 

Elz^fix)  (1) 

The  quantities  E  (Modulus  of  Elasticity)  and  I  (Moment  of  Inertia) 
are  here  regarded  as  constants. 
The  first-derived  equation  is 

EI  J-  =/'(x) 
dx 

If  the  second  member  is  placed  equal  to  a  new  ordinate  ^i,  we  have 

the  equation  -,>  v  ,^v 

zi^f(x)  (2) 

and  a  curve,  every  ordinate  to  which  represents  £7tan9»  in  which 
tan  0  is  the  slope  of  the  elastic  curve  at  the  point  (x). 
The  second  derived  equation  is 

in  which  M  is  the  Bending  Moment  applied  to  the  beam  at  the  point 

<x).    The  equation  z,^M^W(x)  (S) 

gives  the  Moment  Curve. 

The  third  derived  equation  is 

£/f^=/"(a:)  =  S.  =  a,.  (4) 

dx^ 

in  which  S  is  the  shear  at  the  point  (x).     The  shear  equation,  and  its 
graphical  representative  gives  the  line  or  curve  of  Shear  in  the  beam. 
The  above  statements  are  not  wholly  new  to  the  reader,  but  the  full 
jsignificance  of  the  areas  involved  in  the  drawings  may  be  new. 

899 •  In  studying  a  real  or  imaginery  beam,  we  generally  begin 
with  the  Shear,  or  Bending  Moment  at  the  point  (x),  and  develop  the 
higher  equations  by  integration.  If  we  start  with  the  shear  equation, 
we  multiply  by  dx,  and  integrate,  and  get 


=    I  zzdx=^M^ 


d^z 
EI —  =    I  Z3C?x  =  Jf  =  Area  -4i=2j, 

dx^ 
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since  z^x  is  an  elementary  area  reaching  to  the  line  or  curve  of  Shear. 
So  that  the  ordinate  z%  is  measured  by  an  Area. 

This  relation  between  the  moments  and  the  shear  diagram  was 
found  in  888* 

In  like  manner  when  we  integrate  again  we  get 


EI 


dz        C 


Areata 


of  the  Moment  diagram,  which  area  measures  the  value  of  an  ordinate 
to  the  Curve  of  Slopes. 

Finally  we  integrate  again  and  get 


EIz=^j  zidx^Az^ 


an  area  of  the  slope  dictgram,  which  measures  the  value  of  the  Deflection 
of  the  elastic  curve  of  the  loaded  beam. 

We  thus  see  that  if  the  Shear  diagram  is  correctly  drawn,  the  moment 
at  (x)  is  seen  at  a  glance  from  the  shear  area;  that  if  the  moment  curve 
is  correctly  drawn  we  see  at  a  glance  the  slope  as  measured  by  a  moment 
area;  and  finally,  if  the  slope  curve  is  correctly  drawn,  we  see  at  a 
glance  the  deflection  as  measured  by  an  Area  in  the  slope  diagram. 
This  much  will  now  be  illustrated. 

400.    A  simple  case  will  be  a  cantilever  beam  carrying  a  uniform 
load.    With  axes  as  shown. 
Fig.  886,  the  shear  at  Pi  is 
given  by  the  equation 


EI 


dx* 


The  locus  of  Pi,  the  x)oint 
(x,  Zs)  is  the  straight  line 
CB,  Fig.  (a).  The  shear 
acts  up  and  is  therefore 
negative,  forming  a  right- 
handed  couple  with  the 
weight  tr(Z  —  x). 

Multiplying   by   dx  and 
integrating,  we  have 

dh 


EI 


dx* 


"■"■"T- 


x)dx 


w 


2 
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since  M^O  when  x  =  l,  and  the  area  Ai  is  the  triangle  BPiQ  which 
measures  the  ordinate  Zg  in  Fig.  (6).    The  moment  at  O  is  the  area  of 

the  entire  shear  triangle;  hence  Mq^  — • 
Integrating  again  we  get 

dx  6  6        6 

dx       6 

The  slope  —  is  zero  when  a:  =  0,  hence  X'  =  —  • 
>•    dx  6 

Now  —  =the  area  of  the  entire  spandril  to  the  parabola  BPJ)Ot 

which  is  —  •  BO*  0D»^  and  —  (2— x)' is  the  area  of  the  part  spandril  £QPi; 
3  6 

dz 
hence  EI  —  =2la«=area  of  the  figure  QPJ)0,  the  area  bounded  by 

^      .  .  dz 

the  moment  ordinate  at  (x),  and  the  moment  ordinate  where  T"  =0* 

ax 

Equation  for  Slope  is  represented  by  the  curve  OPzE,  Fig.  (c),  which 
is  a  cubic  parabola;  its  greatest  ordinate  when  a;  =  Z,  is 

Eltandi^  —  =the  entire  moment  area  BDO^  Fig.  (6). 

6 

tan  01  = 

The  angle  0i  is  shown  in  Fig.  (d). 
Integrating  again,  we  have 

»,,  WPX      .        W     ,,  V-  m^m 

6         24 

_  __-  wl^     - 

When  a:  =  0,  z  =  0;  and  K  = »  hence 

24 

which  is  the  equation  of  the  axis  of  the  bent  beam.  Every  ordinate  to 
the  curve  measures  the  deflection  of  the  curve  at  the  point  corresponding 
to  the  ordinate.     The  maximum  deflection  is  found  by  making  x^U 

so  that  wl'  . 

Max.  A  = =the  entire  slope  area  OBE  divided  by  EI, 

SEI 
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4L01.  The  work  done  in  bending  the  beam.  We  can  carry  our 
analysis  one  step  further  by  multiplying  our  deflection  z  by  wdx  and 
integrating.  The  quantity  todx  is  an  element  of  the  distributed  load, 
and  the  product  wzdx  measures  the  Potential  Energy  exerted  by  the  load 
at  that  point  during  the  bending  of  the  beam. 

Hence  d{P.E)  =  wzdx ; 

but  only  one-half  of  this  potential  energy  is  spent  in  bending  the  beam; 
the  other  half  is  spent  in  over-coming  a  yielding  support  which  compels 
the  beam  to  come  to  rest  when  the  support  vanishes.  It  follows  that 
the  work  done  on  the  beam,  or  rather  in  the  beam,  is 


24  24/ 


m^ 


^OEI 

as  will  be  found  in  Chapter  XXIII  by  a  very  different  method. 

402*  Another  relation  of  interest  and  value  between  ordinates 
and  areas  must  not  be  neglected.  The  deflection,  at  the  point  (x),  is 
measured  numerically  not  only  by  the  Slope  Area  Az,  but  by  the  mo- 
ment  of  the  mom^ent  area  A^.  Take  the  equations  of  899  and 
Fig.  886.    The  deflection  at  B  was  found  to  be 

-*«      wl^ 
8EI 

The  total  area  of  the  moment  curve.  Fig.  (5),  was  the  spandril 

BZ)0=  1.(^.0  =  -. 
8     V  2       /         6  ' 

and  its  moment  about  B  is 

WP        8    ,  Wl^  „T         A 

6     4         8 
Again  ,  and  similarly,  the  greatest  slope  at  F,  Fig.  (d)^  is 

6 

which  is  equal  to  the  moment  of  the  thear  triangle  BOC  about  OCi 
Finally,  the  greatest  ordinate  in  the  Work  diagram  (e).  Fig.  886,  is 

2         20 


372 


DIAOBAMS   OF  RELATED   CUBVES 


which  is  equal  to  the  Deflection  Area  OBF,  Fig.  {d)^  and  to  the  moment 
of  the  Slope  Area  OBE^  about  the  line,  BE. 

Similar  propositions  are  true  for  the  Slope,  Deflection  and  Work  at 
the  point  (ar). 

403.     General   proof   of  the   proposition  illustrated  in  the  last 

section.  t   ^         ^/  \ 

Let  z  =/(ar) 

Z2^f{x) 

be  three  consecutive  members  of  a  series  of  derived  equations,  and  let 

their  loci  be  represented  by  curves 
(a),  (5).  (c),  in  Fig.  887. 


r 

2i=     I  Z2dx=' 

»=  I  zidx  = 


Ai 


Now 


I  Zidx=^   I  Aidx 

Jo  Jo 


Fi«.  887 


<< 


Integrating    the   second    member 
by  parts," 


Jzidx  =  A2  —  z  =  AiX"    I  xdAi 
0  Jo 


Hence 


^AiX  —  AiXo 
^^Aiix—Xo). 

z  =  Moment  of  Ai  about  the  ordinate 
22  at  the  point  (x), 

which  proves  the  proposition  used  in  the  last  section. 

404«  A  second  proof.  It  may  be  more  satisfactory  to  the 
student  to  see  the  reasonableness  of 
the  conclusion  just  reached,  and 
accordingly  the  following  proof  is 
given  in  the  case  of  the  Deflection 
of  a  simple  beam  under  a  uniform 
load. 

The  deflection  at  P,  Fig.  388  (a), 
from  the  tangent  at  0  where  it  is 


(b) 


z 

o' 


B 


riff.  886 
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liorizontal,  is  due  to  an  elementary  bending  at  every  point  between  0  and 
^.  Let  x'  be  the  abscissa  of  a  point  between  O  and  P.  The  moment  at 
P'^  is  z%\  and  the  change  of  direction  of  the  tangent  for  dx^  is  dd, 
and  the  deflection  at  due  to  that  dd  at  P'  ia  {x''z')dd;  so  that 

dz=^{x^x')dd 

Now,  — -  =«  tan  0  at  every  point, 
dx 

•  <Pa         d(tanft  ^n  dO 

and  -; — 77-  =■  — ^^ — ; —  'Bsecru —  • 

(dxO*  dx'  dx' 

But  we  are  dealing  with  beams  originally  straight,  and  very  nearly 
straight  when  bent;  hence  the  difference  between  aec^ff  and  unity  is 
negligible;  hence  we  put  sec^^^l,  and  write 

(Pa    «  i? 
(dxy      dx' 

dx'*      EI      EI      dx' 
Zt'dx' 


dd^ 


EI 


So  that  ,       (x^x')zi'dx' 

az^ 

EI 

and  A<BZ  = 

EI 


I-  I  {x-x')zt'dx' 


which  is  the  moment  of  the  moment  area  about  the  ordinate  at  (P). 

This  theorem  is  convenient  if  the  moment  curve  is  already  drawn 
and  the  deflection  is  required.  Take  for  example  the  simple  beam  and 
its  shear  and  moment  diagrams,  shown  in  Fig.  388. 

The  deflection  at  B  from  the  tangent  at  0,  Fig.  (a),  is  equal  to  the 
moment  about  B  of  the  half  parabolic  segment  O'CB^  Fig.  (6). 

We  have  the  area  of  the  half -segment 

Z     o     I       ^P 

8  2        24 

&     I 
The  centroid  of  the  surface  is  distant  horizontally  from  B,  —  •  —  • 

8     2 
Hence  we  have  at  once 

.       wP    51         5wP 


24     16      384£/ 
as  found  in  Chapter  XIX. 
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4  OS.    Related  Problems   for  beams  under  concentrated  loads, 

or  under  a  Distributed  and  one  or  more  Concentrated  Loads. 

1.     A  Cantilever  with  a  single  load  at  the  end.     Let  the  student  draw 
the  shear  and  moment  diagrams  and  show  that 


\2  2      / 


and  that  the  maximum  deflection  is 


SEI 

and  that  the  internal  work  done  by  the  load  in  bending  the  beam  to  a 
state  of  rest  is 


U  = 


eEi 


2.     If  the  cantilever  be  bent  by  a  uniform  load,  show:  (a)  That  the 
moment  area  for  the  center  is  the  spandril  of  a  half  segment  of  a  para- 
bola; (6)  That  the  slope  at  the  end  is 


WP  . 


U  eEi 


»   (c)  that  the  deflection  at  the 


end  is  A  = 


WP 
SEI 


The  student  should  show  in  a  draw- 
ing the  shear  and  the  moment  areas, 
and  use  them  in  arriving  at  the  above 
results. 
3.  A  simple  beam  has  a  concentrated  load  W  at  the  center,  and 
a  uniform  load.     (Fig.  389.) 

Wl 
(a)     The  Moment  at  the  center  due  to  W  is  —  =^0'C. 

4 
The  Tnoment  Area  up  to  D  due  to  FT  is  the  triangle  O'CD'  =  Ai^ 

The  moment  ol  A\  about  an  axis  at  Z>  is 

A\X  — •  —  =  

3    ^        48 

This  is  U/Ai,  the  deflection  of  the  point  D  due  to  the  load  FT,  from 
the  tangent  at  0. 

(6)     The  Moment  at  the  center  due  to  the  uniform  load  is 

wP 


WP 
16 


0'C'-= 


8 


^\ 
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The  moment  Area  up  to  the  point  D  is  the  half  parabolic  segment 
The  Moment  of  the  moment  Area,  about  an  axis  at  D  is 


O'C'D 


.      ^    wP    I 
A%^  —  •  —  •  — 

3      8     2 


^.i.A.^^^^EIA, 
8    £  384 


Hence 


EI    Us 


6wl\ 
384/ 


which  results  agree  with  the  table  875,  if  Z  is  put  for  — 

400.    When  there  are  two  or  more  concentrated  loads.    Let 

a  simple  supported   beam   carry     ^, 

three  concentrated  loads. 
(Fig.  390.) 
The  moment  at  Wi  is 


««=  I  Sdx^ 


ViXi^AieaAi 

The  moment  at  W^  is 
»«'=  \Sdx+  \{Vi-W^)di 

Jo  «/*! 

The  moment  at  Wz  is 


^^^Ai+A%+ 


j(Fi-IFi-jr,)d; 


An  area  below  the  X-axis  is  of  course  negative. 
The  deflections  at  Wi  and  Wi,  by  the  rule  derived  above,  are  as 

Deflection  at  IFi=[Mom.  of  A$  about  Z2]-^£/• 

Ai    xi  _  FiXi* 

As  measured  from  the  tangent  at  Wi, 

Deflection  at  Wi  =  [Mom.  of  A^  and  A^  about  Zt'l-rEI 

Vixi 

-I  X4  — 

S 


I  \         8     /       ""' 


ftEI  \         8     /      iEI 
6EI 


6EI 
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A  careful  exaoiinatioii  of  the  figure  shows  that  the  term meas- 

ures  the  deflection  of  the  point  0  (as  compared  with  the  tangent  at  C) 
dtie  to  the  reaction  Vi;  that  00"=  +A2+A\=ViXi,  and  that  the  moment 


of  the  triangle  OCC  about  CC  is 


eEI 


Moreover  the  negative  term  — — ^  is  the  negative  deflection, 

6jE// 

due  to  the  negative  shear  area  A'i,  and  the  moment  of  the  negdiDe 
area  A7* 

These  results  illustrate  a  very  important  principle  which  must  be 
clearly  stated: 

When  a  straight  beam^  originally  horizonial^  ie  given  a  pariicd  load, 
its  deformation  is  so  small  that  the  addition  of  another  ^partial  load  'pro- 
duces an  additional  deformation  or  stress^  just  as  large  as  it  would  have 
produced  had  the  beam  been  wholly  unloaded. 

Hence  when  there  are  two  or  more  partial  loads  on  a  beam,  we  can 
compute  the  shear,  moment  and  deflection  at  the  point  (x)  for  each 
load  separately,  and  get  the  algebraic  sum  of  the  results. 

For  example:  If  a  cantilever  has  both  a  uniformly  distributed  load 
and  at  the  end  a  concentrated  load,  the  deflection  at  the  end  is 

wl*  ^  Wl* 
SEI  ^  SEI  * 

It  will  of  course  be  noted  that  there  will,  in  the  case  of  a  beam 
supported  at  both  ends,  be  a  component  of  Vi  for  each  partial  load, 
but  every  component  will  have  the  same  co-eflBcient  so  that  they  can 
be  added  at  once  as  in  the  example  above  with  three  loads; 

A  similar  statement  can  be  made  with  reference  to  the  moments  at 
the  fixed  ends  if  there  are  any;  their  action  upon  moments  and  de- 
flections along  the  beam  can  be  represented  separately.  This  must 
be  examined  carefully. 

407.  Take  a  simple  beam  having  moments  at  the  ends,  and  no 
loads. 

For  the  sake  of  generality,  let  the  moments  be  unequal,  and  let  Mi 
have  the  greater  magnitude.  Let  Fi'  and  F2'  be  the  necessary  sup- 
ports, but  let  there  be  no  proper  load  on  the  beam. 

The  moment  at  (x)  is         ,,     ^^  .       ,,  /-\ 

M^ViX  —  Mi  W 
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It  X'^l,  the  moment  Vil—Mi  is  balanced  by  Mt,  hence 

Mi-Mt 


Vx' 


I 


Msi^jt 


Similarly,  when  x  =  0,  the  Moment      ^, 
—  Ml  is  balanced  by  Mt  —  Vx'.l\  hence 

Mt-VJi-Mi~0 

This  is  as  should  have  been  expected^  since  the  greater  moment  Mi 
would  lift  the  end  B  were  it  not  chained  down. 

Substituting  for  Vi'  in  (1)  we  get  the  final  equation  for  moments 

1^      {Mi^Mi)x      ,-.          Mtx      MiCl—z) 
Ja  = : itti=  — 

I  II 

which  shows  that  M  is  always  negative. 

If  Ml  =  if «,  we  see  that  Fi  =  0  =  Fj  and  that  M  is  always  numerically 

equal  to  the  common  value  of  Mi  and  Mt. 

Mi+M 
The  moment  area  is  the  trapezoid •  3?.    Of  course  the  beam 

is  bent  and  the  deflection  at  (x)  from  the  tangent  at  0  is  measured  by 
the  moment  of  the  trapezoid  about  the  ordinate  at  x.    That  is 

^^~(^Mi+Mt). 

If  lfi»  Jfs>  M  is  constant,  and  numerically  equal  to  Mi  and  Mu 
and  the  elastic  curve  of  the  beam  is  the  arc  of  a  circle,  and  the  deflec- 
tion for  the  beam  at  one  end  compared  with  the  tangent  at  the  other 
end  is 


A« 


PM 
2EI 


This  agrees  with  the  algebraic  results  got  by  integration  supposing 
the  tangent  at  one  end  be  taken  as  the  axis  of  X. 

EI  —  =^  Jf  (constant) 

EI—^Mx+0 

dx 

EIz^ hO. 
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If  X  =  Z, 


MP  , 

z  =  »  as  above. 


It  must  not  be  forgotten  that  all  of  these  results  are  true  only  when 
the  bent  beam  is  so  nearly  straight  that  da  is  practically  equal  to  dx. 

408.  The  student  must  not  suppose  that  all  the  uses  of  the 
equilibrium  and  moment  polygons  have  been  illustrated,  as  he  will 
find  if,  after  finishing  this  book,  he  takes  up  the  work  of  Professor 
Turneaure  already  referred  to.  This  discussion  closes  with  a  short 
quotation  from  the  scholarly  Dean. 

^'A  thorough  understanding  of  the  graphical  method  of  analysis  here 
explained  will  often  enable  the  desired  values  of  deflection  or  angular 
change  to  be  written  out  by  inspection.  It  is  a  convenient  method  of 
analysis  for  continuous  girders,  arches  and  many  other  problems 
involving  the  deflection  of  beams." — p.  6,  Part  II.  Statically  Inde- 
terminate  Structures  and  Secondary  Stresses.  Modem  Framed  Struc- 
tures. 

INFLUENCE  LINES. 

400.  It  is  not  the  intention  of  the  author  to  deal  with  the  numer- 
ous and  important  uses  of  Influence  Lines^  in  connection  with  the 
various  effects  produced  by  moving  loads  upon  a  beam  or  truss.  In  a 
book  intended  for  all  students  of  Engineering  and  Architecture,  only  a 
few  definitions  can  be  given  and  illustrated.  A  full  discussion  of  their 
many  uses  belongs  to  that  department  of  civil  engineering  known  as 
Bridge  Engineering. 

Thus  far  in  this  book  graphical  representations  of  shear,  bending 
moments  and  deflections,  have  been  shown  by  an  ordinate,  at  a  point 
on  a  beam,  or  truss,  produced  by  forces  acting  at  other  points;  the 
student  will  recall  shear  diagrams,  moment  diagrams  and  equilibrium 
polygons,  and  the  curves  of  elastic  beams. 

An  influence  line  is  quite  a  different  thing.  It  shows  the  effects  at  a 
certain  fixed  point  of  a  beam  or  truss,  by  a  load  (or  deforming  force) 
occupying  successively  every  possible  point  on  the  structure,  and  this 
effect  is  shown,  not  by  an  ordinate  at  the  fixed  point,  but  by  ordinates 
drawn  successively  thru  the  points  where  the  load  acts.     Suppose  the 

influence  line  is  to  show  the  bending 
moment  at  C  caused  by  a  load  P  moving 
from  B  to  A  along  the  beam  AB, 
Fig.  392. 

Let  the   numerical   value  of  P  at 
the  point  x  be  one  (lb.  or  ton). 
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Then  the  support  at  ^  is  —  P  =  — ,  and  the  moment  at  C  is  M=^  —  •    At  P 

CLX 

drop  an  ordinate  Zi  =  —  •     When  the  load  P  reaches  D,  the  ordinate 

becomes  22  =  —  • 

I 

When  P  reaches  C,  the  ordinate  becomes  zs  =  —  • 

I 

It  is  evident  that  the  ordinates  end  in  a  straight  line  BE  whose 

dX 

equation  is  z=  —  •     After  passing  C,  the  ordinate  Z4  ends  in  a  second 

7 
straight  line  E A,  whose  equation  is  (Z— a:)=z,   which    becomes 

—  x'  =  z,  if  we  let  Z — a  =  a'  and  Z — a:  =  x'.    The  two  straight  lines  which 

contain  BE  and  AE  are  readily  drawn  as  their  respective  intercepts  on 

the  support  lines  are  a  and  a\     The  broken  line  BEA  is  the  infltience 

line  showing  the  moment  at  C  for  a  unit  load  at  every  point  from  jB  to  ^ 

or  from  A  to  B,     If  instead  of  a  unit  load,  the  load  had  W  units,  the 

Wa 
moment  at  C  would  have  been  Mc  =  Wz  =  —  x.     Had   there   been 

two  or  three  moving  loads,  between  B  and  C,  the  moment  at  C  would 
have  been  the  sum  of  the  moments  due  to  the  loads  separately,  thus: 

V 

Had  there  been  loads  between  C  and  Ai,  they  would  have  increased 
the  moment  at  C  by  the  quantity  —  SFTa:'. 

Hence,  generally,       Mc=  -j  SFTx  H —  JlWx\ 

Example, 

Suppose  Z  =  24  feet,  and  a  =  6  feet,  and  a' =  18  ft. 

Let  ^^1  =  600  lbs.,  a:i  =  8  ft.,  whence  Zi  =  2,  WiZi^UOO 

Wi  =  1000,  Xi  =  15,  whence  zj  =  — »  and  IFjSSi  =  3750 

4 

o 
»F4  =  800,  x'a^S  ft.  whence  Z4=  -,  and  IFiZftelSOO 

4 

Mn=^Wz^ 6750  foot  lbs. 
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It  is  a  simple  matter  to  find  by  trial  the  maximum  moment  at  C,  as 
the  three  loads  WiWtW4  pass  over  the  beam.  When  W2  reaches  C, 
W4  is  on  the  support  at  A  and  causes  no  moment,  and  we  have 

Xi  =  11,  and  »i  =  —  »  WiZi « 1650 

4 

a?2«18,  and2a= -»    1^221  =  4500 

£ 

lfe=6150 

Again  suppose  W4  is  at  C,  and  the  distances  between  loads  remain 
as  before.  ^ 

Xi^  5,  «i=~»  WiZi^750 

4 

ar2«12, 22  =  3,  1^232  =  3000 

9 
ar4  =  18,  24=-»  1^424  =  3600 

Jf^s7350,  which  is  clearly  the  maximum. 

With  accurate  drawings  the  value  of  any  2  may  be  measured  with 
sufficient  accuracy. 

410.  An  influence  line  may  represent  the  extreme  fiber  stress 

at  a  fixed  point  as  a  load  or  loads  pass  over  the  beam.    To  take 
the  simplest  case,  suppose  the   beam  to  be  prismatic.    Then,  since 

M=  —9  the  stress  varies  directly  as  Jf . 
c 

That  is  —  =  f  and  hence  p  (at  C)  =  —  •  Wx. 

c  I  II 

If  there  be  several  loads  on  the  same  side  of  the  point  C  (Fig.  332). 

If  a  part  of  the  loads  are  on  the  other  end  of  the  beam 

p(at  C)  =  -  [dS(Wx)+a'^(Wx')] 

in  which  x'  is  measured  from  the  left-hand  support,  and  a'  =  l~a. 

411.  A  continuous  load.     The  use 

of  Influence  Lines  for  the  Moment  at  a  ^ 
fixed  point  (at  P)  due  to  a  continuous  load. 
(Fig.  393).  __ 

Let  w  be  the  intensity    of  the   load 
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per  foot.    AEB  is  the  influence  line  for  a  unit  load  at  the  point  x; 


a 
2?  =  —  a:. 

I 


For  a  load  todx  the  moment  at  P  is  dM  »  —  xdx.    For  the 


ivhole  load 


This  reduces  to 


M—  —  I  xdx^  —  (x%^—xi^) 


in  which  Xq  is  the  distance  of  the  center  of  gravity  from  B^  and  M  is 
the  moment  at  P. 

If  the  load  be  continuous  over  the  entire  span,  integrate  on  the  right 
from  0  to  a\  and  on  the  left  from  0  to  a;  thus: 


Jf(atP)=.^  pdar  +  ^p'dxr 


w 


=  -  [aa'^+a'a^] 


waa 


J 


The  area  of  the  triangle  ABE  is 

area  ABE^  -  •  -r-  =  "T" 

2      I         2 

hence  the  moment  at  P  is  equal  to  the  area  of  the  influence  triangle  for 
P  multiplied  by  the  load  per  linear  unit. 

412.    Influence  line  for  shear.   Fig.  894.   With  a  unit  load  at  x, 
the  shear  at  P  is  the  same  as  the  support  gr 

at  Af  viz.:  —  =  z.     It  increases  uniformly  as  Ap^'^  '•^ 

X  increases.     When  next  to  P  it  becomes 

--•    As   it    passes   P  it   changes  sign    to 

^     a'      a 

1—  y  ""  7 »  and  the  broken  line  BEE' A  is  the  influence  line  of  shear 

at  the  point  P. 
The  shear  at  P  due  to  several  loads  on  the  beam.  Fig.  895  is, 

«•  S(at  P)  ^Wizi+W^-Wszz-W^^. 

418.    Deflection  influence 

lines.    The  deflection  of  a  point 
P  produced  by  a  unit  load  at  any 
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other  point  Q  is  given  for  a  simple  prismatic  beam  and  is  found  by  the 
method  used  in  800  to  be 

^  6EII 

This  is  the  deflection  influence  line 

f'  for  the  point  P  for  a  unit  load. 
''Deflection  influence  lines    are  of 
special  value  in  determining  stresses 
in  redundant  members  and  reactions  of  swing  bridges,  arches,  and 
other  structures  having  redundant  supports."* 


< — 4t—'^*p 


^_,^£ 


mt^ 
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414.  The  distribntion  of  shearing  stress  in  beams.  Thus 
far,  we  have  considered  stresses  on  different  planes  intersecting  at  a 
point  within  a  body  which  was  acted  upon  by  other  bodies,  in  a  region 
of  uniform  stress.  But,  as  we  go  a  finite  distance  from  point  to  point, 
we  find  conditions  are  different  and  the  state  of  stress  is  different. 
Some  of  the  problems  of  varying  internal  stress  are  now  to  be  considered 
and  solved. 

Shearing  stresses  in  beams.    In  the  last  chapter  we  found  that  the 
total  shearing  stress  at  a  right  cross-section  of         ^ 
a  beam  was  equal  to  the  algebraic  sum  of  the 
forces  parallel  to  the  plane  of  section,  acting  O 
on  one  of  the  segments  into  which  the  section 
divides  the  beam. 

Thus,  if  one  portion  of  the  beam  is  acted 
upon  by  the  support  Vu  and  the  loads  Wu  W29  Wzy  the  shearing  stress 
at  the  section  ^jB  is  t7      vwt-      o  /i\ 

We  must  now  find  how  it  is  distributed  over  the  surface  of  the  section. 

Suppose  we  pass  a  hori- 
zontal plane  CD,  cutting 
the  vertical  section  AB. 
Now,  whatever  the  shear- 
ing stress  in  the  plane  AB 
is  at  C,  we  know  by  ( 196) 
that  the  shearing  stress  is 


F     A 


d* 


I 

? 


B 
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(•) 


*  Professor  F.  E.  Tumeaure. 
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the  same  in  the  plane  CD  at  C,  since  the  planes  are  perpendicular. 
So  we  will  first  find  the  shearing  stress  in  the  plane  CD  at  the  point  C 
To  that  end,  we  will  pass  a  third  plane  parallel  to  AB^  distant  dx 
from  it.  The  horizontal  actions  upon  the  block  ACDF  balance*  These 
actions  are:  the  normal  stresses  on  the  faces  ^C  and  FD^  and  the  shear- 
ing stress  on  the  rectangle  CDXCC\    Hence  we  have  the  equation. 

Normal  stress  on  the  face  ^C+Shearing  stress  on  the  face  CD.     (2) 

=  Normal  stress  on  the  face  FD, 

The  normal  stress  on  the  face  ^C  is  found  by  integration.  Let  the 
element  PR^ydz^  Fig.  (b),  be  a  strip  of  the  cross  section.  The  in- 
tensity of  normal  stress  is  aZy  and  the  amount  of  stress  on  the  element 
is  azydz.  To  get  the  total  normal  stress  on  ACC'A'y  we  integrate 
between  the  limits  zx  and  c;  hence 


Normal  stress  on  ACC'A'^  I  ayzdz  —a\  yzdz.  (8) 


When  we  go  to  the  other  face  of  our  cross-sectional  block,  we  find 
a  different  state  of  stress  (arising  from  a  different  bending  moment), 
and  a  has  changed  to  a+da  so  that  our  expression  for  the  normal 
stress  on  FDD'F'  is 

Normal  stress  on  FDD'F'  =  {a+da)  I  yzdz  (4) 


yzdz + da  I  yzdz 


and  our  equation  becomes,  after  canceling  the  integral 


q{CC'Xdx)=-qyidx,  (5> 


in  which  q  is  the  intensity  of  shearing  stress  over  the  horizontal  surface 
yidxt  and  hence  at  C  in  the  vertical  face  AB.    Now  M^al;  hence 

da  » •  and  since  dM  »  Sdx^  we  have 


qyidx  =  -—  I  zydz 


or  *=*"-;  I  ^2/a^  (P) 
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It  may  be  well  to  recall  the  fact  that  the  bending  moment  at  the 
section  AB  (see  Fig*  897)  is  due  to  the  resultant  Fi— 2fF  =  S  acting 
at  some  distance  from  AB.  If  that  distance  be  increased  hy  <Lr»  we 
have  an  increase  in  M  amounting  to  Sdx. 

415.  Maztmnm  intensity  of  shear.  The  general  value  of 
q  at  the  distance  z  from  the  neutral  axis  in  a  rectangular  beam,  is,  since 
y^y^^a  constant,  ^^        ^_^    ^ 

It  is  evident  from  the  last  equation  that  the  integral  is  a  maximum 
when  zi = 0,  and  vanishes  at  the  top,  when  s = c.    Hence 

8  r.       S  c»       Shm      S   8       S  8 

Max  « =s  —  I  ^^^  — ==  — = 

Max.  g»=  —Qo 

where  qo  is  the  average  intensity  of  stress  on  the  face  AB. 

Hence  in  every  beam  the  shearing  stress  is  zero  ai  the  top  and  bottom 
and  a  maximum  at  the  neutral  axis.    In  the  case  of  a  rectangular  beam 

3 

the  maximum  shear  is  —  times  the  average.* 

If  the  intensity  q^  which  really  represents  tan- 

^  ""^v: — *;      gential  stress  on  the  plane  AB^  be  represented  by 

""^v[      ordinates  perpendicular  to  AB,  the  above  equation 

i^    is  the  equation  of  a  parabola,  the  ordinates  to  which 

— ?— i-V  represent  the  intensity  of  shearing  stress  at  points 

^.^{      of  the  section. 

—2,  ^^  Examples.     1.   Given  a  steel  cantilever  beam  20 

feet  long,  £  inches  wide,  and  12  inches  deep.     It 

is  loaded  with  a  continuous  load  of  200  lbs.  per  foot,  including  its  own 

weight.     Find  the  maximum  shearing  stress  in  the  beam. 

2.     Prove  that  the  maximum  intensity  of  the  shearing  stress  in  the 

.4        .       4    S 
cross-section  of  a  solid  cylindrical  beam  is  —qofi.e, • 

416.  Shear  in  an  Z-beam.    If,    instead  of  a  plate  of  uniform 

thickness,  we  had  had  an  I-beam  with  a  web,  10*  Xf*,  in  Ex.  1.  of 

^^^— — ^^ 

*  As  every  stress  has  its  strain  or  deformation,  and  as  there  is  no  vertical 
stresss  and  tJieref ore  no  vertical  strain  at  the  top  and  bottom  of  a  beam,  it  follows 
that  there  is  no  deflection  due  to  shear,  according  to  our  theory  of  persistent  cross- 
section  planes.  But  such  persistent  planes  are  inconsistent  with  the  internal 
deformation  produced  by  shear;  hence  in  the  last  analysis  our  results  must  be 
regarded  as  approximations,  tho  exceedingly  close  ones. 


vie.  see 
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-the  last  section*  and  if  it  be  assumed^  as  is  usually  done»  that  the 
entire  shear  is  distributed  uniformly  over  the  web-section,  the  intensity 
^9vould  have  been  assumed  to  be  1666.7  lbs.  per  sq.  inch. 

If  the  entire  cross-section  of  an    r^ 
J-beam,  or  plate  girder  is  considered. 
Fig*  400,  the  integral  breaks  up  into 
t^wo  (or  more)  parts,  as  follows: 


■A'- 


—  *--. 
Tlc.«00 


^ 


S/h'*      b    h*-h'* 
I\8       b''      8 


iS 


) 


Max.  ff  =  -=-  (b'h'*+bh*-bh'*) 
"     867^ 

The  value  of  I  is 

._  b'h'*+bh*-(Jb-b')h'*  _  9b'h'*+b(h*-h") 


12 


12 


hence 


In  the  case  of  /-Beams  and  Channels  of  large  size,  the  slope  of  the 
flanges  should  be  taken  into  account  in  getting  /•    See  Note  p.  121. 

If  in  accordance  with  usual  practice,  the  web,  b'h\  is  assumed  to  take 
all  the  shear,  the  second  integral  in  (9)  must  be  omitted,  and  I  be 

reduced  to  J  = »  we  then  have 


U 


Mas.  q  = 


8h^ 
8/ 


3 


8        3    S       ,   , 
=  — •  —as  before. 

2    A 


If  it  be  desired  to  see  how  close  this  last  approximation  is,  let  the 
student  take  the  plate  girder  shown  in  Fig.  151. 

Taking  the  web  alone  he  will  have  b'^i  inch,  h' »  60  inches, 
hence  ^1  =  52}  sq.  inch,  and 


Max.  q 


105 


•  jS  »  jS  0.029  for  the  web  alone. 


The  average  shear  for  the  web  is 


8 


8 


Vh'      iX60 


=  S  0.0197. 


It  will  be  suflSciently  exact  to  consider  each  angle  as  equivalent  to 
an  additional  plate,  so  that  each  flange  shall  be  held  to  consist  of  a 
solid  rectangle  W^slSY.  the  value  of  h  remaining  66^*^. 
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The  rest  of  the  work  is  purely  numerical  if  one  uses  the  formulas 
given  above.* 

417*  The  shearing  stress  is  usually  so  small  that  unless  the  web 
is  very  thin»  it  may  be  neglected  in  the  case  of  iron  and  steel,  in 
which  the  shearing  strength  is  about  equal  to  the  tensile  strength. 
In  9pme  woods,  the  shearing  strength  in  planes  parallel  with  the  grain 
is  very  low,  and  should  rarely  be  trusted. 

The  thrust  of  a  strut  or  rafter,  connected  with  a  horizontal  timber 

near  its  end,  Fig.  401,  should  not  be  left 

to  the  uncertain  shearing  strength  of 

the  planes  AB^  cd  and  ef.    A  chance 

split  or  check  may  render  the  pushing 

out  of  the  block,  cfA,  an  easy  matter. 

'«  The  pin  P,  or  better  still,  the  bolt  K 

should  always  be  added.  (See  Fig.  401.) 

The    dangerous    character   of   posts 

^  made   by    nailing   together    pieces   of 

d  joice  will  be  pointed  out  later  when  we 

are  discussing  long  columns;  such  posts 

lack  shearing  strength  and  stiffness. 

When  beams  are  supported  at  the  ends,  the  total  shear  near  the 

support  is  equal  to  the  supporting  force;  i.  6.,  jS  =  F.     The  webs  of 

some  beams  need  re-inforcing  at  such  points. 

418.  The  Modalus  of  Shearing  Stress.  Before  one  can  under- 
stand what  is  meant  by  "allowable"  shearing  stress,  and  the  "elastic 
limit"  as  applied  to  shear,  he  must  see  clearly  how  the  deformation  pro- 
duced by  shearing  stress  may  be  measured,  and  what  is  meant  by  the 
Modulus  of  Shearing  Stress. 

While  measurements  are  most 
readily  made  by  twisting  a  cylin- 
drical shaft,  of  known  length  and 
radius,  the  exact  meaning  of  the 
Modulus  can  best  be  seen  from  an 
ideal  test  such  as  may  now  be  des- 
cribed. 

Fig.  402  represents  two  eye-bars,  AB  and  CD,  rectangular  in  cross- 


I 
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Fig.  401 


B 


m 


^ 


^ 


]A 


a'  a^o'e" 


■^ 


Flff.  409 


^Sr^ 


*  **In  plate  iron  [steel]  girders  generally,  it  is  sufficiently  accurate  for  prac- 
tical purposes  to  consider  the  whole  bending  moment  M  at  any  vertical  section  as 
borne  by  the  upper  and  lower  ribs,  flanges  or  plates;  and  the  whole  shearing 
stress  S  by  the  veriical  web;  and  also  to  consider  the  resistance  of  each  of  the 
horizontal  ribs  as  concentrated  at  the  centre  of  gravity  of  its  section. "  (Rankiner 
Applied  Mechanics,  p.  867.) 


THE   MODULUS   OF    SHEARING    STRESS  387 

sectioiiy  free  to  slide  parallel  to  each  other  in  slots  of  a  rigid  frame. 
Between  the  bars  there  is  a  block  of  steel  which,  by  some  process,  is  so 
thoroly  brazed  or  welded  to  the  eye-bars  that  the  union  of  the  bars 
and  the  block  is  perfect. 

Now  suppose  tension  is  applied  at  B  and  D  as  indicated  by  the  arrows. 
The  block  is  at  once  deformed;  theedges  aa^  and  cc'are  no  longer  perpen- 
dicular to  the  bars;  there  is  a  displacement  a' a",  which,  by  delicate 
instruments,  may  be  measured.  It  is  found  that  the  displacement  or 
distortion  a' a"  varies  as  the  tension  T  varies,  and  that  it  is  proportional 
to  T.  If  the  tension,  per  square  inch  of  the  face  oc,  is  not  excessive, 
the  block  recovers  its  original  shape  when  the  tension  is  taken  off. 

Up  to  a  certain  point,  known  as  the  Elastic  Limit  the  displacement 
is  proportional  to  the  intensity  of  the  shearing  stress,  which  is 

5=  r-5-area  face  ac 

Since  aa'  is  constant  for  different  values  of  T,  the  displacements 
vary  as  does  the  values  of  tan  $;  that  is 

gi  _  tan  0i 
92      tan  Oi 

With  an  ideal  case  where  the  elasticity  is  sufficiently  near  perfect, 
we  may  suppose  that  gs  is  great  enough  to  make  a'a"  =aa\  so  that 
tan^2  =  I9  the  stress  qt  then  takes  a  new  letter  and  a  new  name;  it  is 
written  Eg  and  is  called  the  Modulus  of  Shearing  Stress  for  the  material 
of  the  block. 

The  above  proportion  then  becomes 

q  _  tan^ 

q^Eg  tan  0 
Eg=^qcoiO 

The  angle  0  is  readily  measured  on  the  surface  of  a  twisted  cylinder. 
The  value  of  Eg  (sometimes  called  the  Coefficient  of  Rigidity)  varies 
for  steel  from  .9,000,000  lbs.  per  sq.  inch  to  12,000,000  lbs. 

The  Elastic  Limit  of  Shearing  Stress. 

Although  the  strength  of  steel  in  resisting  a  destructive  shear  is 
very  great,  its  elastic  limit  is  low.  When  under  test  the  block  or  shaft 
faib  to  recover  its  original  shape  if  relieved,  the  elastic  limit  is 
reached,  and  yet,  tho  the  shaft  may  have  taken  a  permanent  twist, 
it  may  be  as  strong  as  ever,  and  elastic  as  before. 
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The  elcLstic  limit  for  steel  is  put  in  the  vicinity  of  4>000  lbs.  per  sq. 
inch,  beyond  which,  as  a  working  stress,  q  shovld  not  go. 

410.  The  distribution  of  shearing  stress  in  a  shaft.  Suppose 
a  shaft  is  transmitting  energy  from  a  pulley  or  gear  wheel  at  one  end 
to  a  pulley  or  gear  wheel  at  the  other  end  without  loss  due  to  friction, 
or  outside  resistance.  Let  M  be  the  driving  moment  at  one  end  and 
also  the  resisting  moment  at  the  other  end.    See  Fig.  403. 

The  moment  M  is  the  same  at  every  cross-section.    If  two  sections 

are  taken  at  A  and  B,  distant  dx, 
the  disk,  dx  in  thickness,  is  acted 
upon  by  both  segments  of  the 
shaft.  No.  1  is  turning  it  to  the 
left  by  shearing  stress  distributed 
over  the  entire  surface  of  the 
circle  at  A.  No.  ^  is  resisting  the 
turning  by  shearing  stress  over  the 
entire  surface  of  the  circle  at  B. 

The  driving  moment  has  the 
same  magnitude  as  the  resisting 
moment,  hence  there  is  no  change  in  the  angular  velocity  of  the  disk.  The 
effect  of  the  shear  upon  the  longitudinal  jSbers  in  the  disk  is  to  deform 
them,  as  compared  with  their  positions  when  the  shaft  was  trans- 
mitting no  moment.  Under  stress  the  jSbers  are  no  longer  parallel  to 
the  axis.  In  fact,  the  shaft  is  twisted,  not  only  in  the  disk  AB,  but 
thruout,  and  every  jSber  is  a  part  of  an  helix,  the  steepness  of  which 
depends  upon  its  distance  from  the  axis. 

If  AAo  and  BBo  were  two  parallel  radii  when  the  shaft  was  not  in 
action,  they  show  a  relative  angular  displacement  when  the  shaft  is  in 
action,  and  if  BBq  be  projected  upon  the  plane  of  AAq  we  have  an 
elementary  angle  d0  =  AAoB\  The  strain  of  the  jSbers  (and  therefore 
the  shearing  stress)  is  proportional  to  their  distance  from  the  axis 
of  the  shaft.  If  a  be  the  intensity  of  the  stress  at  a  unit's  distance  from 
the  axis,  the  intensity  at  the  distance  p  is  ap,  which  is  the  same  at 
all  points  of  an  elementary  ring  dp  in  width.  The  shearing  stress  on 
the  surface  of  that  ring  is  (ap)  (^npdp)  =  %7raf^dp,  and  the  moment  of 
that  stress  about  the  axis  is  (p)  ^irapHp,  so  that  dM  =  ^nap^dp, 

and  .  ,,^      .if  ,  V 

lf=  |dJf=^^.a.  (1) 


=  I  dM  =  —  •  a. 


So  that  the  moment  of  twisting  stress  in  a  cylindrical  shaft  is 


Jf  = 


a^al^ 


.^ 
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in  which  7p  is  the  "polar  moment  of  inertia/'  and  a  is  the  intensity  of 
stress  at  distance  unity  from  the  axis,  or  the  rate  of  the  varying  stress. 
The  intensity  of  stress  at  the  surface  is  ar. 

If  9  sar  be  the  greatest  working  stress  allowed  for  the  material,  then 


M 


7rr* 


is  the  limiting  moment  the  shaft  can  transmit;  or  it  is  the  measure  of 
its  strength. 

Had  the  shaft  been  a  thick  cylinder,  the  moment  would  have  been 


420«    The  economy  of  hoDow  shafting.    Let  us 

compare  the  strength  of  a  solid  shaft  with  the 
strength  of  a  hollow  shaft  with  an  external  diameter 
n  times  as  great,  but  with  the  sams  net  amount  of 
material,  using  the  same  value  of  9.  Fig.  404.  Let 
X  be  the  internal  radius  of  the  tube. 

Let  Ml  be  the  twisting  strength  of  the  solid  shaft: 

Jfx  =  :^.  (1) 


rur.404 


Let  If 2  be  the  twisting  strength  of  the  hollow  shaft: 

7r(nV  —  X*)     q 

nr 


Mi-- 


i' 


Since 


and 


7rr*  =  7r(nV— a:^) 
«»  =  (n*-l)r» 
nV*-x*  =  «nV-r*=r*(2n*-l) 

M2=:^(in ]q; 

Mt^  gn'-l 

Ml 


(2) 


n 


=  2n 

n 


which  means,  that  the  hollow  shaft,  tho  having  the  same  material 
(and  weight)  as  the  solid  one,  is times  as  strong;  that  is. 


n 


if  n  ==  2,  it  is  3}  times  as  strong, 
if  n  =  3,  it  is  51  times  as  strong, 
if  n  =  4,  it  is  7f  times  as  strong, 
if  n  ==  10,  it  is  nearly  20  times  as  strong,  and  so  on. 
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The  great  economy  of  hollow  shafting  is  not  so  remarkable  as  its 
superior  stiffness. 

42  !•  The  angle  of  torsion.  It  was  seen  above,  when  we  con- 
sidered the  jSbers  of  the  thin  disk  with  faces  AAq  and  BBq,  Fig.  403, 
that  when  in  action  under  stress  there  was  a  deformation  more  or  less 
of  all  the  fibers,  and  a  relative  angular  displacement  between  the 
two  faces,  which  we  called  dd,  an  element  of  the  Angle  of  Torsion. 
Now,  if  the  angle  of  torsion  was  dO^  the  actual  displacement  of  the 
fibers  on  the  surface  was  rd0f  where  the  shearing  stress  was  q.  By 
the  law  of  proportion  for  elastic  material 

q  _  rdO 

E^'^  dx 

in  which  dx  was  the  original  length  of  the  material,  and  E^  is  the 

Modvlus  of  Shearing  Stress.     From  the  last  equation,  we  get,  if  2  be  the 

length  of  the  shaft, 

dx 


which  is  the  Angle  of  Torsion  for  the  length  Z  of  a  solid  shaft. 

Let  us  now  compare  the  stiffness  of  a  hollow  shaft  with  that  of  a 
solid  shaft  of  the  same  weight,  if  the  exterior  radius  of  the  tube  is  n 
times  that  of  the  solid  cylinder,  the  twisting  moment  being  the  same. 

The  Stiffness  of  a  shaft  is  inversely  as  the  angle  of  torsion,  and 

1       E  r 
hence  is  measured  by  ^  =  —^  •     It  thus  appears  that  the  stiffness  is 

u        ql 

proportional  to  r  so  long  as  the  extreme  fiber  stress  is  the  same.     If 

then  the  radius  is  made  nr,  it  will  be  n  times  as  stiff,  even  tho  the 

twisting  moment  is times  as  great.    If  only  an  equal  momsnt 

n 

is  to  be  transmitted  thru  the  tubular  shaft,  the  fiber  stress  qg  will  be 
— - —  which  is  found  by  making  M\  =  M^.     If  this  be  substituted  for 

5,  and  nr  be  put  for  r  in  (3),  we  have  0^  for  the  angle  of  torsion  of  a 
hollow  shaft;  hence  the  ratio  of  the  stiffness  of  the  tube  to  that  of  the 
solid  shaft,  while  transmitting  the  same  moment: — 

1  Ejr 


Stiffness  of  Tube  02  ql         ^  •     , 


Stiffness  of  Solid  Cylinder       1        E^nr 


(4) 


or  an  actual  stiffness  is  2n^ — 1  times  as  great    If  n  »  3,  2n*  - 1 » 17. 
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Every  shaft  when  in  action  springs  more  or  less,  and  if  such  springing 
is  considerable,  it  is  dangerous.  Should  a  gear,  tooth  break,  or  a  belt  snap- 
the  resilience  (or  jumping  back)  might  do  great  harm.  The  stiffness 
of  a  shaft,  if  it  be  a  long  one,  may  be  of  more  importance  than  the 
strength. 

422.  The  relation  of  the  modulus  of  shearing  stress  to  that  of 
tensOe  stress.  Not  only  is  the  definition  of  E^  closely  analogous  to 
that  of  the  Modulus  of  tensile  and  compressive  stress,  but  E^  is 
related  to  E^  in  another  way  which  is  worth  considering. 

It  was  said  above  that  every  jSber  in  a  shaft,  which  is  longitudinal 
when  the  shaft  is  idle,  becomes  a  helix  when  the  shaft  is  in  action*  Take 
a  fiber  on  the  surface  of  a  cylindrical  shaft  which  we  will  assume  is 
perfectly  elastic  without  limit,  and  suppose  that,  while  I  and  r  are 
constant,  the  twist  reaches  so  great  a  deformation  that  the  slope  of 
the  helix  is  45^,  so  that  for  a  length  U  the  deformation  is  also  {.  If  the 
surface  of  the  shaft  showing  the  deformed  fiber  be 
developed,  it  will  appear  as  in  figure  405. 

Every  rectangular  solid  fiber   has  been   stretched 
diagonally  by  the  two  equal  shears,  until  its  length, 

which  was  Z,  is  now  Vi8,  or  it  has  been  stretched  0.414  L 
Now  £J^  would  stretch  the  same  fiber  I;  hence  E^^E^ 
0.414. 

If  £t««9,000,000  lbs.  (per  sq.  inch),  £,=  1«,000,000 
lbs.=*=  which  is  a  fair  approximation  to  the  value  of  E^  as  found  in 
other  ways. 

Having  now  a  value  of  Eg,  the  value  of  6  can  be  found  in  a  practi- 
cal example. 

428.  Problem.  We  are  required  to  design  a  steel  shaft  which 
is  to  transmit  240  H-P  while  making  180  revolutions  per  minute. 
The  shearing  stress  must  not  exceed  4,000  lbs.  per  square  inch,  and  the 
spring  of  the  shaft  which  is  24  feet  long  must  not  exceed  5^.  The 
shaft  may  be  a  tube  with  the  material  one-half  an  inch  thick.  Required 
X,  the  external  radius. 

The  data,  put  into  algebraic  form,  are: 

I »  24  feet  =  288  inches. 
g=or  <  4,000  lbs. 

0=5^  OT  less. 

R.  P.  M.  =  180.     (Rev.  per  Min.)  =  N, 

H-P  =  240. 

If  X  =  external  radius,  x — J  =  xi,  inner  radius. 
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The  definition  of  Horse  Power  was  given  on  page  i298;  and  on 
page  808  it  was  shown  that  the  work  done  by  a  moment  M  (or  the 
resistance  offered)  in  one  revolution  of  a  shaft  was  Sirlf,  Hence  in 
N  revolutions  per  min.»  the  work  done  per  min«  is  9mMN^  The 
number  of  Horse  Power  is  therefore 

33,000* 

'°^  if  =5:???i2o?  foot-lbs. 

If  inch-pounds  is  wanted  we  multiply  by  IS,  and  substitute  for 

H-P,  and  iV,  and  make  7r=  — >  and  get  the 

7 

Tvnsting  Moment  if  ==84,000  inch-lbs. 
The  twisting  moment  is 

M  =  84,000  inch-pounds. 
The  formula  M  =  — ^^ • gives 

2  X 

TT  V        2/  2  2       16 

147       14       7X14      ^  •     3      .   1         1 


11         TT  22  2         2       16a: 

Dropping  for  the  present  the  term which  is  very  small,  we  have 

16a: 

,     3         283 
x^ x=  — 

4  44 


-iw 


283  ,     9 
+ 


44        64 
x  =  2.94  nearly. 

2a:  =  5.88. 

Probably  the  nearest  value  in  the  market  is  2a:  =  6  inches. 

Let  us  now  see  what  the  diameter  must  be  if  the  angle  of  torsion  is 

limited  to  5°.     The  formula  is  ^=  —  • 

Here  we  must  bear  in  mind  that  the  limiting  factor  may  be  0y  not  g, 
and  it  is  quite  possible  that  in  order  to  have  a  shaft  which  is  stiff  enough. 
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we  may  be  forced  to  use  a  shaft  unnecessarily  strong,  in  which  case^ 

as  if  is  still  the  same,  the  extreme  fiber  stress  is  less  than  q.    Accord* 

iHgly,  we  will  eliminate  the  uncertain  fiber  stress  by  substituting  the 

a       E  0 
Talue  of  —  8=  — ^  in  the  equation  for  the  moment. 

We  find  the  value  of  the  arc  (unit  radius)  of  5®  by  the  equation' 

(arcof^^)=— ^0=  ^^'"^'^ 


180  7(180) 


Hence  arc  of  5®  =  —  = 


36      126 

Hence  a.-fx-  ^U  »4>000X576  X7  X  Igg  ^^^  ^ 

V    .    2/  22X12(10)«X11 

2x«--x«+-- 1=14.5 
2  2       16 

a:«--««+- =14.44. 
4  4 

This  cubic  equation  gives  us  no  trouble,  for  if  we  try  a?  =  3  inches^ 

we  see  that  it  is  much  too  large  to  satisfy  the  equation.     Hence  we  see 

that  the  external  diameter  of  a  shaft  of  the  requisite  stiffnessy  need  be 

X0E 
only  about  5§  inches.     But  it  is  clearly  not  strong  enough,  for  g= 

is  X. (3,637)  which  is  far  beyond  4,000. 

Hence  we  see  that  the  dominating  feature  in  the  specifications  ia 
the  value  of  9,  which  must  not  exceed  4,000  lbs. 

Accordingly,  the  external  diameter  must  be  6  inches,  and  the  internal 
diameter  5  inches. 

Example  1.  Kent*  says:  **A  10-inch  hollow  shaft  with  an  internal 
diameter  of  5  inches,  weighs  25  per  cent  less  than  a  solid  10-inch  shaft, 
but  its  strength  is  only  6J  per  cent  less."  Let  the  student  check  these 
figures. 

Ex.  2.  Problem.  The  shaft  of  a  steam  turbine  makes  600  Rev.  per 
Min.,  and  transmits  1800  H-F.  The  shaft  is  hollow  with  an  inner 
diameter  of  six  inches.  If  q  is  limited  to  4,000  lbs.,  what  is  the  external 
diameter?     What  the  angle  of  torsion  if  Z  =  120  feet? 


*  See  Mechanical  Engineers'  Pocket  Book.     P.  1109. 
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424.  The  hollow  shaft  of  the  U.  S.  Battleship  Delaware.    Fig.  406. 

The  steel  shaft  has 
an  exterior  diameter 
of  IT}*^,  and  an  in- 
terior diameter  of 
11  inches.  It  is  118^ 
feet  long,  is  driven 
with  a  maximum  of 
130  R.  P.  M..  and 

transmits  when  under  full  speed  12,500  H-P.* 

The  Thrust  Block  of  this  shaft  is  shown  in  Fig.  340,  Chapter  XVIII. 

The  student  may  calculate  the  value  of  q,  the  maximum  shearing 
stress,  and  the  total  angle  of  torsion  $. 

425.  The  torsion  balance,  or  the  rotating  pendulum.  We  saw 
from  the  formula  in  428« 

that  the  angle  of  torsion  is  proportional  to  the  twisting  moment  for  a 
given  shaft  or  wire.  This  relation  holds,  however,  only  when  the  shear- 
ing stress  q  is  within  the  elastic  limit  which  must  be  determined  by 
experiments. 

Suppose  a  vertical  steel  wire,  or  slender  rod,  has  its  upper  end  firmly 
fixed  in  a  rigid  support,  and  its  lower  end  securely  attached  to  a  solid 
body  having  the  axis  of  the  rod  as  an  axis  of  symmetry. 

If  now  the  suspended  body  be  turned  by  an  external  couple  so  as 
to  twist  the  rod  thru  the  angle  0^  without  otherwise  disturbing  it,  and 
then  be  released,  the  moment  at  the  upper  end  acting  thru  the  elastic 
material  in  the  rod  will  turn  the  body  with  an  increasing  angular 
velocity  until  the  twist  is  reduced  to  zero.  From  that  point,  the  energy 
stored  in  the  revolving  body  will  twist  the  rod  in  the  opposite  direction 
against  a  resisting  moment  at  the  upper  end  of  the  rod,  until  the  angular 
velocity  is  reduced  to  zero,  and  the  angle  of  torsion  is  again  6.  The 
instant  it  stops,  if  free  from  the  influence  of  external  forces,  it  starts  back 
again  just  as  it  started  forward  when  first  released.  The  weight  of  the 
body  (t.  e.9  the  pull  of  gravity)  has  no  influence  upon  its  motion,  and 
if  no  energy  is  lost  thru  friction  and  heat,  the  body  will  continue  to 
rotate  back  and  forth  like  a  swinging  pendulum.  In  fact,  it  is  a  rotating 
pendulum,  the  energy  being  stored  alternately  in  the  twisted  rod,  and 


*  The  author  is  indebted  for  these  data  to  the  courtesy  of  Mr.  H.  I.  Gone, 
Eng^neer-in-Chlef ,  U.  S.  N.  Bureau  of  Steam  Engineerings:. 
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in  the  rotating  solid.  (In  the  case  of  a  swinging  pendulum,  the  energy 
was  stored  alternately  in  a  higher  position  of  the  swinging  body,  and 
in  the  body  itself  when  it  was  at  its  lowest  point.) 

If  when  first  twisted  the  rod  is  held  so  that  both  6  and  the  magnitude 
of  the  moment  of  the  twisting  couple  can  be  measured  on  a  graduated 
scale,  the  apparatus  becomes  a  balance  by  which  bodies  can  be  weighed. 
A  Torsion  Balancey  with  a  graduated  scale  on  a  dial  is  easily  constructed 
and  no  illustration  is  necessary. 

426.  The  analysis  of  the  rotating  pendulum,  or  "'balance  wheel" 
is  as  follows: 

Let  CO  be  the  fixed  position  of  a  radius  of  the  suspended  body  when 
at  rest  with  no  twist  in  the  vertical  rod  C  Let  CA 
be  the  position  of  CO  after  the  initial  twist,  the 
angle  being  ^i.  Let  CP  be  the  position  of  the  same 
radius  t  seconds  after  the  body  has  been  released. 
The  angle  of  torsion  is  now  d,  and  the  unbalanced 
moment  now  acting  is 

M^^B  (1) 

in  which  Ip  is  the  polar  moment  of  Inertia  of  a  cross-section  of  the  rod. 

The  angular  velocity  is  now  a>,  and  its  angular  acceleration  —  =  a  is 

M     .         .  * 

by  (XV)  a=  — ,   in  which  Z©  means  the  moment  of  Inertia  of  the 

suspended  body^  with  reference  to  the  axis  of  the  rod.  As  the  entire 
coefficient  of  0  in  the  formula  (1)  is  determined  from  known  values  of 

EJ 

Eg  and  the  dimensions  of  the  rod,  we  designate  — ^-^  as   A;,  so  that  we 

^^^^  M^k0.  (2) 

k9 
and  the  value  of  a»  —  •     [It  must  be  remembered  that  Ip  refers  to 

the  twisted  rod  or  wire,  while  7©  refers  to  the  body  it  suspends.] 
Using  the  well-known  equation  (odw^add, 

we  have  cwdco  =  —  {—dO). 

The  negative  sign  is  given  dd  since  0  decreases  as  t  increases.  In- 
tegrating between  the  limits  shown 

Jo  ^^Joi  %         lo       ^ 
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The  angular  velocity,  a>,  is  zero,  when  ^  =  ±^i,  hence  the  radius  OA  moves 
to  0A\ 

Since  01  =  — >    we  have 
dt 


If  we  integrate  from  the  start  to  the  first  stop,  we  shall  have  the 
t!me  of  one  oscillation,  hence 

lcJ<  =  «i  =  ^-'(-arcsin^    =^\]f 

which  shows  that  the  time  occupied  in  rotating  from  OA  toO^',ir-J—  » 

which  is  one  oscillation,  is  independent  of  the  initial  angle  6.  Hence, 
as  a  pendulum,  it  is  isochromyua^  the  time  being  independent  of  the 
amplitude  dx. 

This  agrees  with  the  straight  pendulum  and  the  cycloidal  pendulum 
discussed  in  XIV.     It  may  properly  be  called  harmonic  oscillation.* 

The  suspended  body  may  be  a  disk  of  uniform  thickness,  a  plain 
solid  circular  cylinder,  or  a  compound  of  a  cylinder  and  two  solids  of 
revolution.  In  the  case  of  an  irregular  body,  its  J©  can  be  found 
experimentally  with  considerable  accuracy  by  the  use  of  the  formula 
just  found:-  ^^^, 

in  which  EJ^,  and  I  refer  only  to  the  wire  and  rod  used,  and  U  is  found 
by  counting  the  oscillations  made  in  a  definite  time.  If  the  time  be 
several  minutes  and  the  oscillations  be  slow,  1%  may  be  found  with 
great  accuracy.     If  it  oscillates  800  times  in  24  minutes  and  44  seconds, 

i\= =1.855.     For  geometrical  solids,  the  values  of  /« 

800 

may  be  found  by   means  of  the  Table  on  p.  223. 

Example.     Let    Z  =  24^  £,=  12,000,000,   7= —  =  — =^  in    which 

2  32 

Z)  =  2r=  (0.125)^  so  that  Jfc=  ^lMgg^QOO)^(Q-l^^)\     Let  /J,  the  radius 

(32)  (24) 

*  In  calculating  the  value  of  /p,  no  account  was  taken  of  the  mass  of  the  tiny 
suspension  rod  which  was  assumed  to  be  relatively  unimportant;  first,  because  the 
rod  itself  was  assumed  to  be  very  small,  and  secondly,  because  its  share  in  the 
final  Ip  would  have  been  still  less  worthy  of  counting. 
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of  a  disk  =  4";  the  thickness,  (1.5)*';  tr,  the  weight  per  cubic  inch  = , 

W              mH^  17x8 

g  =  32.2,  m  =  — »  In— =  8m. 

g  ^ 

Find  ti. 

427.  The  combination  of  stresses  in  a  shaft  dne  to  bending  and 
torsion.  A  shaft,  projecting  as  a  cantilever  beyond  a  bearing, 
may  have  upon  its  outer  end  a  crank,  or  a  pulley  with  either  gears  or  a 
belt.  In  every  such  case  the  shaft  is  both  bent  and  twisted  at  the 
bearing.  The  amount  of  bending  and  twisting  is  not  now  taken  into 
account,  beyond  saying  that  the  amount  is  small  and  does  not  sensibly 
affect  the  stresses  we  are  considering.  In  the  case  of  a  crank.  Fig.  408, 
both  bending  and  twisting  moments  are  at  their  greatest  when  the 
connecting  rod  has  its  greatest  obliquity,  )8(Fig.  409),  (with  full  steam 
pressure),  which  is  when  the  center  line  of  the  rod  is  tangent  to  the 
crank  circle. 

In  the  case  of  the  crank.  Figs.  408  and  409,  the  moment  of  torsion  is 

Mt=^ApR  sec  /3 

in  which  A  isT  the  area  of  the  face  of  the  piston,  p  the  effective  steam 
pressure  (eliminating  friction).  The  bending  moment  at  the  effective 
edge  of  the  bearing  of  the  shaft  is 

Mi^^Pl^Apl  sec fi 

in  which  I  is  the  extension  of  the  center  of  the  crank  pin  beyond  the 
[  I     edge  of  the  bearing  of  the  shaft. 


c 


I 

•r 1* 


lig.  406  ^^ / 

For  the  belt  pulley  Mt  =  (Ti-T2)R  in  which  R  must  include  half 
the  thickness  of  the  belt,  and  if  ^  —{Ti+  T^U  if  the  belt  plies  are  parallel. 
If  they  are  not  parallelthe  residtant  tension  is  easily  found. 

For  the  gear-wheel,  Mt  =  Ppi  in  which  P  is  the  thrust  of  teeth,  and 
R  is  the  perpendicular  from  the  line  of  action  of  teeth  to  the  center  of 
shaft  under  examination.  For  the  line  of  thrust  see  Fig.  322.  The 
magnitudes  of  these  factors  are  hard  to  determine  in  practice  since  the 
ideal  direction  found  from  an  assumption  of  teeth  perfect  in  shape 
and  smoothness,  is  modified  by  both  imperfect  form  and  friction.  Hav- 
ing found  the  two  moments,  let  us  consider  the  internal  stress  at  a  point 
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where  the  tensile  stress  produced  by  the  bending,  and  the  sheering  stress 
produced  by  the  torsion  are  both  at  their  maximum;  viz.,  on  the  sur- 
face of  the  shaft  at  a  point  on  the  cir- 
cumference of  the  circle  distant  I  from  the 
plane  of  the  twisting  couple.     Fig.  411. 

Let  ABhea,  cross-section  of  the  shaft  at 
the  bearing,  and  let  the  intersection  of  the 
lines  AB  and  CD  be  the  point  where  the 
material  is  in  greatest  tension,  due  to 
bending. 

The  shearing  stress  near  the  circumference  of  AB  has  the  maximum 
value  which  is  the  same  over  the  entire  surface  of  the  shaft.  The 
intensity  of  the  tensile  stress  is  found  from  the  bending  moment 


. '- ''! 

,j 

c      i 

J    V 

w 

(- 

\ 

ng.  411 

A 

^   ^  TTpy     .     ^    _  43f6 


4 
And  Pi  is  found  from  the  torque 


P»  = 


irr 


Ml  =  -^—  .  .   9  = 


(1) 


Now  consider  a  longitudinal  section  CD  of  the  shaft.  There 
is  no  normal  stress  on  CD.  The  shearing  stress  along  the  line  CD  is 
of  the  same  intensity  as  on  the  face  AB:  that  is  qi^Pf 

We  have  now  the  stresses  on  two  planes  perpendicular  to  each   other* 
hence  we  find   the  principal  stresses  by  208 
both  graphically  and  algebraically. 

The  construction  is  shown  in  Fig.  412;  OR' 
is  the  stress  on  CD  of  the  last  figure;  ORisthe 
resultant  of  p^  and  pt  on  the  surface  AB;  the 
maximum  stress  is 

Pj,==OM+MR^ON 


+ 


-rr-rS  L.  -J 


irr 
2 
TTr 

? 
irr^ 


(2) 
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The  values  of  M^^  the  bending  moment,  and  of  Mf,  the  twisting 
moment,  have  already  been  given. 

This  formula  (i)  suffices  for  jSnding  the  value  of  r ,  the  radius  of 
the  shaft,  when  for  px  ^  put  the  limiting  working  stress  allowed  for 
that  material. 


CHAPTER  XXII. 

Beams  of  Uniform  Strength. 

428*  The  thoughtful  student  must  have  seen  that  a  prismatic 
beam,  loaded  and  supported  as  the  beams  thus  far  discussed  have  been 
loaded,  has  contained  a  large  amount  of  material  that  was  not  needed 
under  the  conditions  named.  From  end  to  end  the  beam  was  strong 
enough  to  stand  the  maximum  bending  moment,  tho  that  strength 
was  needed  at  only  one  (or  two)  points.  It  would  seem  to  be  the  part 
of  economy  to  design  the  beam  at  every  point  just  strong  enough  to 
sustain  the  bending  moment  at  that  point.  The  result  would  be  a 
tapering  beam,  like  the  trunk  of  a  tree,  like  a  jSshing  rod,  like  the 
mast  and  spars  of  a  ship,  the  blade  of  a  knife,  a  flagstaff,  etc.  Such 
modifications  are  countless  in  nature,  and  in  primitive  constructions 
by  untaught  men.  Of  late  years  in  all  large  constructions,  similar 
modifications  are  made  by  engineers  and  architects.  Nevertheless, 
the  use  of  machinery,  in  the  formation  of  prismatic  bars  of  steel  and 
pieces  of  lumber,  make  such  forms  cheaper  than  tapering  forms  with 
less  material,  so  that  economy  of  labor  often  overbalances  economy 
of  material  in  simple  constructions. 

The  phrase  **uniform  strength'*  is  used  "technically";  that  is,  the 
meaning  differs  from  that  ordinarily  conveyed  by  the  words.  The 
technical  meaning  is,  equal  liability  to  break  at  all  points;  in  other  words, 
the  extreme  fiber  stress  is  the  same  at  every  cross-section.  If  pi  be  the 
extreme  fiber  stress,  and  c  its  distance  from  the  neutral  axis  of  a  section, 
we  have  the  familiar  formula  for  the  (arithmetical)  equality  of  bending 
moment,  and  the  moment  of  internal  stress: 

c  I 

Now  if  pi  is  to  be  constant  at  all  sections  while  M  varies,  the  quantity 

—  must  vary  with  3f .     Suppose  all  cross-sections  of  a  beam  are  rect- 
c 
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&&'  bh* 

angles,  6A,  so  that  /  =  — »  and  If  =  —  t>i  If  bh^  is  to  vary  with  M 

as  we  go  from  point  to  point,  that  variation  can  be  affected  by : 

Keeping  b  constant  while  h  varies; 
Letting  h  be  constant  while  b  varies; 
By  having  both  h  and  b  vary. 

420.  Case  1.  CantUever  beam  of 
'uniform  strength";  Rectangular  sec- 
tions b,  constant;   load  at  the  end. 
h        Fig.  413. 


it. 


c  = 


k2 


Jf,:=?E^^'=    ?l^"=|r(Z-x)..-.    A««— (Z^X) 


6W 


h    U 


6 


Pib 


(1) 


This  gives  the  required  value  of  A  for  every  section  a:,  and  if  A  is 
measured  up  (or  down)  from  OX  we  have  the  outline  of  the  beam. 

The  curve  CB  is  a  parabola.  The  factors  Z,  x,  h  and  b  must  have  the 
same  unit  of  length,  and  pi  and  W  the  same  unit  of  force.  The  un- 
loaded beam  may  have  a  horizontal  top  or  a  horizontal  bottom,  as 
desired,  or  the  ordinate  may  be  made  equally  up  and  down,  the  out- 
line is  still  a  parabola. 

The  deflection  of  the  cantilever  of  "uniform  strength"  with  con- 
stant width,  under  a  concentrated  load  at  the  end  is  found  as  follows: — 

As  I  is  no  longer  constant  the  equation  we  start  with  is 


£,  —  =  —  =a=  — 
dx*       I  h 


(2) 


The  quantity  p\  is  the  extreme  fiber  stress  which  is  constant,  and  h  is 
found  from  the  equation  already  derived  above. 


Hence 


Integrating  we  have 


E 


dz 


«Px^^,.  {l-x)-^ 


QW 


4:=-^We^-(^-^^*+^ 


(8) 


(4) 


Ez 


3^  AISJF 


(6) 
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Letting  a;  =  0  in  (4)  we  have 

Putting  X  =  0  in  (5)  we  have 

K 


--Iv^lyl 


pibl 


6W 


and  putting  x^l  in  (5)  we  have  the  deflection  at  J?» 


E\         yQW      9        y  QWf 


A  = 


E 

4}>iZ    \P\hl 


>l 


9E  X6JF 


(6) 


If  ho  is  the  depth  of  the  beam  at  the  support,  we  have 


-V 


%Wl 


pib 
the  deflection  becomes 


»  hence 


and  since  Wl  =  — ^  /, 


Of 


SEho      SEIo 


(7) 


The  deflection  of  a  prismatic  cantilever  beam  with  a  cross  section 

WP 
bho,  loaded  as  above,  was  found  to  be  -      -  • 

SEI 
It  thus  appears  that  the  reduced  beam  havin'^  the  same  base  as  the 
prismatic  beam,  the  same 
length,  and  the  same  load, 
deflects  twice  as  much.  We 
may  therefore  say  that,  com- 
pared with  the  prismatic 
beam:  the  beam  of  ''uniform 
strength,"  tho  just  as  strong  is 
only  half  as  stiff. 

480.  Case  2.  Uniform 
strength  and  constant  depth. 
Here  we  have  a  differently 
shaped  beam.     In  this  case  we  have  for  the  section  at  A^ 

6 


Jf  =  fF(Z-x) 


hence 


6= (Z  — x)...(a  straight  line) 

Pih^ 


(1) 
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which  shows  that  b  is  proportional  to  (i  — «),  and  that  60= •   The 

wedge-shaped  beam  is  shown  in  Fig.  2.  P*^ 

The  deflection  is  readily  found  since  is  —  =  — constant,  and  we  have 
the  four  equations:  /7»        a 

dx^        h 
dx         h 
h 


._piP_  Wl* 
Eh      9,EI^ 


(2) 


Cantilevers  of  Uniform  Strength  Compared  with  a  Pris- 

MATic  Beam. 

481.    A  comparison  of  these  three  beams,  having  equal  bases  at 
support,  and   equal   lengths    and    loads,  is  full  of  suggestion.       The 

student  must  not  forget,  however^ 
that  the  beams  are  ideally  perfect 
in  form  and  quality,  but  without 
weight,  and  that  no  account  is  made 
of  shearing  stress,  not  even  on  the 
end  of  No.  S.     (Fig.  415) 

In  real  beams  the  slight  addi- 
tion of  material  in  the  body  of  the 
beams  and  on  the  ends  of  No.  2 
and  S,  do  not  sensibly  affect  the 
deflections  or  pi.  The  stress  px  is 
/^  the  safe  working  stress^  not  the 
breaking  stress. 
Remarks : — 

(a)  Under  the  same  load  W  they 
are  equally  strong. 

(b)  The  volume  (and  hence  the 
weight)  of  No.  £  is  two  thirds  that  of  No.  1. 

(c)  The  volume  of  No.  3  is  one  half  of  No.  1. 

(d)  The  deflection  of  No.  2  is  twice  as  great  as  the  deflection  of  No.  1, 


Fig.  410 


(e)     The  deflection  of  No.  3  is  —  a*  great  as  No,  1. 

2 


A   CUBIC   PARABOLOID 


40S 


(f)    The  total  shear,  F,  is  ^  at  all  sections  in  all  the  beams,  iand 
hence  is  excessive  on  the  knife  edge 
of  No.  3;  hence  it  should  be  tenon- 
shape,  not  a  sharp  edge. 

482.    Both  A  and  6  vary.    A 

beam  of  uniform  strength  may 
have  square  or  circular  cross-sec- 
tions. We  will  discuss  the  latter. 
Fig.  416.  The  length  is  Z,  the  load 
at  the  end  is  Wy  and  the  section 
at  ^  is  a  circle.   Let  h  ^  2r.   Then 


Fiff.  416 


~W(l~x)^aI~?l^  =  ?^ 


M='W(l~x)^aI 


r     4 


hence 


r»=— (J-x) 


(10) 


which  is  the  equation  of  a  cubic  parabola,  and  the  beam  is  a  "cubic 
paraboloid  of  revolution." 


To  find  its  deflection  we  have 

dx*       I  r         /^W\i 

-^(^fp-c-.)'] 


Since 


pi(i^)  •  ii-^) 


lix+-(l-x)i 
5 


5EIn 


-i 


(11) 


Let  the  student  compare  this  deflection  with  that  of  a  solid  cylinder 
with  the  same  base,  length,  and  load. 
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Fls.  417 


488«     The  student  should  beware  the  notion  that  an  approximate 

beam  of  "uniform 
strength"  and  constant 
breadth  can  be  made  by 
superposing  joists  or 
sheets  of  steel  plates  as 
shown  in  the  figure,  bolted 
tightly  together  at  A 
only.  Fig.  417. 
Prismatic  elements  thus  placed  together  do  not  form  a  united  beam, 
but  a  series  of  nearly  independent  beams  of  differing  lengths.  There 
is  no  legitimate  horizontal  shear,  except  that  which  arises  from 
friction  as  they  bend,  and  friction  is  too  uncertain  and  too  small  to 
be  counted  upon.  If  a  load  were  hung  at  the  end,  all  would  bend, 
and  there  would  be  sliding  at  every  surface  of  contact.  It  is  well 
worth  while  for  the  class  to  build  in  the  laboratory  such  a  combination 
of  boards  with  planed  surfaces.  Bolt  them  together  securely  at  A, 
and  draw  several  vertical  lines  on  the  side  at  different  points,  as  shown 
in  the  figure;  then  place  a  reasonable  heavy  load  at  B  and  note  the 
deflection  and  the  breaking  of  the.  lines  originally  vertical.  Then 
remove  the  load  and  rebuild  the  combination  by  spiking  the  pieces 
together  ihoroly  one  by  one;  then  apply  the  same  load  and  note  the 
deflection  and  the  deformation. 

434.  Cantilever 
beams  of  ''uniform 
strength"  under  uni- 
form loadSy  com- 
pared with  a  pris- 
matic beam  with 
same  base,  length 
and  load.     Fig.  418. 

Maximum  fiber 
stress  the  same  in  all. 

No.  1,  prism; 
No.  2,  plane  wedge; 
No.  3,  wedge  with 
parabolic  sides. 

Volume  of  No.  1  =  (6W)  =  V. 


No.  1 


Volumeof  No.  2=-(6W). 

2 


Volume  of  No.  3  = 


-(6«), 
3 


Deflection  of  No.  1 


Ai  = 


_  1  PiP 


2  Eh 
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Deflection  of  No.  2  A,  =  ?^  =  4Ai 

Eh 

Deflection  of  No.  S  A,  =  ^'  =  2Ai  =  -  A, 

Eh  2 

The  student  should  check  the  above  results. 

485*  A  beaatiful  example  of  beams  of  uniform  strength  but  mini- 
mum weight  is  found  in  the  spars  of  a  sailing  vessel.  In  a  square- 
rigged  vessel,  the  bending  force  may  come  from  any  direction;  so  like 
a  flagstaff  the  cross-sections  must  be  circular,  and  they  must  taper 
much  like  the  cantilever  in  Fig.  416.  The  actual  proportions  of  ships 
spars  are  probably  the  result  of  experience,  not  of  mathematical 
theory.  In  this  case,  as  in  hundreds  of  others,  correct  theory  always 
confirms  the  best  practice. 

486.    It  is  so  in  natural  forms. 

Nature  builds  cantilevers  of  "uniform  strength"  in  the  shape  of 
tapering  trunks  of  trees,  which  are  solid,  and  in  bamboo  poles  and 

wheat  straws  which  are  hollow.     The  wind  ^s— ^ 

blows  from  any  horizontal    direction,    so  c'P'^Jl"^^  C^^-^ 

the  cross-sections  are  circles   or  rings,   of  '^^'-ils^^ 
varying  radii.     If,   like  a  palm  or  a  tall        fj^S 


fl 


0 

> 


southern  pine,  the  load  is  concentrated  (P^ 

(that  is,  if  the  foliage  which  catches  the 

wind  is  bunched)  at  the  top,  it  is  a  canti  ^,^      ^^ 

lever  with  a  load  at  the  end.     Fig.  419.  yl^            /   \v 

If  W  is  the  total  force  of  the  wind  (in  lbs.),  ^^^-"^"^^^^   -^>/vOS^^ 

and  h  the  distance  from  the  ground  to  the 

center   of  wind   pressure,    the   bending    moment   at    any   height    is 

M  =  W{h  —  z).     The  value  of  /  for  a  radius  xis  Ig= >  and  a  is  —  • 

4  z 

Hence  M  =  al=  ?^  ^W(h-z) 


and  x*  = 


4 

4W(h-z) 


which  is  the  equation  of  a  cubic  parabola  with  the  vertex  at  the  top 

of  the  tree.  , 

4Wh 
Hence  the  eflFective  radius  at  the  base  is  JR  =  -^1 >  in  which  pi  is 


the  fiber  stress  just  under  the  bark,  on  the  assumption  that  the  internal 
stress  varies  uniformly  (that  is,  that  E  is  constant  for  all  radii).  So 
much  for  the  ideal  tree.     Actual  measurements  show  a  fair  approxima- 
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lion  on  the  part  of  real  trees  to  the  ideal  form  of  a  cubic-paraboloid  of 
revolution. 

If  the  tree  stands  alone  on  the  level  plane,  it  is  more  often  shrouded 
with  foliage  nearly  to  the  ground,  so  that  it  approximates  a  cantilever 
with  a  uniform  load,  and  the  trunk  tapers  more  rapidly,  in  accord 
with  theory,  which  is,  that  it  approaches  a  common  parabola  in  out 
line. 


«*=^^(A-«) 


In  the  case  of  a  growing  bamboo,  we  see  an  economic  cantilever 
of  "uniform  strength"  in  the  shape  of  a  conoidal  tube. 

437.  A  simple  beam  of  uniform  strength  under  a  varying 
load.  Loads  in  actual  practice  are  rarely  uniformly  distributed,  but 
in  designing  a  beam  or  girder,  a  certain  possible  (tho  improbable) 
maximum  load  must  be  assumed  and  the  beam  or  girder  must  carrj' 

■t- — ---_ ^     it  with  safety,  not  merely  once,  but  inde- 

B  finitely.  The  weight  of  the  girder  itself 
I  is  a  part  of  the  load,  and  tho  its  final 
^-^  I  dimensions  (and  weight)  are  matters  to 
be  found,  the  design  must  surely  cover  the 
assumed  weight.  It  will  be  instructive  to  consider  first  a  simple  solid 
beam  with  end  supports,  uniform  widthy  but  varying  height  so  adjusted 
that  under  a  uniform  loady  the  extreme  fiber  stress  will  be  the  same  at 
all  cross-sections.  Fig.  420  shows  the  beam,  and  the  load  is  assumed. 
The  moment  at  ^  is 

x^        h^         P 


Pib      Sw      4pib 
which  is  the  equation  of  an  ellipse  having  the  semi-axes 

/  1   t       /3w?  \*  I 

—9  and  ho  =  I  —  I  —  • 

2  \pib/   2 

438.  1.  If  the  maximum  load  is  fixed  at  the  center,  the  bound- 
ing outline  will  consist  of  two  intersecting  parabolas,  each  similar  to 
Fig.  413,  with  the  cantilever  inverted.  The  student  can  for  himself 
see  why  this  is  so. 

2.  If  a  concentrated  load  W  rolls  across  a  simple  beam,  show  that, 
if  the  extreme  fiber  stress  at  the  section  where  the  load  is,  is  to  be 
always  the  same,  the  outline  must  be  a  semi-ellipse  whose  semi-axes 

I       ,     \SWl 
are  -  and-^  • 

^         ^2bp 
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489.  Steel  girders  of  nniform  strength.  Built-up  Girders  for 
Bridges  conform  closely  to  the  requirements  for  uniform  strength. 
The  girder  shown  jn  Fig.  HI  is  a  fine  example  of  a  good  design.  Th« 
photograph  shows  it  as  it  is  being  lifted  from  railway  cars  to  its  masonry 
supports.  The  girder  as  here  shown  is  lOI  feet  long  from  the  anchor 
bolt  at  the  west  end  to  the  center  of  the  group  of  eight  rollers  at  the 
east  end.  The  depth  is  uniformly  9  ft.  8  inch.  The  web  plates  are 
I09J  inches  wide  and  }  inch  thick,  excepting  the  end  plates  which  are 


Fte.  4SL    StMl  Glrdar  of  "Dnlfonn  Stnurtli",  on  ChootMn  Anna*.  Bt.  Looli. 

A  of  an  inch  thick  for  the  purpose  of  taking  the  maximum  of  shear 
which,  as  has  beeu  seen,  occurs  at  the  ends. 

The  flanges  are  built  of  plates  20  iaches  wide  and  }  inch  thick,  with 
two  heavy  angles  for  each,  the  entire  length.  At  the  center  of  the  span 
extending  over  a  length  of  46  feet  6  inches  there  are  five  plates  each 
I  inch  thick.  The  number  of  plates  falls  off  towards  the  ends  to  4,  thea 
to  3,  and  then  to  2  at  the  edge  of  the  second  panel.  In  the  upper 
flange,  which  withstands  compression,  the  two  plates  extend  to  the 
end  of  the  girder.  In  the  lower  flange,  which  withstands  tension. 
The  number  of  plates  is  reduced  to  one  in  the  first  panel.  A  close 
examination  of  the  photograph  will  reveal  some  of  these  details,  tho 
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the  thoro  riveting  of  plates  and  angles  is  only  partially  visible.  The 
girder  is  designed  to  carry  a  working  load  (that  is,  the  maximum 
**livey**  and  the  maximum  **d6ad,**  load  gimuUaneoudp  of  ^  tons  per 
lineal  foot.* 

440.    Providing    for   the  horizontal  shear.     The  importance  of 
providing  for  the  shear  so  that  two  or  more  superposed  joice  or  plates 

x->v  p        ,  may  act  as  a  unit,  and  not  as 

I  I 
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individual  members,  is  readily 
seen, if  several  dry,  planed 
boards  are  placed  and  loaded, 
as  shown  in  the  figure,  and 
the  deflection  noted.  Then  bolt  or  nail  the  boards  together,  using 
washers  and  nuts  well  set  up,  or  stiff  cut  nails,  and  repeat  the  load- 
ing and  note  the  stiffness.  If  the  inner  surfaces  are  lubricated  (with 
tallow,  or  thick  grease  of  any  sort)  the  difference  will  be  more  marked. 
If  equal  loads  are  placed  at  Pi  and  P2,  and  the  central  weight  be 
omitted,  no  nailing  between  Pi  and  P2  is  necessary  to  make  it  stiff. 
Why  is  this? 

Continuous  Girders. 

441*  The  Thorem  of  Three  Moments  for  prismatic  beams  under 
uniform  loads  for  each  span.  Altho  the  spans  may  be  of  different 
lengths,  and  have  loads  ^  ^r, 

of  different  intensity, 
the  girder  is  con- 
tinuous with  a  constant 
moment  of  inertia.  This 
theorem  establishes  an 
important  relation  between  the  three  consecutive  J/o's.  The  pier  tops 
are  on  the  same  level.  Si  and  S2  are  not  the  supports  Vi  and  Fa,  but 
they  are  the  shears  acting  on  the  girders  AB  and  BC  respectively. 

For  the  girder  AB  we  have 


(1) 


EI 


=  M^  =  S,x-Mx- 


WiX^ 

~2~ 


(2) 


dx  %  6 


+H 


(3) 


£/z  =  Si-- 
6 


Jl/,x' 


+Fx+(A'  =  0) 


*  The  author  is  indebted  to  Mr.  J.  C.  Travilla,  Street  Commissioner  of  the  City 
of  St.  Louis,  for  the  photograph  and  a  set  of  blue  prints  of  the  details. 
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In  (l)  when  x^lu  we  have 


2 
This  moment  is  balanced  by  Mt,  hence 

2 
(4)  S. J^  +  -f 

In  (S)  a=«zero  when  x^lu  hence 


24  e  24        6  24 

Proceeding  in  exactly  the  same  way  for  the  span  BC,  remembering 
that  the  action  of  Mt  on  it  is  left-handed,  while  the  action  of  Mt  is 
right-handed,    we    have: 

(6)  £/^=lf,=Stf:-3/,-^ 

dxi  2 

(7)  EI—  =S,-  -  Jfjx-  ^  +D 

dx         i  6 

(8)  jE/8-S,-  -  -^  -  —  +Dx+iO  =  0) 

6  2  24 

/n\  o      Mi  —  MtWth 

(9)  s,^ T^  +  T 

(10)  Z>=^(23f,+Jf3)-'^'''' 


6  24 

But  tKe  slope  of  AB  at  B  as  given  by  (2)  when  x^h,  is  the  same  as 
the  slope  of  BC  as  given  by  (7)  when  a:  =  0. 
Hence  ,2  , , 

(11)  S  A  -  3f  Ji  -  -'^i-  +  H  =  Z). 

2  6 

Substituting  for  Si  from  (4),  H  from  (5),  and  D  from(lO);  we  have 
the  equation  required : 

(12)  Mih+2M2{li+k)+M2k=  ~  (wih^+w^') 

4 

which  is  known  as  "The  Theorem  of  Three  Moments." 
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CoBOLLABT  I.    If  there  are  but  two  spans  and  the  ends  at  A  and  C 
are  notfixed^  then  Mi^O=^M%  and 

Mt^ • 

Moments,  Slopes  and  Deflections  can  now  be  found  at  will. 

CoROLLART  II.     If   the   ends   are   fixed,  there  are  two  additional 

dz 
equations  between  constants  obtained  from  the  facts  that  — r  =  0  for 

dx 
a:  =  o  in  Eq.  (2),  and  for  ar  =  i2  in  Eq.  (7).     Those  two  new  equations 
will  suffice  for  finding  all  the  moments. 

Corollary  III.  If  there  are  three  spans,  with  the  end  moments 
zero,  we  have  two  moments  to  find.  Applying  our  general  formula  to 
Mu  Mi  and  Ms,  and  again  to  3/2,  if  s  and  M4,  we  have  two  equations 
for  finding  Jf 2  and  if 3. 

Corollary  IV.  If  there  are  n  spans  with  the  ends  free  on  the  first 
and  last  supports,  there  will  be  n—  1  groups  of  three  consecutive  M% 
which  will  suffice  for  a  complete  solution. 

Corollary  V.  If  the  three  piers  of  a  girder  continuous  over  two 
spans  are  found  after  erection  to  be  out  of  level,  let  a  line  touching 
the  first  and  second  piers  be  assumed  to  be  horizontal,  and  let  the 
measured  deflection  of  No.  3,  +  or  — ,  be  entered  as  the  value  of  z  in 
Eq.  (8)  when  x^k'  This  will  give  an  additional  constant  term  in  the 
value  of  D,  but  equations  (2),  (3),  (5),  and  (6)  will  suffice  for  finding 
all  the  constants  including  M2, 

Remarks.  A  formula  for  Three  Moments  with  concentrated  loads 
can  be  derived  by  the  methods  already  used,  and  also  for  piers  out  of 
levely  but  they  are  seldom  necessary.  Continuous  girders  are  rarely 
used  if  foundations  are  liable  to  settle. 

The  student  who  has  thoroughly  mastered  Chapters  XIX»  XX, 
and  XXI  is  well  prepared  to  take  up  an  advanced  work  on  "Framed 
Structures"  dealing  with  Bridge  Trusses,  Arches  and  Steel  Buildings. 

442«  Re-enforced  concrete.  When  steel  rods  are  combined 
with  concrete  in  beams,  columns,  etc.,  the  steel  is  so  placed  and  designed 
as  to  take  all  the  tension  when  there  is  any,  leaving  the  concrete  to 
take  only  compression.  The  reason  is  obvious,  for  while  concrete  has 
tensile  strength  when  sound,  and  is  elastic  within  narrow  limits,  its 
elastic  limit  is  very  low,  and  its  soundness  cannot  be  taken  for  granted. 
Accordingly  its  tensile  strength  is  ignored  in  the  best  practice. 

Steel  and  concrete  in  beams.  The  following  example  illustrates 
the  way  in  which  problems  may  arise,  and  the  method  of  solving  them. 


RE-BNFOBCED    CONCRETE 


411 


The  steel  rods  (corrugated,  twisted,  on  smooth,  round  or  rectangular) 
are  imbedded  in  the  concrete,  near  the  surface  along  the  tensile  side  of 
the  beam.     The  arrangement  is  fairly  shown  in  the  figure. 

It  is  assumed  that  the  concrete  above  the  neutral  axis  is  subjected 
to  compressive  stress  varying  uniformly  to 
the  surface  where  it  is  /..  The  steel  bars  or 
rods  are  supposed  to  have  uniform  stress, 
whose  intensity  is/^  Whatever  may  be  the 
condition  of  the  concrete  on  the  steel  side  of 
the  neutral  axis,  it  is  assumed  to  have  no  tensile 
stress,  but  has  sufficient  shearing  strength. 

The  position  of  the  neutral  axis,  which  generally  is  not  in  the  middle 
of  the  section,  is  found  from  two  conditions: — 

1.  The  algebraic  sum  of  the  normal  stresses  is  zero. 

2.  A  plane  cross-section  under  no  stress  remains  a  plane  when  the 
beam  is  under  stress. 

Let  A  be  the  total  steel  area.     The  first  condition  gives  the  equation. 


^ J. ^ 

Xi 

T                   T 

i        >- 
1        • 

/ 

1        1 

■               1 

M ^ -■ 

^» 

ng.  494 

X. 

fsA  =  -fcVib 


(1) 


E, 


Hence 


(2) 


The  second  condition  requires  that  the  unit  strain  in  the  outer  layer 
of  concrete  is  to  the  unit  strain  in  the  steel,  as  yi  is  to  y^.  Let  E^  be 
the  modulus  of  Elasticity  of  the  concrete;  then  the  unit  strain  in  the 

extreme  fiber  is  Xi  =  ^f  •    Similarly  the  unit  strain  in  the  steel  is  Xa  =  —  • 

^     yt    f»  E^ 

Let  yi+y%=d; 

E. 

-f^n; 

Ec 
A 

bd     ^ 

and  yi==lcd; 

then  y^  =  (1  —  k)d. 

Combining  (1),  (2)  and  (3)  and  solving  for  k,  we  have 


(8) 


A;=  ^^pn(pny^pn 


(4) 


SO  that  yi  and  y2  are  known  if  d  is  known. 

The  Moment  of  Resistance  is  equal  to  the  moment  of  one  of  the  two 
forces  given  in  (1),  multiplied  by  the  lever-arm,  which  is  the  distance 
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from  the  center  of  the  steel  area»  to  the  ^'center  of  action"  of  the  con- 

Crete;  that  is,  2^2 H — yu     Hence  we  have 

S 

Moment  of  Resistance  =»  -4/,  /  ^2  +  -  y  1  j  =  -fMi  ( 2/2  +  -  y  1 )  =  if .      (5) 

In  which  M  is  the  bending  moment  of  external  forces. 

Let  2/2+-yi  =  (i(l--)=id*  (6) 

From  (3),  (5)  and  (6)  we  get  the  useful  formulas: 

M 


/.= 


Je 


pjbcP 


1 


jkbd 

A      1    / 


(7) 


fc 

The  numerical  value  of  n  is  quite  generally  taken  as  15. 

In  good  practice  /,  rarely  exceeds  15000  lbs.  per  square  inch;  and 
f^  is  generally  not  greater  than  640  lbs. 

In  shallow  beams  or  slabs  h  is  generally  one  inch  greater  than  d; 
that  is: 

For  deep  girders  ^  ^  ^ 


In  the  case  of  beams  or  slabs  continuous  over  several  supports,  the 
larger  portion  of  steel  rods  may  also  be  continuous,  shifting  from  the 

c       B       c c c    bottom  at  A  to  the  top 

y  N^  y  i      near  the  point   of    " 


no 


A 
Tig.  426 


moment"  (for  uniform 
load)  with  a  single  small 
bar  along  the  bottom  by 
A  and  extending  beyond  C  and  C;  and  a  larger  straight  rod  along  the 
top  by  By  also  extending  beyond  C  on  each  side.  The  extensions 
provide  for  live  loads,  which  change  the  positions  of  C  and  C,  and 
give  opportunity  for  greater  resistance  at  J5. 

In  the  case  of  deep  girders,  the  re-enforcing  bars  are  sometimes  bent 
as  shown  in  Fig.  (426)  and  woven  into  a  quite  rigid  shape  by  a  net 

*  The  special  nomenclature  used  in  this  section  is  that  recommended  by  a  Joint 
Ck>mmittee  of  American  Engineers. 
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■work  made  of  small  and  comparatively  flexible  rod  or  wire,  ready- 
to  be  lifted  into  its  place  in  a  temporary  box  or  mould  and  flooded  with 
concrete. 

448.  Retaining  walls  and  columns.  When  steel  is  used  in 
foundation  and  retaining  walls,  the  bars  or  rods  are  so  placed  as  to 
resist  by  tension  a  tendency  to  bend  thru  the  action  of 
lateral  pressures.  In  the  case  of  a  cylindrical  column 
the  bars  are  placed  as  shown  jn  Fig.  427.  As  the 
degree  of  rigidity  of  steel  is  about  15  times  as  great 
as  that  of  the  concrete,  under  a  well-centered  uniform 
load,  the  steel  is  sustained  laterally  by  the  concrete, 
and  supports  a  load  per  sq.  inch,  about  fifteen  times  "'' 

as  much  as  the  concrete.  It  is  only  under  very  eccentric  loads,  and 
excessive  lateral  forces  that  the  tensile  strength  of  the  steel  is  needed. 
It  is  customary  to  surround  the  bars  of  steel  in  a  column  by  a  helical 
coil  of  slender  steel  rod,  the  helix  having  a  small  pitch.  This 
rod  is  continuous  from  bottom  to  top  of  the  column  and  is  rigidly 
fastened  at  each  end.  While  this  coil  of  steel  adds  nothing  directly 
to  the  strength  of  the  column,  it  adds  much  to  the  strength  and 
safety  of  the  column  by  supporting  the  bars  and  by  restraining  the  con- 
crete against  a  tendency  to  expand  laterally,  and  to  crack  longitudinally 
under  heavy  pressure.  It  is  thus  clear  that  the  pitch  of  the  coil  should 
be  small,  and  that  the  rod  should  have  sufficient  strength  to  prevent 
visible  expansion  and  surface  cracking. 

Extensive  experiments  upon  columns  thus  re>enforced  and  restrained 
have  been  made  with  various  grades  of  concrete  and  various  propor- 
tions of  steel. 

The  formulas  in  use  are  largely  emperical,  and  the  reader  is  referred 
to  the  Reports  of  Tests  by  Engineers,  and  the  Hand  Books  of 
Specialists. 

CHAPTER  XXIII. 
Work  in  a  Bent  Beau.    Doctbinb  of  Least  Work. 
Deforuation.     Dibplacbments. 
444.    Re^ence.    Reference  has  been  made  to  the  danger  aris- 
ing from  the  backward  spring  or  jump  called  Resilience,  of  a  twisted 
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shaft  when  the  resisting  moment  is  suddenly  removed.  This  back- 
action  is  due  to  the  Energy  stored  in  the  shaft,  as  Clergy  is  always 
stored  in  elongated,  compressed  or  twisted  elastic  material.  If  the 
deformation  is  within  the  limit  of  perfect  elasticity*  the  stored  energy 
is  measured  by  the  work  done  by  the  external  force  (or  forces)  which 
caused  the  deformation.  A  bent  beam  may  be  deformed  by  an  exter- 
nal force  of  gradually  increasing  intensity.  It  takes  time  for  an 
external  force  to  stretch  or  compress  a  rod,  or  bend  a  beam;  and  for  a 
couple  to  twist  a  shaft  or  rod.  Henoe,  there  is  motion,  acceleration 
and  velocity;  but  if  the  force  is  applied  so  slowly  that  no  sensible 
(measurable)  momentum  or  kinetic  energy  is  produced,  then  the 
work  done  by  the  deforming  force  is  measured  by  the  distance  the  point 
of  action  has  moved  midtiplied  by  one-half  the  final  magnitude  of  the 
force. 

Suppose  a  flexible  cantilever  is  bent  by  the  vertical  pressure  of  one's 
finger.     The  pressure  starts  from  zero.     The  least  touch  causes  the 

beam  to  start.  As  the  pres- 
sure increases  the  deflection 
increases.'  When  the  pressure 
reaches  the  magnitude  P,   the 
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deflection   becomes  A~ 

P. 


PP 
SEI 


see  (875).     The  average  value  of  the  pressure  is  —5    hence    the 

"work  done,"  or  the  energy  stored  in  the  beam  (due  to  the  bending) 

IS  —  .  A  . 

2 


Hence 


C7  = 


F'P 
6EI 


This  is  the  measure  of  the  Resilience.  If  now  the  finger  be  suddenly 
removed,  the  beam  will  fly  back,  and  if  it  meets  with  small  resistance, 
it  may  attain  a  high  velocity.  If  it  encounters  the  inertia  (or  mass) 
of  a  small  body,  like  a  marble,  which  may  be  substituted  for  the  finger, 
it  may  throw  it  high  in  the  air. 

445  •  It  may  be  interesting  to  consider,  for  a  moment,  just  where 
and  how  the  energy  is  stored  in  the  beam.  If  the  beam  is  rectangular, 
all  the  fibers  in  the  upper  half  of  the  beam  are  stretched,  and  all  in  the 
lower  half  are  compressed.  The  lengthening  (or  shortening)  of  a 
fiber  will  vary  with  its  distance  from  the  neutral  plane  of  the  beam, 
and  with  its  distance  from  the  end  where  P  is  applied.  It  will  be 
shown  later  (see  447),  that  the  work  done  in  stretching  and  shortening 
the  fibers  of  a  cantilever  beam  by  a  load  P  at  the  end  is 
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s 


I 


s 


I      I 


S 


1=1 


T  •   r 


p2p 

17= Work  = which  is  just  the  same  as 

6EI 

A-  =  ~.  — =  — 

from  which  the  deflection  could  be  found. 

It  is  well  again  to  call  attention  to  the  di£Ference  between  a  slow 
application  of  a  load  and  a  sudden  one.  Suppose  we  have  two  equal 
cantilevers  with  equal  buckets  at  their  ends. 

One  bucket  is  empty;  the  other  is  full  of  sand  (or  shot),  but  an  over- 
head wire  at  A  prevents  the  load 
from  acting  on  the  beam. 

Now  allow  a  small  stream  of  sand 
(or  shot)  to  fill  the  first  bucket  and 
note  the  resulting  deflection  of  the 
beam.  Next,  arrange  an  automatic 
recorder  (a  pencil  attached  to  the 
end  of  the  beam  with  its  point 
against  a  vertical  card)  so  that  the 
deflection  of  the  second  fully  loaded 
bucket  on  its  first  fall  may  be  accurately  recorded.  Then  cut  the 
overhead  wire  at  A  and  let  the  load  come  suddenly  on  the  beam. 

The  deflection  will  greatly  exceed  the  deflection  of  the  first  beam, 
but  will  not  be  twice  as  great.  Had  the  beam  been  ideal,  that  is,  with- 
out mass  but  strong  and  elastic,  the  second  deflection  would  have  been 
just  twice  the  first.  Instead  of  cantilevers,  simple  beams  with  the 
loads  in  the  center  might  have  been  used  with  similar  results. 

446.  Had  the  load  been  dropped  upon  the  end  of  the  beam  from 
a  height  A,  the  deflection  and  maximum  pressure  would  have  been  still 
greater.  This  is  readily  shown.  The  elastic  beam  acts  as  does  the 
coiled  spring  upon  which  a  heavy  weight  falls,  or  against  which  a 
moving  car  bumps. 

The  "force"  of  the  spring  must  be  known  by  dividing  an  applied 
force  (or  weight)  by  the  consequent  extension,  compression,  or  deflec- 
tion. We  have  seen  that  a  certain  W  will  cause  a  certain  deflection  A, 
if  placed  gently  on  the  end  of  a  cantilever,  thus 
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A  = 


WP 
SEI 


9  which  is  supposed  known; 


W 


hence  the  "force"  of  that  springing  beam  is  p  »  — 

A 
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Now  let  W  fall  from  a  height  h  upon  the  end  of  the  beam.  The  beam 
will  deflect  a  distance  A,  and  the  work  done  by  gravity  is  JF(A+Ai). 
This  work  is  equal  to  the  energy  stored  in  the  springing  beam,  which 

is  — -  •    Hence  the  equation 

^  2  2A 


so  that  Ai  =  A^l+-J~^+l  \ 

and  the  maximum  pressure  on  the  beam  is,  since  P  =  —  •  W, 

A 

If  A  =  0,  P  =  ^W  as  before  found. 

If  A-A,  P=A,  p  =  JF(2.73). 

If  A  =  |A,  P  =  SW. 

IfA  =  12A,  P  =  6JF. 

and  so  on. 

An  experiment  will  deeply  impress  the  wisdom  of  the  practical 
maxims:  "Don't  drop  things."  "Let  heavy  loads  come  on  slowly"; 
whether  dumb-bells  or  locomotives. 

The  student  should  not  forget  that  the  above  discussion  ignores  the 
mass  of  the  beam  and  all  energy  lost  thru  the  crushing  of  material  and 
molecular  vibration;  but  the  formulas  are  sufficiently  close  to  the  reed 
eflFects  of  falling  bodies,  and  suddenly  applied  rolling  loads,  to  be  very 
valuable.  A  swiftly  moving  locomotive  has  been  known  to  wreck  a 
truss-bridge  which  it  has  crossed  safely  at  low  speed;  and  a  tumbling 
stone  has  demolished  a  staging  which  it  has  carried  without  harm, 
when  at  rest. 

447.    The  ^Vork"  done  (energy  exerted)  in  bending  a   beam. 

It  has  been  pointed  out  frequently  that  when  a  beam  is  bent,  one 

side  of  it  is  stretched  and  the  other  is  shortened.     We  shall  now  find 

the  relation  of  the  work  done  during  such  deformations  to  the  bending 

moments  actually  applied  to  the  beam.     First,  we  must  recall  the  fact 

that  when  a  spring  (or  fiber)  is  stretched  a  length  X  by  a  tension  which 

begins  at  zero,  and  increases  up  to  F,  the  average  tension  is  JF,  and 

\F 
the  "work"  done  is  ^FxX=  —  • 
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Take  a  thin  element  of  the  beam  by  parallel  cross-section  planes. 
AB  and  CD^  distant  from  each  other  dx.  Before  bending,  the  length 
of  all  longitudinal  fibers  in 
the  element  was  dx;  after  ^ 
bendnig  they  are  more  or  less  ^^^^ 
lengthened  on  one  side  pf  the  \  j 
neutral  axis,  and  compressed  -iJ — L 
on  the  other  side,  the  faces 
of  the  element  still  being 
planes.  The  elongation  or 
strain  is  proportional  to  the  ^^ 
stress.  If  a  is  the  stress 
intensity  at  a  unit's  distance  from  the  neutral  axis,  the  stress  at  a 
strip  across  the  face  of  the  element,  which  is  z  distant,  will  be  az,  and 
its  elongation  (or  strain)  d\  is  found  by  the  proportion 

az      dA. .  ,            ,\       azdx 
—  =»  —  >  hence  aA=  • 

E      dx  E 

Now  the  amount  of  stress  on  the  strip  ydz  is  azydz^  and  the  work  done 
in  stretching  that  strip  is 

^E 
From  the  familiar  relation  M  =  a/,  where  M  is  the  bending  moment 

at  the  section,  we  have  a*  =  —  >  which  in  the  above  gives  the  second 

differential  ,-.,  ,    ,  , 

^2TT^  M^z^ydzdx 

9.EP 

on  a  strip  of  the  thin  layer  dx.     It  should  be  noted  that  this  differential 
is  never  negative.     Integrating  for  z  so  as  to  include  the  whole  section 

face  while  all  but  z  and  y  are  constant,  we  have,  since  J  z'Cydz)  =/, 

iPdx 


dU^ 


StEl 


and  the  Total  Work  in  the  beam 


Jo  EI  ' 


If  E  and  /  are  constant,  we  have 

f7  =  Total  "Work" 


=  —  IM^dx 


which  is  the  formula  for  finding  the  work  stored  in  a  bent  prismatic 
beam. 
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448.    Example  illustratiiig  the  use  of  the  fornmla.    Suppose  a 

prismatic  beam  fixed  at  one 
end»  and  carrying  a  uniform 
^  load  has  a  support  R  at  the 
other  end  applied  by  an 
overjiead  spring  balance. 
Find  the  ''Work"  done  by  the  load  and  R  in  bending  the  beanu 
Fig.  431. 


Mx  =  R(]t-x)- 


w(l^xy 


4 


!\r-[- 


R*(l-xy      Rwjl- 


m* 


3 

Rwl* 


xy    w^ji-xylf 

20       I 


+ 


20 


Hence 


i»    V  S         4  20 


) 


This  is  seen  to  depend  upon  R,  and  must  vary  with  U,  and  it  is  evident 
that  there  is  some  value  of  -B  which  will  make  the  "Work"  a  minimum. 

JTT 

Hence  we  will  put  —  =0,  and  we  get 


dR 


and 


0  =  ^B-^^ 
3  4 

R=-wl 
8 


which  we  found  to  be  the  value  of  R  in  SOS  when  the  tangent  at  the 

fixed  end  touched  the  top  of  the  support;  in  other  words,  that  the 

3 
beam  was  unbent  when  unloaded.     If  R  were  >  —  wl,  the  beam  would 

3  ® 

be  bent  up  above  the  axis  of  X:I{  R<  -wly  the  end  would  be  below. 

8 

In  either  case  more  work  would  be  put  into  the  beam  than  there 
need  be.  We  thus  see  that  the  Work  is  a  minimum  when  there  is  no 
deflection  at  the  end, 

449«  A  second  illustration 
shows  how  to  deal  with  a  beam 
which  consists  of  two  diflFerent 
elastic  curves.  Let  the  beam 
given  above  have  a  concentrated 
load  in   the   center.      Fig.    432. 
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Mji'=R(l-x)-w{--xy,  Mb~R{1-x). 


is  \lMj,Ydx+  Ui 


Our  integral  now  is  1  (,Mj^)Hx+  i  {MgYdx: 


jiM^*)dx=P^^ - 


6RW      W 

24         24 


(AfB*)dx 


S 

Hence  t..  JL  [^  _  ^^  + ^1 

This»  as  before,  depends  on  iJ.     Putting  —  =  0,  we  have 

12        24 

iJ=  — PF  as  on  page  845, 
16  F  6  » 

when  the  unloaded  beam  was  horizontal. 

If  we  substitute  for  R  its  value  just  found,  we  find  the  "Work"  to 
be 


2EI     768 

Since  the  work  done  by  the  weight  W  in  descending  the  distance  A 

.    FFA     we  have  «7  ^it/9ii 

IS f  W    .         7WH* 

2  — •^  = 


A  = 


2  2JS/.768 

7WP  WP 


76SEI      109.7  EI 
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THE  doctrine:  of  least  work 


which  can  be  checked  by  making  x »  —  in  eq.  (8)  p.  842»  and  solving 

2 

for  z.     (This  is  not  the  greatest  deflection.    See  87S). 

In  44S,  the  author  promised  to  derive  an  expression  for  the  work 

done  in  bending  a  cantilever  beamy  with  a  load  at  its  end.    See  Fig.  428. 

M^w{]i-x)y  M^^m{i-xy 

w^(i-xyi    wn^ 


yMHx^" 


Hence  the 


(( 


Work'*  = 


8 
6  EI 


as  was  assumed,  and  from  which  the  deflection  was  found  by  divid- 
mg  by  —  • 

450.  The  ^'doctrine  of  least  work.''  Just  as  all  thru  this  book 
it  has  been  assumed  that  when  work  was  done  by  an  unbalanced  force 
or  an  unbalanced  couple  upon  a  body  without  loss  from  friction,  heat, 
or  non-reversible  actions,  the  Total  Energy  was  preserved  (known  as 
the  doctrine  of  the  "Conservation  of  Energy");  so  it  is  assumed  with- 
out positive  proof  that  when  an  elastic  body  is  caused  to  pass  from  one 
state  of  rest  to  another  state  of  rest,  the  Work  done  or  the  Energy 
Transferred  is  a  minimum. 

This  doctrine  is  of  great  value  in  the  solution  of  problems  which 
appear  to  be  indeterminate,  in  consequence  of  redundant  members; 
and  consequently  it  is  much  used  in  the  analysis  of  Internal  Work  of 
beams  and  trusses.  It  would  be  beyond  the  scope  of  this  work  to  go 
far  into  this  subject,  but  two  examples  of  the  solution  of  (so-called) 
indeterminate  problems  will  suffice  to  point  out  the  method. 

451.  The  solution  of  a  so-called  indeter- 
minate problem.  A  square  frame  hangs  upon 
two  pins  comnected  with  a  rigid  vertical  wall  and 
carries  a  load  as  shown  in  Fig.  438.  The  diag- 
onals are  not  connected  with  each  other.  All 
joints  are  by  smooth  pins.  The  weights  of  the 
bars  are  neglected. 

There  seem  to  be  three  redundant  bars,  as  the 
load  with  a  long  cord  can  be  carried  by  FB  and 
BD  alone;  or  by  FC  and  CD  alone,  assuming  that 
DB  and  DC  are  capable  of  resisting  compression 
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without  buckling.  All  bars  are  prismatic 
and  the  workmanship  is  ideally  perfect. 
Under  such  conditions,  every  bar  does  its 
share  in  sustaining  the  load,  and  suffers 
change  in  its  length.  The  "work  done'* 
upon  every  member  must  now  be  found 
in  terms  of  one  unknown  action  or  force. 

Consider  the  frame  after  the  load  has  been 
applied,  the  deformation  has  taken  place, 
and  the  frame  i9  again  at  rest. 

Let  T  be  the  tension  in  the  bar  BC.  The 
static  triangle  of  the  pin  £,  gives  the  total 
stresses  in  FB  and  BD.  The  cross-sections 
of  FB  and  BC  are  the  same.  The  cross-sec- 
tion of  BD  is  A2.  It  is  assumed  that  the 
deformations  do  not  sensibly  change  the  static 
triangles,  since  W  can  be  indefinitely  small. 
Taking  next  the  pin  C  and  its  static  triangle, 
we  have  the  stresses  Ts  and  Ta  as  is  readily 
seen. 

Now  to  find  the  total  work  done  in  deform- 
ing the  bars,  we  find  X  for  each.    The  elon- 

Tl 
gation  of  FB  is  X=  — ~  ,   and  the  work  done  in  it  is 

AiE 


Tt  I 


T^'^W-T 


Hence  in  FB 


JnBC 


In  BD 


In  FC 


In  DC 


U.= 


Ur  = 


1^1  = 


TH_ 
StAiE 

T*l 
iAiE 

TS  V  g 
iAiE 


AtE 


*  iAtE  AiE 

*  2AtE         iAiE 
I    /T*  .  T*  .  2r*V2 


I   /  T*     T* 
Total  Work  tr=-L  (  _+—  + 

2E\Ai     Ai 


At 


+ 


i(W-T)*yli  ,  (W-T)* 


A, 


At 


) 


4£2  THE  DOCTRINE   OF  LEAST  WOBK 

Now  T  must  be  of  such  a  value  as  to  make  17  a  minimum.  Hence 
we  must  have  jrr 

dT 
Differentiating,  we  have  after  reducing, 

X-i-grVi_..  T     g(tF-r)Vi_  w-t _^^ 

■^1        At         Ai  Az  Aa 

Hence  ,- 

^o      ^1        ils  Az       Ai 

which  determines  T  and  all  the  stresses  are  found  from  the  static 
triangles. 

Having  found  T  we  can  find  U;  and  from  U  we  find  the  vertical 

displacement  of  C  from  the  Eq.  A  =  —  • 

If  all  bars  have  the  same  cross-section, 

8+4V2  «3 

If  (a  more  rational  supposition), 

Az-Ao'^^       Aa=^^Ao, 

we  shall  have  T=  —  W.^W  (0.38) 

13 

452.  A  second  and  very  similar  problem  will  now  be  solved  in 
two  ways,  for  the  purpose  of  showing  their  relation,  and  the  ease  with 
which  problems  formerly  held  to  be  indeterminate  can  be  solved. 

As  before,  the  frame  is  a  rectangle  attached  by  pins  to  supports  in  a 
rigid  vertical  wall.     The  weight  of  the  bars  is  neglected  and  no  allow- 
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If  ance  is  made  for  friction  as  the  motion  is  incon- 
siderable. Fig.  485  shows  the  five  bars  with  the  load 
j^fB  W  placed  above  the  pin  £.  The  bars  are  prismatic 
and  are  numbered  from  1  to  5;  their  lengths  are  l\ 
to  h  and  their  cross-sections 
are  ^1  •  •  •  •  Ai.  Apart 
of  the  load  which  we  will  call 
T\  is  transmitted  from  pin  B  to 
pin  Cy  so  that  W—Ti  is  sup- 
ported by  bars  2  and  8;  mean- 
while the  load  Ti  is  supported 
by  the  bars  4  and  5.  Two 
static  triangles,  one  for  B  and 
one  for  C»  will  give  the  stresses 
(in  terms  of  Ti)  in  the  several  bars,  and  from  those  stresses,  the 
changes  in  length  of  all  the  bars  are  found,  whether  by  lengthening 
or  shortening.    The  student  should  show  that: 


lie.  «86 


x.= 


x,= 


x,= 


X4  = 


X6  = 


k(W-Ti)Uin0 
AtE 

h(W-Ti)aec0 
AtE 

AiE 

hTit&nB 
A^E 


With  such  deformations  it  is  plain  that  the  total  work  done  is 
r=  UxiTi+-k,Ti+-k,T,+-kiTi+-kiTA 


iE\Ai 


+ 


A^ 


+ 


} 


+ 


%E 


+ 


L2 


is       / 


Di£Ferentiating  with  respect  to  7i  and  making  dU  =  0,  we  have  after 
simplifying. 


h    ,    Z4sec^  ,    htsinO  \ 


htsinO  ,  /ssec^ 


0»  T  {—  +  *i??^+  tfttanC^  \  _  rry  _fp\  /fa tan tf      hsecu\ 
\Ai         Ai  Ai     /  V    A%  A%    I 
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whence 


ri  = 


\     A.  A»     ) 


L2 


h     .    litand    .    Izsecd   .    Usecd      htanO 
—  -i"  -r  -f- r 

Ai  At  At  Ai  Ah 


and  since  all  lengths,  angles  and  cross-sections  are  known»  T\  is  known, 
and  all  the  other  I"s,  and  hence  J7.     The  work  was  done  by  the  descent 

W  StU 

of  W  slowly  and  gently  applied.     Hence  —  A  =  J7,  and  A  = *  the 

deflection  of  B  is  found. 

453.  The  student  must  not  be  disturbed  by  the  necessity  of 
drawing  static  triangles,  when  all  the  forces  are  unknown.  The  vectors 
Ti  and  W—Ti  may  have  any  length.  The  triangle  is  to  show  relative 
not  absolute  values.  It  may  be  said  that  the  scale  remains  to  be  found 
when  the  value  of  Ti  has  been  actually  determined  by  the  formula. 

The  following  examples  will  serve  a  double  purpose;  securing  familiar- 
ity with  the  method;  and  a£Fording  a  comparison  of  designs. 


Problems  to  be  solved  by  the  method  of  least  work. 

1.     Fig.  436  shows  a  composite  bridge  truss  which  carries  a  single 

load  P  at  the  middle  lower 
pin;  a  part  of  the  load  T  is 
transferred  by  a  tie-bar  to 
the  pin  at  C.  The  length  of 
a  vertical  member  is  taken  as 
unity.  The  span  is  four  (4) 
units.  The  cross-sections  are 
either  Aq  or  a  multiple  of  Ao* 
The  component  trusses  are 
vg^hiP-T)  drawn  separately.  A  stress 
diagram  for  each  should  be 
drawn  by  the  student,  and 
then  the  value  of  T  be  found. 

15  ^l  5+29 

2.     Rebuild    the   above 
truss,  as  shown  in  Fig.  437, 
reducing  the  two  chords  to  one  in  which  the  resultant  stress  is  small, 


jFIg.  430 
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being  a  difference  between  a  ten- 
sion and  a  compression.  The 
load  W  is  placed  upon  a  com- 
mon pin  at  0.     Find  T. 

8.     Another  compound   truss 
is  fully  shown   by  Fig.  488. 
Altho    the  load   W  is  placed 
upon  the  center  pin   in  the 
lower  chord»  a  part  of  it  is  transferred  to  the  pin  at  0.     The  draw- 
ing of  the  truss  is  lettered,   and    the  complete 
stress  diagram  is  drawn  with  an  assumed  value  of 
Tu     The  student  is  to  find  the  correct  value,  the 

cross-sections  of  bars  be- 
ing relatively  as  indicated 
in  the  drawing. 

454.   A  solution  by 
consistent  deformations. 

The  second  method  of  solv- 
ing the  problem  of  452 
is   based    upon    the  idea 
that  the  physical  displace- 
ments of  two  pins,  one  in 
each  component  truss  of  a 
composite  frame  or  truss  are  consistent  with  the  deformation  of  the  bar 
connecting  them.     Hence,  this  method  of  determining  the  stresses  in 
redundant  members  by  their  displacements,  may  properly  be  called 
the  method  of  Consistent  Deformations.    See  Figs.  485  and  485  (a). 

The  two  pins  whose  vertical  displacement  are  to  be  found  are  B  and 
C.  The  absolute  values  of  all  the  changes  in  length  from  Xi  to  X(, 
in  terms  of  constants  and  the  unknown  value  of  Ti  are  here  deter- 
mined as  found  and  given  in  4S2«  The  displacement  of  B,  due 
to  the  elongation  \%  and  the  compression  X«,  is  visibly  shown  on  a  large 
scale  in  Fig.  485  (a).  Both  bars  must  revolve  infinitessimally  about 
pins  at  their  fixed  ends,  so  that  B  is  moved  to  B\  and  the  vertical 
displacement  is  ^^ ,  ^  ^j  ,  j^ , 

The  component  HJ  is  due  to  Xs,  and  is  equal  to  di  ^  Xs  tan  6. 
The  component  JB'  is  then  due  to  X«,  ^2  =  X«  sec  0. 

Hence  the  total  vertical  displacement  of  the  pin  B  is 

Ab=X2  tan^+Xa  sec^. 

Going  now  to  the  pin  C,  we  find  by  similar  reasoning 

Ae=X4  sec^+Xs  tan^. 


yiC488     (•) 
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Now  the  distance  from  B'  to  C  must  be  less  than  was  the  distance 
from  B  to  C,  since  the  bar  No.  1  has  shortened  as  it  transferred  the  load 
which  depressed  the  lower  pin.  Hence  the  difference  between  A^  and 
A  (7  mtL9t  be  Xi;  so  that  the  Consistent  Equation  is 

Xj  tan  ^+X3  sec  ^—  (X4  sec  ^+X6  tan  6)  =  Xi. 

Every  term  is  a  simple  function  of  Tu  and  when  the  values  of  all 
the  X's  are  substituted,  the  value  of  T  is  found  to  be 


Ti^W 


U  tan  ^  xh  sec  d 
At  At 


h    ,   Z2tan^  ,   /ssec^  ,   Usecd      UXatlO 

—  -J -f- 1 1 

Ai         A2  Az  Ai  As 


This  value  of  Ti  is  exactly  the  same  as  that  found  on  page  424» 
by  assuming  that  the  loork  of  deformation  was  a  minimum.  In  fact 
this  second  method  of  solution  may  be  said  to  offer  a  confirmation, 
if  not  an  indirect  proof  of  the  Doctrine  of  Least  Work. 

495*  Deflections  found  by  displacements.  It  is  convenient  at 
this  point  that  the  displacement  (deflection)  of  any  pin  P  in  an  irregular 

(or  regular)  frame,  whose  position  is 
determined  by  bars  whose  deforma- 
tions are  known,  be  found  graphically 
and  analytically  by  an  extension  of 
the  above  simple  method. 

Let,  Fig.  4S9,  the  position  of  P  be 
determined  by  the  bars  U  and  U 
whose  deformations  are  known.  AD 
is  assumed  to  be  vertical  and  the 
angles  d,  <^  and  )3  are  known.  By 
the  method  of  the  last  section  the 
total  displacement  due  to  the  two 
deformations  +X2  and  —  X«,  is  PP\ 
Analytical  expressions  for  the 
vertical  and  horizontal  components  of  PP'  are  found  from  the  enlarged 
figure  (a).     The  vertical  component  of  PP'  is 

FP'  =  FI+IP'  =  X2  cos<^+(ff  J+ JPO  sin^ 

=  X2  (cos  <^ + cot  ^  sin  <^) +X3  cosec  )8  sin  <^ 

and  the  horizontal  component  is 

PF  =  X2(sin  <f>  —  cot  fi  cos  <^)  —  Xs  cosec  fi  cos  <f>. 
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If  two  additional  bars  U  from  P,  and  h  from  Z)»  determine  the  position 
of  another  pin  Q  in  the  same  plane  (6),  and  if  the  deformations  X4 
and  Xs  should  be  found  from  known  stresses, — the  displacement  of  Q 
relative  to  P  and  D  could  be  found  just  as  PP'  was  found.  If  the  enlarged 
figure  for  QQ'  were  so  placed  that  Q  coincides  with  P';  the  graph 
then  would  show  at  a  glance  the  displacement  of  Q  due  to  the  defor- 
mation in  all  four  bars. 

The  method  may  be  then  extended  to  a  third  pin  R  depending  for  its 
position  upon  two  new  bars, 
/ft  connected  with  P'  and  h 
connected  with  Q\  In  this 
manner  all  the  pins  of  a 
truss  may  be  included  and 
the  displacement  of  each 
found. 

The  analytical  method 
is  less  simple,  especially  if 
the  triangles  of  the  truss 
are  unlike. 

Example.  Find  the  dis- 
placements,  relative  to  the 
horizontal  plane  thru  BD, 
of  the  pins  P»  Q,  R  and  S, 
of  the  loaded  equiangular 
truss  shown  in  Fig.  440,  the 
stresses  and  deformations  in 
all  bars  having  first  been 
found  by  a  complete  stress 
diagram,  as  in  Chapter  XI. 

Let  the  bars  be  numbered  as  shown»  and  let  X  denote  the  elongation 
or  compression  (absolutely)  as  the  case  may  be.  The  pins  A  and  D 
are  assumed  to  be  fixed. 

The  graph  P  shows  the  displacement  of  P  relative  to  A  and  D. 

The  graph  Q  shows  the  displacement  of  Q  relative  to  P  and  D. 

The  graph  R  shows  the  displacement  of  R  relative  to  Q  and  P. 

The  graph  S  shows  the  displacement  of  S  relative  to  R  and  Q. 

The  total  vertical  displacements  are  AP>  AQ»  etc. 

456*    Analytically.    The  solution  is  very  simple.     See  Fig.  410. 

From  graph  P  we  get  ^P  =  Xicot^+X2  cosec^. 

From  graph  Q  we  get  AQ=AP+Xacot^+X4Cosec^. 

From  graph  R  we  get  A/l^CXi+Xa+Xs)  cot^+(X2+X4+X«)cosec^. 

From  graph  S  we  get 

AiS  =  SX  (in  chords)  cot  ^+SX  (in  bracing)  cosec  0. 
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This  method  is  based  on  the  assumption  that  the  angular  changes 
in  the  bars  of  the  truss  are  negligible^  and  that  the  chord  BD 
is  horizontal. 

497.  A  Pratt  Trass.  Find  Graphically  and  Analytically  the  dis- 
placements of  PiQiy  etc.,  in  respect  to  horizontal  plane  thru  Z).   Stresses 

and  therefore  elon- 
gations and  com- 
pressions are 
known. 

Ex.  Let  the  stu- 
dent turn  back  to  the  frame  of  Fig.  4S5,  in  which  the  diagonals  are  said 
to  be  **not  connected.'^  When  the  frame  is  unloaded,  it  is  seen  that  the 
center  points  of  the  diagonals  coincide,  or  are  in  jaxta-position.  Now 
let  him  find  the  displacement  of  each  central  point,  and  thereby  deter- 
mine whether  or  not   the  points  still   coincide. 


CHAPTER  XXIV. 


Miscellaneous  Problems  Involving.  llNiFORBfLY  Varying 

Stresses. 

458.  Pressures  under  foundations.  It  is  usually  assumed  (tho 
the  approximation  to  the  truth  is  not  close)  that  the  surface  action 
below  a  foundation,  or  at  the  base  of  a  column  or  chimney,  is  a  dis- 
tributed force  either  uniform  or  uniformly  varying.  When  the  force 
is  due  to  the  weight  of  material  which  is  arranged  symmetrically 
about  a  vertical  axis,  the  distribution  is  uniform  and  the  center  of 
action  is  at  the  centroid  of  the  surface,  and  the  intensity  of  the  pressure 

W 
is  po  =  —  >  where  W  is  the  total  load,  and  A  is  the  area  of  the  surface 
A 

of  action. 

When,  however,  the  load  is  not  symmetrically  placed  about  the 
axis  of  the  foundation  or  column,  as  in  the  case  of  a  derrick  supporting 
a  heavy  load,  or  of  a  column  carrying  an  eccentric  load,  or  in  the  case 
of  a  chimney  or  tower  acted  upon  by  a  strong  wind, — the  distribution 
is  not  uniform,  and  the  center  of  action  is  not  at  the  centroid  of  the 
surface.     These  typical  cases  will  be  examined  separately. 
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4£9 


Fig.  448 


4:99  •     Fig.  448  represents  a  derrick  rigidly  secured  to  a  short  cylin- 
der of  masonry, 
and  lifting  a  heavy 
weight.     The  sup- 
porting   surface 
of  action  is  a  circle 
AB^  whose  radius 
is  r.     Let  the  load 
being  lifted  be  Wi 
the  weight  of  der- 
rick   be    Wit    as- 
sumed    concen- 
trated at  the  center;  and  the  average  specific  weight  of  the  founda- 
tion be  w.  •  Let  the  depth  or  altitude  of   the  cylinder  of  masonry 
be  h,  and  the  horizontal  length  of  the  derrick  arm  be  L 

It  is  of  course  understood  that  the  derrick  must  be  safely  supported, 
when  it  is  carrying  its  maximum  load  at  the  extreme  end  of  the  derrick 
arm,  in  whatever  direction  the  arm  is  turned. 

The  vertical  action  of  the  substratum  on  the  circular  surface  of 
action  AB  must  balance  the  resultant  of  vertical  force  of  gravity 
Wi+7rr^hw==Wo  acting  thru  C,  and  the  force  Wi  action  at  a  distance 
I  from  C. 

The  resultant  load  is  R  =  Wi+Wo  and  the  overturning  moment  is 

Hence  the  center  of  pressure  is  distant  from  the  center  — -  or 


R 


a^c  = 


Wil 


Wi+W, 


Now  the  supporting  pressure  must  in  amount  equal  A,  and  the  center 
of  the  distributed  support  be  thru  the  point  Q. 

It  is  evident  at  a  glance  that  the  moment  Wil  tends  to  overturn  the 
foundation  and  that  the  intensity  of  the  support  is  greatest  at  B  which 
is  directly  under  the  derrick  arm.  It  is  also  reasonable  to  assume, 
if  the  supporting  material  be  uniform,  that  the  intensity  will  vary 
uniformly  with  the  distance  from  the  tangent  at  B.  Experience  teaches 
that  for  every  material  there  is  a  limit,  beyond  which  the  intensity  of 
pressure  should  not  go.  With  the  maximum  load  on  the  derrick,  the 
maximum  intensity  at  B  occurs;  call  that  intensity  pi.  Assume  for  the 
moment  that  the  pressure  falls  to  the  value  p2  at  A.  Then  by  in- 
spection, we  have  for  the  total  distributed  pressure  the  value 
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Hence  by  the  necessary  equality  of  R  and  P 

Now  while  there  is*no  superior  limit  to  the  size  and  weight  of  the 
foundation  which  will  safely  support  the  derrick  and  its  load,  there  is 
an  inferior  limit,  and  economy  of  construction  demands  the  least  size 
and  weight  which  comports  with  safety  and  stability.  The  limiting 
condition  is  that  while  p^  may  be  reduced  to  zero,  it  mu^  not  be  made 
negative  since  the  material  under  the  foundation  cannot  be  assumed 
to  have  any  tensile  action  upon  the  foundation  in  question.  Making 
P2  —  O  we  have  the  fundamental  formula 

'l^  ^Wi+nr^hw+Wi.  (1) 

Now  the  "center  of  pressure"  for  a  uniformly  varying  pressure  on  a 
circular  surface,  when  it  is  zero  at  a  point  on  the  circumference  has 

already  been  found  to  be  rH — distant  from  the  point  of  no  pressure, 

4 

^Q  =  r+--     (SeellS  and  186). 
4 

This  center  must  lie  in  the  line  of  action  of  ii  as  found  above. 
Hence  CQ=-=  ^'^ 


4       Wi+rrr^hw+Wi 
but  by  (1)  this  becomes  ^^^^  , 


4       rrr^pi 


\  irpi  I  \  Pi  ' 

and  from  (1)  „,   .  «/ 


^w  irr^w 


(8) 


Thus  the  dimensions  of  the  foundation  are  found.  It  is  seen  from 
the  value  of  r,  that  it  increases  as  pi  becomes  less,  t.  e,  as  the  substratum 
is  less  firm  and  less  unyielding.  On  the  other  hand,  when  the  material 
is  hard  and  unyielding,  pi  is  greater  and  r  is  less.     The  center  of 

T 

pressure  should  never  go  outside  the  circle  of  radius  —  • 

460.  The  great  value  of  these  results  of  analysis  justifies  a  practi* 
cal  example. 
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Given  the  derrick  arm  I  =27  feet 

Given  FFi  =  12  tons  =  24000  lbs. 

Given  W%  =  1000  =  1000  lbs. 

Given  w  (stone  reinforced  by  steel)  =  200  lbs.  per  cub.  ft. 
Given  pi  =»  =*8000  lbs.  per  sq.  ft. 

^^j3/«4000><27\L   8.19  feet. 
V      3000      / 

.      8000  25000 


400       ir(8.19)*200 

\ 
h^  7 o.57«7  feet,  nearly. 

2 

461.  A  second  method  of  analysis.  Instead  of  limiting  the 
center  of  pressure  to  the  smaller  circle  with  a  radius  —  ,  a  very   common 

practice  is  to  use  the  equation  of  moments  about  the  point  B^  without 
regard  to  the  limiting  value  of  pu     Hence 

where/  is  a  factor  of  safety. 

The  value  of  /  could  only  be  determined  by  experience,  and  experi- 
mental results  would  greatly  depend  upon  the  nature  of  the  sub- 
stratum on  which  the  foundation  rests.  The  above  equation  con- 
tains two  variables,  r  and  h.  It  is,  however,  customary  to  assume 
an  arbitrary  relation  between  the  two,  such  as 

5 

This  value  substituted  in  the  last  equation  gives  an  equation  of  the 

fourth  degree  in  r: —  . 

{Wi+W2)r  +  -  7rr^=fWil 

5 


or 

4iTrw  4iTrw 

The  common  value  of  /  is  —  •     If  this  value  be  used  and  the  values 

2 

of  Wu  Wi,  1,  and  w  given  in  the  last  example,  the  equation  becomes 

r*+49.72r  =  3221.6 

This  equation  can  be  solved  by  approximation  and  the  result  can 
be  compared  with  the  results  found  in  the  last  section.  This  gives 
r  =  7.32  feet  nearly. 
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ns.  444 


The  previous  result  was  8.16>  which  shows  that  the  constant  /, 
which  entered  into  the  value  of  the  second  member  of  the  above 
equation,  was  too  small.    If  now,  in  our  general  equation,  we  put  in  the 

value  of  r  —  8.19,  we  find  the  value  of  /,  the  factor  of 
safety  which  should  have  been  used,  to  be  8.75, 
instead  of  2.5. 

With   the  value  of  r  last   found,  namely,  7.82 
feet,  the  center  of  pressure  would  have  come  outside 

thecircle  whose  radius  was— •    The  neutral  axis  of 

4 

the  uniformly  varying  stress  would  have  cut  across 

the  circle  as  shown  in  Fig.  444,  and  the  entire  load 

of  the  foundation,  derrick  and  all,  would  have  been 

carried  by  the  larger  segment  of  the  circle  and 

would  have  given  pi  a  maximum  intensity  larger 

than  8000  pounds  per  square  foot. 

462.    The  middle  quarter.     The  discussion  in  459  was  based 

upon  the  assumption  that  the  maximum  intensity  of  pressure  was 

limited  to  a  known  value,  pu  at  the  point  By  and  that  the  pressure  varied 

uniformly. 

These  assumptions  led  to  the  confining  of  the  center  of  pressure  to 

the  circumference  of  a  circle  whose  radius  was  —  • 

4 

This  limitation  of  the  area  for  the  center  of  pressure  is  similar  to 
the  limitation  of  the  center  of  pressure  on  a  rectangular  surface  when 
the  neutral  axis  is  parallel  to  one  of  the  sides.  If  the  axis  is  one  of  the 
sides  itself,  the  center  of  pressure  (as  was  shown  in  the  case  of  a  rect- 
angle on  the  side  of  a  tank  with  its  upper  edge  just  at  the  surface  of  the 

.    2A  2  . 

liquid)  is  —  from  the  top,  or  —  of  the  width  of  the  surface  from  the 

8  8 

neutral  axis.  In  the  case  of  masonry  this  has  led  to  the  familiar  stone 
mason's  rule,  that  the  "center  of  pressure  shall  be  within  the  middle 
third,''     The  same  rule  should  apply  to  the  circle,  that  is,  the  center 

of  pressure  must  not  be  without  the  circle  whose  radius  is  —  • 

If  the  center  of  pressure  is  outside,  then  the  neutral  axis  is  no  longer 
at  Ay  and,  as  there  can  be  no  assumed  tension  in  the  supporting  material 
the  segment  cut  oflF  by  the  neutral  axis  adjacent  to  A  gives  no  support 
whatever,  for  that  position  of  the  load  on  the  derrick.  However,  so 
long  as  the  center  of  pressure  is  between  the  center  of  the  circle  and 
the  point  -Bm,  and  so  long  as  the  pressure  at  the  point  -B,  which  we  have 
called  ^'i*  is  not  so  great  that  the  material  sinks  and  allows  the  founda- 
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tion  to  lean  sensibly,  no  harm  is  done.  The  danger  is,  however,  that 
it  tDill  lean  too  much,  since  part  of  the  foundation  is,  for  the  time  being, 
useless.  To  assume  that  pi  can  be  indefinitely  large,  and  that  the 
center  of  pressure  may  go  anywhere  within  the  foundation  of  the  base, 
would  seem  to  be  poor  practice. 

468«  A  foundation  which  is  to  support  a  chimney  when  the  latter 
is  acted  upon  by  a  high  wind.  When  a  chimney  rigidly  attached  to 
and  supported  by  a  mass  of  masonry  is  exposed  to  a  strong  wind,  the 
base  of  the  foundation  is  the  surface  of  action  of  a  uniformly  varying 
pressure.  The  problem  is  to  find  first  the  economic,  but  safe  dimen- 
sions of  the  foundation,  and  second,  the  proper  thickness  of  the  chimney 
wall  or  shell  at  its  base.  The  chimney  is  assumed  to  be  a  hollow 
cylinder,  and  the  foundation  is  a  solid  cylinder  of  masonry  reinforced 
by  steel. 

The  Foundation. 

Let  the  height  of  the  chimney  above  the  foundation  be  ff,  its  exterior 
diameter  be  2/{,  and  its  weight  be  W.  Let  2r  be  the  diameter,  and  h 
the  height  of  the  foundation,  and  its  weight  be  vi^hwy  as  in  the  last 
problem.  Let  the  average  wind  pressure  upon  a  vertical  plane  per- 
pendicular to  its  direction  be  p  pounds  per  square  foot.  A  cylindrical 
surface  is  found  by  experiment  to  offer  approximately  one-half  as 
much  resistance  to  wind  as  a  square  chimney  of  equal  height  and 
diameter.     Hence  the  total  wind  pressure  is  HRp,  and  its  **center** 

is  approximately  at  a  point  —  above  the  base. 

Chimneys  usually  taper  towards  the  top,  but  the  strength  of  the 
wind  usually  increases  towards  the  top.  It  is  therefore  a  fair  assump- 
tion to  make  both  R  and  p  constant.  Its  overturning  moment  about 
a  diameter  in  the  bottom  of  the  foundation  is 


HRp(?^+h\^M. 


The  masonry  of  the  foundation  is  supposed  to  be  sheltered  from  the 
wind,  yet  no  account  is  taken  of  the  lateral  support  of  the  filling  about 
it,  it  is  so  uncertain  and  unreliable. 

464.  The  lateral  action  of  the  wind  brings  into  play  a  horizontal 
force  of  equal  magnitude,  and  acting  in  the  opposite  direction,  thereby 
forming  a  couple.  This  is  shown  by  the  large  arrows  in  Fig.  445. 
The  horizontal  force  acting  over  the  whole  area  of  the  base  circle 
represents    the  frictional  resistance  which    the    substratum   of    the 
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day,  gravel,  or  sand,  oflfers  to  the  tendency  of  the  wind  to  move  the 

whole  structure  sideways.  This  tendency 
may  be  resisted  more  or  less  by  the  filling 
around  the  foundation,  but  as  the  trench 
may  not  be  filled,  we  omit  its  possible  action 
here. 

The  frictional  force  acts  uniformly  at 
right  angles  to  the  vertical  supporting  force 
and  hence  does  not  enter  into  our  considera- 
tion of  the  vertical  action  which  is  a  uni- 
formly varying  force  when  the  wind  blows. 

405*  The  combination  of  the  vertical 
force  W+'TTf^hw  and  the  couple  M  causes 
the  resultant  to  act  eccentrically,  that  is, 
it  does  not  act  thru  the  center  of  the  base 

of  the  foundation.     (See  Fig.  446.)     The  equations  for  the  resultant 

are 


ns.  4M5 


M 


W+irr%w 


In  the  extreme  case  which  we  are  considering,  the  supporting  vertical 
pressure  varies  from  zero  at  A  to  the  maximum  allowable  value  jh 
at  B,  This  is  always  the  condition  to  be  assumed  for  a  minimum 
foundation.  Calling  the  total  supporting  pressure  P,  we  find  as  in  the 
last  problem 


1  ^ 

W-\'7r7^hw  =  P  =  —  irr^pi 

4 


(1) 


These  equations  give 


r»  = 


8HRp(-+h\ 


(2) 


npi 


At  this  point  two  courses  are  open: 

(a)     To  give  to  h  the  arbitrary  value  h 
equation  by  approximation: 


tat 

—  r,  and  solve  the  resulting 
5 


(8) 
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Or  ib)    To  substitute  for  h  in  (2)  from  £q.  (1) 


*=P1- 


W 

9 


9,W         TTT^W 

and  then  solve  by  approximation,  the  equation: 

irrzw  w 


(4) 


If  h  be  omitted  from  equation  (2)  as  relatively  immaterial,  that 
equation  becomes  ^tt^d 

r»^*?^.  (5) 

466.  A  commoii  method  of  procedure  is  to  ignore  pi  altogether, 
and  to  equate  the  overturning  moment  (omitting  h  in  the  wind  moment) 
to  the  moment  of  the  weights  about  the  axis  at  B.    Thus: 

4  5 

Then  letting  fc=  -r,  and  using  a  factor  of  safety,  /=  — »  derive  the 

4i7rw  167rt(? 

467*  In  the  case  of  a  steel  chimney  the  weight  of  the  chimney 
would  hardly  do  more  than  compensate  for  the  gas  flue  in  the  founda- 
tion,   so   that   the   term  W  would  reasonably  be  omitted. 

Making  1^  =  0  in  465  and  getting  r  in  terms  of  pi  we  have  for 
the  foundation  of  a  Steel  Chimney, 

^_4g»flp^4flp 

irpi  TTW 

4  5 

If  in  466»  FF  =  0,  A  =  -  r,  and  /=  - »  we  get  for  a  steel  chimney: 

5  2 

iSH*Rp 

r'  = • 

16     TTW 

With  w  —  150  Ibs.y  and  p^50  lbs.,  this  last  equation  gives 

^r  =  1.07  (2RH)K 
(See  "Kent,"  page  927.) 
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rig.  440 


Fig.  446 


Chimneys. 

468*    A  brick  or  concrete  chimney.    Let   us  now  consider  the 

distributed  force  which  supports  a  brick  or 
concrete  chimney,  when  it  rests  upon  a 
rigid  foundation  and  is  acted  upon  by  a  high 
wind.  Let  the  supporting  surface  be  a 
horizontal  ring  formed  by  two  concentric 
rings  whose  radii  are  ri 
and  ra.     Fig.  446. 

Tall  chimneys  are 
usually  made  double 
with  a  taper  in  the  ex- 
terior party  which  must 
be  stable  and  safe  at 
every  horizontal  sec- 
tion. The  interior 
chimney  furnishes  a  flue 
of  uniform  size,  and 
stands  on  a  ring  base  of  its  own;  it  is  not  supposed  to  add  either  weight 
or  stability  to  the  outer  chimney,  and  consequently  is  neglected  in 
the  following  analysis.  The  exterior  portion  affords  shelter  and  pro- 
tection to  the  interior  flue,  and  is  not  injuriously  affected  by  changes 
of  temperature. 

No  attempt  is  now  made  to  design  an  ideally  perfect  chimney. 
Our  object  is  to  show  how  the  principles  of  distributed  and  balanced 
forces  are  illustrated  in  a  chimney  so  built  as  to  withstand  high  wind 
with  safety.  No  dimensions  except  the  height  and  the  thickness  of 
the  base  will  be  assumed,  and  the  total  weight  will  be  represented  by 
the  single  letter  W.  It  is  sufficiently  exact  to  assume  the  wind  pressure 
as  HtiP  (See  408). 

The  chimney  is  a  cantilever  beam  fixed  at  the  lower  end  and  acted 

H 

upon  by  a  uniformly  distributed  force  whose  center  is  —  above  the 

base,  and  whose  magnitude  is  Hnp;  hence  the  bending  (or  overturning) 
moment  is  Tfir,^ 

As  no  tensile  stress  is  allowed,  the  intensity  of  stress  in  the  base  ring 
cannot  fall  below  zero.  When  it  is  zero  at  A  and  rises  to  pu  the  greatest 
allowable  stress  at  B,  the  condition  is  fairly  represented  in  Fig.  446. 
The  magnitude  of  the  support  must  be 

W  =  Poi'^ri^  -  ^2*)  =  ~  (ri2  -  r2»)7r. 
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If  the  actual  stress  be  divided  into: 

First.    A  uniform  stress  of  intensity  poi  and 

Second.     A  uniformly  varying  stress  whose  magnitude  is  zero  (being 
half  positive  and  half  negative)  with  an  extreme  fiber  stress  ='t2>o. 
Hence  the  moment  of  the  whole  about  an  axis  thru  the  center  of  the 
circles  is  ,      a  a^ 

fi     V    4  4   /       4ri 

The  uniform  stress  has  no  moment  about  the  axis  thru  0.  Hence 
equating  moments  ^r^ 

2  4ri 

We  may  properly  assume  that  for  chimneys  of  moderate  height  and 
for  the  upper  half  of  the  tall  chimneys,  po  =  wH.  The  enlarged*  orna- 
mental top  and  cap,  justify  this  assumption.     If  t  be  the  thickness  of 

the  cylindrical  wall  .  \ 

I  =  fi  —  fa    I 

rz  —  ri  —  t.    I 
hence  rj*  =  ri<  -  ^riH  +  dri^i^ + 4ri<» + ^. 

Substituting  for  po  and  r2  in  (1)  we  have 

V  2         ^TTWt  /  4 

469«  A  practical  example.  This  equation  will  give  the  value  of 
Ti  if  tt  Hy  p  and  w  are  known. 

Suppose  <  =  2i  feet  =  27*';  H  =  l^O  feet;  p  =  50  lbs.  per  square  foot; 
w  =  ISO  lbs.  per  cubic  foot.     The  above  equation  becomes 

ri»  -  6.64ri2+5.06ri  =  2.85 
ri  =  5.8  feet  nearly. 
2ri  =  Z>  =  ll'.6. 

If  either  r  or  /  be  made  less,  there  would,  under  ike  conditions  assumed^ 
be  tension  in  the  masonry  on  the  windward  side. 

It  goes  without  saying  that  the  radius  can  be  calculated  at  diflferent 
heights  from  the  stone  foundation. 

470.  Center  of  pressure  at  any  bed  joint.  If  we  divide  M  in 
468  by  JT,  we  have, 


W  ^Po(n*-^2^)  4ri 
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If  now  we  substitute  for  r2=ri— <,  we  have 

2      2      4ri 
As  the  thickness  t  increases^  the  value  of  OQ  diminishes  towards  the 

Mm 

limiting  value  ~  »  as  shown  in  Fig.  M6  (6),  and  as  anticipated  in  US, 

4 

where  the  center  of  hydrostatic  pressure  is  found.     As  the  thickness 

t  decreases^  the  value  of  OQ  increases  towards  the  limit  ~  as  i  n  t  i  - 

mated  in  Fig.  246  (a). 

This  result  follows  from  the  assumption  that  the  stress  or  pressure 
falls  to  zero  on  the  windward  side  and  that  the  pressure  on  the  lea  side 
is  pi  =  ^po  —  ^Bw. 

In  this  connection,  a  paragraph  quoted  from  Kent  will  be  found 
interesting. 

''Rankine>  in  a  paper  printed  in  the  Transactions  of  the  Institute 
of  Engineers  in  Scotland,  for  1867-8,  says: — *It  has  been  previously 
ascertained  by  observation  of  the  success  or  failure  of  actual  chimneys, 
and  especially  of  those  which  respectively  stood  and  fell  during  the 
violent  storms  of  1856,  that,  in  order  that  a  round  chimney  may  be 
sufficiently  stable,  its  weight  should  be  such  that  a  pressure  of  wind  of 
55  pounds  per  square  foot  of  a  plane  surface  directly  facing  the  wind, 
or  27i  lbs.  per  foot  of  the  plane  projection  of  a  cylindrical  surface  .  .  . 
shall  not  cause  the  resultant  pressure  at  any  bed-joint  to  deviate  from 
the  axis  of  the  chimney  by  more  than  one-quarter  of  the  outside 
diameter  at  the  joint.'  " 

471*     Steel  chimneys.     When  the  chimney  is  a  steel  cylinder  the 

radius  is  practically  constant.  Such  a  stack 
may  be  bolted  to  a  broadcast  iron  flange  which 
rests  upon  and  is  securely  anchored  to  a  stone 
or  concrete  foundation.  We  may  therefore 
consider  the  foundation  as  extending  to  the 
plane  section  ST,  so  that  we  have  a  steel 
cylinder  resting  on  a  steel  ring.  Fig.  447. 
^^  This  again,  is  a  vertical  cantilever  beam, 

acted  upon  by  a  distributed  horizontal  force. 
As  in  the  last  section  the  equality  of  the  bending  moment  and  the 


moment  of  resistancegives 


M  =  al 


if  = -9  and  /=  -  (ri*  — r2*),  and  as  ri  =  ri  —  t 

2  4 


=  7rt  I  ri' riH  +  r^ I 

\  2  4  / 
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But  t  is  SO  small  that  the  last  three  terms  in  the  parenthesis  may  be 
neglected  when  compared  with  r,  so  that 

This  value  of  /  could  have  been  obtained  more  directly  as  follows: 
Let  dA  be  an  element  of  the  section  of  the  stack,  the  thickness  of  the 

shell  being  /.  {r^ cos' $)d A  ^(trde)  (f^cos' 0)^dl 

and  /  =  2r»<  fcos'^d^^^^r^  (  ^+ sin^^cosg^T     ^^ 

Proceeding  with  our  analysis,  as  a  =  — ,  we  have 

r 

2  r 

so  that  tr  =  — "  (31) 

The  value  of  r  is  usually  determined  by  the  amount  of  gases  (the 
products  of  combustion,  hot  air,  etc.)  the  chimney  is  to  discharge  into 
the  atmosphere,  and  the  formula  used  to  find  the  value  of  t  is 

2nrpi 
All  dimensions  are  given  in  feet. 

4:7 fi.  Steel  endures  tension  as  well  as  compression  and  in  this 
formula,  pi  is  tensile  stress  on  the  windward  side  and  compressive  on 
the  lea  side.  When  we  combine  with  the  stresses  due  to  the  wind,  the 
uniform  stress  due  to  the  weight,  we  increase  pi  on  the  lea  side  and 
diminish  pi  on  the  windward  side.  But  the  stress  due  to  the  weight, 
in  the  case  of  a  steel  chimney,  is  so  small  compared  with  pi  that  it  is 
almost  negligible.  For  a  150-foot  steel  chimney  the  vertical  load  is 
about  500  lbs.  per  square  inch  while  pi  per  square  inch  is  fully  10,000 lbs. 

However,  the  effect  of  the  weight  is  to  partially  compensate  for  the 
rivet  holes  which  slightly  weaken  the  steel  on  the  windward  side. 

Practical  Example. 

Let  F  =  150  feet;  pi  =  (9000X144)  lbs.  per  square  foot;  r  =  3  feet; 
p  =  50  lbs.  per  square  foot;  t  =  thickness  of  plate  in  feet. 
Formula  in  4  T 1  give  (150)«50 

~  277.3.9000X144 
t  =  0.046  feet »  0.552  inch. 
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It  would  be  beyond  the  scope  of  an  elementary  work  on  Mechanics 
to  take  up  a  full  discussion  of  the  foundations  and  sections  of  chimneys. 
At  this  point  it  is  only  desired  to  apply  some  of  the  principles  developed 
with  reference  to  the  uniformly  varying  stress,  and  centers  of  stress. 
For  further  information  the  student  would  do  well  to  consult  the 
authorities  named  in  Kent's  Pocket  Book»  article  on  "Chimneys." 
The  article  is  of  itself  exceedingly  full  and  it  refers  the  reader  to  a 
variety  of  discussions  upon  different  points. 

473.    Varying  pressures  in  semi-solids;    RetainingwaUs.    Inter; 

mediate  between  fluids  and  solids  are  numerous  materials  or  mix- 
tures which  under  some  conditions  appear  to  be  solids,  and  under 
other  conditions  appear  to  move  or  flow  like  liquids.  Sand,  loose 
earth,  grain,  powders  of  all  kinds  are  familiar  examples.  Their  fluidity 
is  greatly  dependent  upon  their  wetness,  but  in  every  case,  masses  of 
such  materials  will  maintain  a  state  of  equilibrium  under  their  own 
weight,  with  upper  surfaces  more  or  less  out  of  the  horizontal.  Piles 
of  sand,  grain,  mixed  clay,  embankments  of  earth,  broken  stone,  etc., 
are  illustrations. 

Every  such  substance  has  a  limit  to  its  3lope.  At  the  limiting  slope, 
the  upper  layers  are  upon  the  point  of  sliding.  The  uppermost  is  held 
in  place  by  the  vertical  action  between  it  and  the  one  below  it,  provided 
there  is  a  certain  adequate  support  at  the  bottom  of  the  slope.  Let 
Fig.  448  represent  a  vertical  section  of  a  retaining  wall,  and  a  bank  of 
earth  having  a  uniform  slope,  the  line  OY  being  the  line  of  greatest 
declivity.  The  angle  0  is  not  the  maximum  slope  angle.  A  slope 
once  established  may  be  extended  indefinitely,  the  conditions  at  a 
given  depth  below  the  surface  being  constant  thruout  the  slope,  but 
there  must  be  some  lateral  support  in  sections  parallel  to  ZY,  which 
is  constant  and  extends  all  the  way  up  the  slope. 

Consider  the  condition  of  a  prism  represented  by  ABCDj  with  its 

length  A  a:  extending  horizontally  in  a 
direction  perpendicular  to  AD.  If 
BC  is  parallel  to  ADj  the  downward 
inclined  action  on  the  face  DC  must 
be  exactly  balanced  by  the  upward 
inclined  action  on  the  face  AB. 

If  these  actions  did  not  balance, 

the  conditions  would  not  be  the  same 

at    different  heights  on  the  slope 

which  is  contrary  to  observed  facts. 

Being  thus  supported  laterally,  the  weight  of  the  prism  is  carried  by 

the  supporting  action  of  the  base  DC.  If  now  we  consider  the  situation 


THE    CONJUQATE   PRESSURES    IN   A   SEMI-SOLID  441 

of  an  eletaent  BCFE^  with  upper  and  lower  bases  parallel  to  the  sloping 
plane  AD,  with  all  lateral  faces  vertical,  we  shall  find  balancing  forces 
in  three  directions:  1.  Vertical,  parallel  to  OZ;  2.  Up  the  slope, 
parallel  to  OY;    8.     Horizontal,  perpendicular  to  the  plane  of  ZF. 

The  pressure  on  the  face  BEFC  is  normal  and  directly  balanced  by 
the  pressure  on  the  opposite  face. 

Let  p  be  the  intensity  of  the  oblique,  vertical  stress  on  the  face  EF; 
its  magnitude  is  LyAx.p.  The  upward  pressure  on  the  face  BC  is 
A2/Ax.(p+dp):  the  latter  balances  the  former,  pliLS  the  weight  of  the 
element;  hence 

^yAx{p-\-d'p)^^yAx.{'p)-\'^zAxAy.cos6,w 

in  which  w  is  the  specific  weight  of  the  material. 

Hence  dp  =  dzw  cos  <^. 

p^zwcos^. 

Hence  p  is  known  for  a  given  depth,  in  a  given  material  having  a 
given  slope. 

The  pressure  on  the  face  BEj  pAxAz  is  directly  balanced  by  the 
pressure  on  FC,  and  an  equation  yields  no  solution;  however,  p'  is 
closely  related  to  p  since  they  are  ** conjugate  stresses**;  they  have  by 
construction  the  same  obliquity,  and  each  is  parallel  to  the  faces  upon 
which  the  other  acts.     Hence,  their  ratio  is  determined  by  formula  in 

,  I    cos<p— Vsin'p— sm'<p 

P  =ZWC03<f>' ^         ==■ 

cos  <^+  Vsin'/8— sin^<^ 

in  which  jS  is  the  ''angle  of  repose"  of  the  material  or  the  greatest 
possible  declivity  of  the  sloping  surface  plane. 

Having  found  the  intensity  of  the  two  conjugate  pressures  p  and  p\ 
we  can  now,  by  204  find  the  magnitude  and  direction  of  the  greenest 
pressure  in  the  plane  YZ  at  the  point  -B,  vertically  below  the 
surface  at  the  distance  z. 

If  pi  and  p2  are  put  for  px  and  py  in  article  204  we  have 

pi+P2  _  P+p'  _  wzcos<f> 

2  2cos^      cos<^+Vsin2/8-sin2<^ 

P1-P2         Up+P'y  ',  wz  cos  <f>  sin  fi 


-pp    = 


4  cos^  <f>  cos<f>+  Vsin'/8  —  sin^<^ 


wz  cos  <4(l  +sin  S) 
pi= 


P2  = 


cos  (J)  +  Vsin*/8— sin^<^ 
wz  cos  <^(l  —  sin  15) 

-  ^_^-^_  * 

cos<^+  Vsin^yS— sin*<^ 
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These  are  the  values  of  the  greatest  and  least  pressures  at  the  point. 
They  are  principal  stresses  at  right  angles  to  each  other.  The  direc- 
tion of  pi  is  given  by  the  angle  <f>  measured  from  the  normal  to  the 
plane  of  slope  towards  and  beyond  the  vertical,  determined  by  the 
formula,  derived  directly  from  Fig.  218, 

Pi— Pa 

The  formulas  found  above  are  of  great  importance  in  designing 
retaining  walls,  and  foundations  resting  upon  material  of  a  granular 
•character.  They  are  based  upon  the  assumption  of  complete  unifor- 
mity of  condition,  and  that  condition  the  most  unfavorable  possible. 

474.  The  insecurity  of  steep  banks  of  earth.  ''A  structure  of 
earth,  whether  produced  by  excavating  or  by  embankment,  preserves 
its  figure  at  first  partly  by  means  of  the  friction  between  its  grains,  and 
partly  by  means  of  their  mutual  cohesion  or  tenacity;  which  latter 
force  is  considerable  in  some  kinds  of  earth,  such  as  clay,  especially  when 
moist.  It  is  by  its  tenacity  that  a  bank  of  earth  is  enabled  to  stand 
with  a  vertical  face,  or  even  an  overhanging  face  for  a  few  feet  below 
its  upper  edge;  whereas  friction  alone  would  make  it  assume  a  uniform 
slope. 

"But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of  air 
and  moisture,  and  of  the  changes  of  temperature;  so  that  its  friction 
is  the  only  force  which  can  be  relied  upon  to  produce  permanent 
stability.  In  the  present  investigation,  therefore,  the  stability  of  a 
mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other  material  con- 
sisting of  separate  grains,  will  be  treated  as  arising  wholly  from  the 
mutual  friction  of  those  grains,  and  not  from  any  adhesion  amongst 
them." — Rankine. 

475.  A  practical  test  under  pressure.  The  maximum  obliquity 
is,  of  course,  the  angle  of  repose,  which  must  be  found  by  experiments, 
made  after  many  changes  of  weather,  and  with  different  degrees  of 
moisture. 

One  of  the  pneumatic  caissons  of  the  St.  Ix)uis  Bridge  (known  as  the 
"Eads  Bridge")  was  filled  with  sand,  after  having  been  solidly  grounded 
on  native  rock  covered  with  concrete.  The  ceiling  of  the  air-chamber 
had  been  built  with  pyramidal  recesses  having  for  every  pyramid  a 
vertical  tube  rising  from  the  vertex  thru  the  masonry  to  the  upper 
air.  Thru  these  tubes  sand  was  introduced.  In  order  to  determine  the 
maximum  obliquity,  or  angle  of  repose  of  wet  sand  under  a  water 
pressure  of  100  feet,  an  experiment  was  made  as  shown  in  Fig.  449. 
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Sand  with  plenty  of  water  was  run  down  the  pipe  until  the  vertex  of 
the  cone  of  sand  reached  almost  to  the  inlet.  The  water  meanwhile 
escaping  thru  the  manhole  at  H.  The  tank  was  then 
opened  and  the  declivity  was  measured.  Next  the 
man  hole  was  closed  and  the  pipe  was  filled  with 
water  to  a  height  of  about  100  feet.  It  was  found 
that  the  increased  hydrostatic  pressure  caused  no 
perceptible  change  in  the  ''angle  of  repose"  of  the 
sloping  sand. 

The  slope  of  the  conical  surface  determined  the 
slope  of  the  edges  of  the  pyramids  in  the  ceiling  of 
the  air  chambers. 

When  at  last  all  the  air  chambers  were  filled  with  concrete  and  sand, 
the  entry  pipes  were  also  filled  solid  to  the  very  top. 

The  maximum  declivity  of  loose  material  must  not  be  estimated 
from  embankments  which  have  been  exposed  to  rain  and  snow.  The 
wash  of  running  water,  and  the  expansion,  liquif action  and  crumbling 
caused  by  freezing  and  thawing  are  matters  not  now  under  considera- 
tion. 

476.  The  stability  of  retaining  walls.  Not  only  liquids  but  loose 
and  granular  materials  of  all  kinds  exert  a  lateral  or  overturning 
moment  upon  a  wall,  and  the  intensity  of  the  action  varies  with  the 
depth  below  the  surface  of  no  action  at  the  top  of  the  material.  The 
centers  of  pressure  in  the  case  of  liquids  upon  plane  surfaces  have 
already  been  studied,  see  Chapter  VII. 

The  stability  of  a  vertical  wooden  wall  is  secured  by  a  strut  or  brace 

as  shown.     The 

end  of  the  brace 

B  should   always 

be  above  the 

center  of  pressure, 

C,  and  the  tenon 

of  the  post  at  A 

should  be  thick, 

not  less  than  one 
third  of  the  post  itself,  and  the  pin  must  be  large  and  strong;  in 
fact,  it  is  well  to  spike  a  piece  of  plank  as  shown  from  a  to  6,  since 
the  upward  thrust  of  the  brace  DB  causes  a  tension  in  the  post  BA. 
Tension  in  B4  =  Thrust  in  DB  tan  ^-Weight  on  AB. 

Assuming  that  B  is -above  A,  and  that  ADB-^B"*,  the  stress 
diagram  is  drawn  as  shown. 


Stma  Diagram 
1      L  »  I 
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The  support  at  D  may  be  furnished  from  below,  or  by  the  sill  member 
AD  as  a  beam.  The  tension  \nAB{\l  there  is  any)  is  more  than  bal- 
anced by  the  sill  DM  and  the  weight  of  the  water  it  carries. 

477.  A  retaining  wall  of  masonry  may  present  a  vertical  face  to 
the  material  retained,  or  that  face,  and  the  other  as  well,  may  have  a 

batter,  with  or  without  steps,  and  the  material 
retained  may  have  a  level  or  a  sloping  surface. 
As  a  general  case.  Fig.  451,  suppose  the  material 
has  an  inclination  <^;  that  the  angle  of  repose  for 
the  material  is  P\  and  that  the  masonry  has  a 
double  batter. 

Let  the  vertical  plane  EC  be  parallel  to  the 
axis  of  the  wall  and  at  right  angles  with  the 
plane  of  greatest  declivity  EFC.  The  wedge  of 
material  BCE  may  be  regarded  as  a  part  of  the 
wall,  but  of  less  density.  The  weight  of  the  wedge  is  supported  by  the 
foundation,  but  transmits  the  thrust  of  the  material  which  acts  upon  the 
plane  EC  in  the  direction  of  jEJF,  as  already  shown. 

The  center  of  the  thrust  is  two-thirds  of  the  distance  down  EC^ 
and  its  magnitude  is  (if  we  take  a  typical  section  I  feet  long  from  the 
plane  CEF  to  a  parallel  plane,  making  Z  =  l): 

P=    fc=    pL.....^    eos<^-V(sin^^-sin^<^) 
Jo  Jo  cos<^+V(sin«/8-sin«^) 


Tig.  451 


.2 


P  = cos 


I     COS  <^  —  V  (sin*)8 — sin*<^) 
cos  <^  +  V(sin2/8—  sin2<^) 


in  which  zi  =  the  depth  EC, 

Let  G  be  the  center  of  mass  of  the  masonry  and  the  wedge  BEC. 
The  resultant  action  of  the  thrust  P  and  gravity  is  readily  seen  to  be 
the  force  R  which  pierces  the  plane  of  the  base  at  H.  If  H  lies  in  the 
"middle  third"  of  the  foundation,  and  if  the  angle  of  repose  for  base 
of  the  wall  and  the  material  under  it  is  less  than  the  angle  at  i7,  the 
retaining  wall  is  stable. 

If  <^  =  0,  the  slope  vanishes  and  the  value  of  P  is 

p_  wzi^    1— sin^ 
""  T"  l+sin)8 

If  <^  =  /8,  the  slope  is  as  great  as  it  can  be  with  that  material,  and  Pis 


P  = 


WZi 


2 


COS)8 
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and  the  conjugate  pressures  in  the   material  are  equal,  as  already 
stated. 

47S.  Foundations  resting  upon  clay  or  saod.  Assuming  as  before 
that  the  sand  or  clay  is  loose,  having 
lost  the  initial  adhesion  of  a  clay  bank 
or  packed  sand,  and  is  moist  or  hom- 
ogenous, our  formulas  may  be  applied 
to  explain  a  phenomenon  much  too 
common  near  the  base  of  heavily 
loaded  waUs. 

The  intensity  of  pressure  along  the 
plane  AC  is  readily  found 

W 


The  conjugate   pressure,    which    is   horizontal,   is 
,  1— siuiS 

1  +sin  p 

This  horizontal  pressure   at   A,   produces  a  new  conjugate  preseure 
upwards  whose  value  is  ■ 


This  is  the  vertical  or  lifting  pressure  along  the  plane  AD  at,  or 
near,  A.  This  pressure  should  be  balanced  by  the  weight  of  material 
above  it,  i.  e.,  wh. 

H*^''"     .ftshouid.p(l::^^r  =  -^(^-^:^V 

U  +  sinjS/        AC^l-sm^l 

That  is  to  say:  The  weight  of  a  column  of  the  material,  in  which  the 
foundation  stands,  whose  height  if  equal  to  the  depth  of  the  foundation, 
and  whose  base  is  one  foot  square,  should  not  be  less  than  the  pressure 
per  foot  sq.  under  the  foundation  multiplied  by  the  fraction 

/l-sin)8\* 

If  the  weight  of  material  surrounding  the  foundation  wall,  on  both 
tidet,  is  insufficient,  the  wall  settles,  and  the  material  on  both  sides 
rises.  Plenty  of  illustrations  of  this  action  may  be  found  where 
foundations  are  laid  on  granular  or  soft  material.  Sometimes  a  founda- 
tion will  not  settle  so  long  as  the  material  is  not  flooded  with  water,  but 
settles  as  soon  as  moistened. 
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Perhaps  the  most  familiar  example  of  this  double  or  secondary, 
conjugate  action  is  seen  when  one  puts  his  foot  down  upon  a  layer  of 
loose  moist  clay,  or  sand  wet  or  dry.  The  material  rises  all  around 
the  foot  to  a  height  proportioned  to  the  depth  reached  by  the  foot. 
The  reader  will  recall  the  reports  of  engineers  on  the  Panama  Canal 
at  the  Culebra  Cut.  The  slopes  on  the  sides  were  at  first  left  too  steep, 
or<f>>/5.  The  consequence  was  frequent  cases  of  sliding.  It  is  hoped 
that  the  slope  has  finally  been  reduced  to/8.  The  double  conjugate 
action  has  recently  been  shown  by  extensive  upheavals  in  the  bed  of 
the  canal  in  consequence  of  the  weight  of  the  banks,  and  the  high 
degree  of  fluidity  in  the  material  of  the  cut. 

479  •  If  one  inspects  a  steel  armor  plate  which  has  been  pierced 
by  a  projectile  with  a  flat  or  pointed  end,  he  will  find  that  to  a  certain 
extent  the  steel  has  risen  all  around  the  hole  on  the  entrance  side> 
showing  that  under  enormous  pressures,  even  steel  becomes  a  partial 
fluid  so  as  to  develop  conjugate  stresses. 

Just  as  moisture  diminishes  the  maximum  declivity  of  some  materials, 
an  increase  of  temperature  does  the  same.  Most  solids  become  semi- 
fluids  when  very  hot,  and  thick  liquid  becomes  thin  when  warm.  On 
the  other  hand  some  granular  substances  harden  with  heat. 

480.  Stress  in  cables  and  chains.  The  common  Catenary.  A 
uniform  wire  or  cable  connecting  two  points  not  in  the  same  vertical, 
loaded  only  with  its  own  weight,  takes  the  form  of  a  curve  known  as  the 
Catenary.  The  two  points  of  suspension  may  or  may  not  be  in  the 
same  horizontal  plane.  Consider  the  hanging  wire  AB.  The  curve 
of  equilibrium  is  the  same  as  it  would  be  if  the  wire  were  extended  to  C, 
since  the  portion  AB  hangs  just  the  same  whether  stopping  at  B  or  C. 
The  equation  of  the  curve  is  found  as  follows: —    Let  P  be  a  point 

on  the  curve.  Let  the  lowest  point  0  where 
the  tangent  is  horizontal  be  chosen  as  the 
origin  of  co-ordinates. 

The  portion  of  the  curve  OP  has  a  vari- 
able length  Sy  and  a  weight  ws^  where  w 
means  the  weight  per  unit  of  length.  Let 
the  horizontal  tension  at  0  be  H.  The  ten- 
,,  sion,  r,  at  P  is  in  the  direction  of  the  tangent 
at  that  point.  The  static  triangle  K^  for 
the  portion  OP^  is  similar  to  the  elementary 


Tig,  468 


triangle  dsydz^dx;  hence,  if  we  put  H  =  wm 


dz 
dx 


ws 
H 


s 
m 
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It  is  evident  that  the  value  ot.H  (and  m)  does  not  depend  upon  the 
position  of  the  point  P  whose  current  co-ordinates  are  x  and  z.  In 
other  words,  for  this  catenary  m  is  a  constant.  Squaring  the  above 
equation,  and  adding  1  to  each  side,  we  readily  derive 


(1) 


(«) 


(3) 


(4) 


(5) 


m' 


ds 


+m«)i 


log 


8  +  V**  +  m^      X 


m 


m 


«  +  V*«+m«     ^i 


m 


8 


m(  ^       -i\ 


=  €"* 

X 

m 


which  is  the  equation  of  the  Catenary  in  terms  of  x  and  s. 

A  second  equation  can   be  found   by  squaring  —  =  —  =  —  and 

dz       ws       8 


proceeding  as  before 


d8 
dz 


V^  +  m^ 


(6) 
(7) 


V«*+m*  =  z+ 


m 


8^^7?+Stzm 

A  third  equation  is  readily  formed  between  x  and  z  by  eliminating 
8  from  (5)  and  (7)  thereby  giving 


(8) 


z+m 


m  / 


€"*+€ 


) 


The  tension  in  the  wire  at  the  point  P  is  given  from  the  static  triangle 

(9)  T  =  <W+w^8^  =  II?  Vm^  +  «*  =  ii?(a+m) 

Now  m  is  evidently  a  length  of  the  wire  which  weighs  ff,  since 
H^wm;  and  T  is  the  weight  of  a  length  of  wire  (z+m),  so  that  if  m 
be  laid  down  from  0,  it  reaches  to  a  horizontal  line  0'X\  whose  distance 
from  P  is  »+m.  So  that,  if  0'  were  taken  as  the  origin  instead  of  0, 
the  equations  (6)»  (8)  and  (9)  would  become 


(10) 


2'=  —I  €«+€ 


m 


) 
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The  quantity  m  is  called  the  parameter  of  the  curve,  since  it  is  the 
only  constant  in  the  equation,  and  the  quantity  which  distinguishes 
one  catenary  from  another.  All  catenaries  are  similar  as  are  all  circles 
and  all  parabolas*.    They  differ  only  in  scale  or  size. 

It  is  evident  that  the  tension  in  a  hanging  wire  varies,  being  least 
at  the  lowest  point  where  z  =  0  and  where  T  «  i?  « tvm,  and  it  is  greatest 
at  the  highest  point  of  suspension  where 


(11) 


r=(2i+w)ii? 


Everything  is  a  function  of  m,  and  yet  m  is  never  a  given  quantity. 
The  given  quantities  are 
Xi  and  ki^zi;  or  si  and  Xi; 
or  xi  and  Ti;  or  possibly 
l^Si+S29  k^^Xi+Xt^  and 
A  =  2i— Za.  Sec  Fig.  454. 
It  is,  therefore,  necessary 
to  find  m  from  the  data. 
liCt  us  take  the  last  case  which  is  the  most  troublesome. 

Let  Z  =  the  total  length; 
k  =  the  total  span; 

h  =  the  difference  in  the  heights  of  the  points 
of  suspension. 

The  lowest  point  0  is  wholly  unknown.  It  will  be  convenient  to 
regard  both  xi  and  X2  as  positive,  and  to  let  both  segments  of  the  chain 
have  the  same  origin  and  similar  equations.     We  have  then 


Let 

hence 


X1+X2  =  ir,  a  known  quantity. 
OJi — ajj  =  w,  an  unknown  quantity, 
k+u  k  —  u 


Putting  these  values  of  Xi  and  x%  in  (5)  and  (8),  we  get 

—  C     2m 


1^81+8% 


(12 


(k — u  (Jfc— It) 

£  2m  —  £       2m 


£2m-|-£    2m  |— £    2m|£Bm-|.£    2m 


£    2m 


)h^ 


2m  -^£    2m 
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(13) 


Hence 


(14) 


»1  — «2  =  A==  —  I  C2««  — €    2m|jc2w— €    2m  J 


-iL\2 


which  contains  only  the  da^a  and  m,  so  that  m  can  be  found  by  approxi- 
mation. 

Having  found  the  numerical  value  of   m,  we  next  find  from    (12) 
and  (is)  the  values  of  l+h  and  Z  — A,  and  obtain  the  equations 


l+h        ^ 

^  cm 

l-h 


(15) 


u^mlog^ 


l+h 
l-h 


The  values  of  xi  and  Z2  are  now  readily  found,  and  the  above  equations 
suffice  for  finding  whatever  may  be  needed. 

If  the  points  of  suspension  are  at  the  same  level,  and  xi  and  81  are 
given,  and  equation  (5)  suffices  for  finding  m. 

The  limiting  value  of  7"  is  a  controlling  datum  in  many  cases.     T 

T 
is  the  total  tension,  and  its  intensity  is  ;pi  =  — »  if  ^  =  area  of  a  cross- 

A 

section  of  the  wire  or  cable.     When  2i  =  Z2,  Zi  is  the  "sag"  of  the  wire, 

and  T  —  w  (2;i+m)  =  pi^,and  . 

z\  =  ^- m. 

w 

481.  Dangerous  stresses.  The  quantity  w  must  include  not 
only  the  weight  of  the  wire  per  foot,  but  whatever  the  wire  carries  in 
the  form  of  ice,  snow,  or  covering  of  any  kind  if  it  be  reasonably  uni- 
form.    The  working  value  of  pi  is  given  in  this  table. 


Ultimate  and 

Working  Stress 

per  sq.  inch 

in  pounds 

Steel  Wire 

Copper 

Ultimate 
150,000 

Working 
25,000 

Ultimate 

60,000 
to  64,000 

Working 

10,000 
to  16,000 

One  very  important  fact  must  always  be  kept  in  mind,  in  adjusting 
wires  and  ropes;  that  is,  that  the  length  depends  upon  the  temperature 
or  moisture  or  both.  Everybody  knows  how  a  rope  tightens  when 
wetted)  and  how  steel  contracts  as  the  temperature  falls.    A  steel  wire 
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hung  with  the  working  tension  pi  in  a  hot  day  in  summer  is  in  danger 
of  breaking  on  a  cold  day  in  winter. 

There  is  no  simple  formula  showing  the  relation  of  A  T  (a  change 
in  the  tension)  to  Aa  (a  change  in  the  length  of  s  due  to  a  change  in  the 
temperature).  A  change  in  s  produces  a  change  in  m,  the  span  being 
constant,  as  shown  in  formula  (5). 

A  change  in  both  m  and  8  produces  a  change  in  T  as  shown  in  formula 
(9).     If  s  is  made  less,  m  is  made  greater  (generally  much  greater). 

An  increase  in  w  due  to  masses  of  snow  and  ice  combined  with  low 
temperature  often  breaks  wires  hung  in  warm  weather  with  long 
spans  and  insufficient  sag.  Manufacturers  of  steel  and  copper  wire 
generally  publish  tables  giving  precautionary  directions  for  hanging 
wires,  allowing  for  both  spans  and  temperatures. 

"If  a  copper  wire  were  to  be  erected  in  summer  at  a  temperature  of 
70°F.,  with  a  span  of  800  feet,  it  would  be  necessary  to  allow  a  sag  of 
5  feet  9  in.;  then  should  the  temperature  drop  in  winter  to  —  10°F., 
this  sag  would  be  decreased  to  2  ft.  8^  in.,  with  a  tensile  stress  of 
16000  lbs  per  sq.  inch,"  no  allowance  being  made  for  snow  and  ice.* 

This  statement  should  be  checked  by  the  use  of  formulas  given 
above,  and  the  additional  formula  from  physics  that  the  co-efficient  of 
expansion  for  copper  is  0.00000887  per  1°F. 

482.  The  maximum  span.  Problem.  To  find  the  ratio  of  sag 
to  span  when  (zi  =  Z2)>  and  when  T  is  a  minimum. 

No  amount  of  tension  can  eliminate  the  sag,  tho  every  one  knows 
that  the  greater  the  tension,  the  less  the  sag;  and  conversely,  the 
greater  the  sag,  the  less  the  tension;  but  this  last  statement  is  not  true 
indefinitely.  There  is  a  point  where  an  increase  of  the  sag  would 
cease  to  diminish  the  tension.  That  point  we  are  now  to  find,  the 
span  2xi  being  constant,  and  the  length  being  indefinite. 

We  have  the  formula  T  =  w{z+m) 

^^^^^  dT==widz+dm) 

When  ris  a  minimum,  dr  =  0;  hence  for  the  required  point 

dz+dm  =  0. 

Differentiating  (8),  in  480  and  remembering  that  we  are  consider- 
ing the  tension  at  -4,  so  that  x  =  a;i  =  constant,  we  get 

0  =  dz+dm=  —  le^+e   "*|H — ( ic««H ^€    m]dni 


*  Mather  &  Piatt,  Manchester,  England. 
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which  reduces  to 


cm 


Let  —  =y,  for  brevity.    Then 

771 


«"(y-i)  =€-"(»+l) 


y+1 
y-1 


=    ^ 


By  very  easy  approximation,  we  find  the  value  of  y  wliich  is  evidently 

greater  than  1  and  less  than  2.      By  trials,  we  get,  with  suflScient 

accuracy 

y  =  —  =  1,2  hence  m  =  — 

m  1.2 

These  values  in  Eq.  (8)  480,  give 

A  =  _L  /ci.2+€-i-2-2)  =  0.83+, 
2x1       4.8  V  / 

.  "  .   when  ike  sag  is  one-third  the  span,  T  is  a  minimum. 

The  reader  may  be  curious  to  know  the  length  of  the  longest  possible 
span  of  a  steel  or  copper  wire,  assuming  that  the  supports  are  on  the 
same  level,  and  that  they  are  high  enough  to  admit  of  the  sag.     If  the 

soan 
value  of  m  is  taken  to  be ,  and  the  tensile  strength  of  steel  is 

2.4 

taken  at  100,000  lbs.  per  sq.  inch,  and  the  weight  per  cubic  foot  at 
490  lbs.,  the  span  is  about  (7j)  miles.  The  corresponding  figures 
for  copper  are  approximately: — 

40,000  lbs.  per  sq.  inch;  552  lbs.  per  cubic  ft.,  and  a  span  of  2 J  miles. 

It  will  be  a  useful  exercise  on  the  part  of  the  student  to  check  or 
correct  these  figures. 

483.  Cords  with  loads  so  distributed  that  w  is  the  same  per  foot 
horizontally.  The  load  includes  the  cord  itself.  Referring  to  figure 
453,  and  to  the  static  triangle  for  the  cable  OP,  we  note  that  for  the 
cable  now  under  consideration,  we  have  wx  for  the  load  and  not  ws. 
Consequently  our  proportion  is 

wx      dz 


H  \dz  =  w  I  xdx. 


A        2  2ff 

and  x^  =  —  2 


w 
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which  shows  that  the  cord  takes  the  form  of  a  parabola,  and  a  tangent 
at  P  bisects  the  abcissa  x. 

If  the  span  and  the  sag  are  given,  H  is  found  from  the  equation.  H 
is  the  least  tension. 

The  tension  where  it  is  greatest,  viz.,  at  the  top  of  a  pier,  is  found 

by  the  equation  H  — • 

The  length  of  the  entire  cable  from  tower  to  tower  is  found  from  the 
proportion  ^  ^  ^  ^  ^^^-^ 

H      dx  ji 

If,  as  in  the  case  of  the  catenary,  we  let  —  =  m,  this  becomes 

w 

ds=  —•  {m'^+3c^)idx. 
m 

Hence  Z  =  25i=  -  I  {m^+x^)idx 


=  if"^  (m^+x^yi  +  —  log.  (x+{m^+x^)i  \T 

^W    2x     2^*  I       1  «  xi+{m^+xi*)i 
=  —  {rrr+XiV^  +  m  log. 

484.  An  arch  with  hanging  loads.  If,  in  the  place  of  a  cable 
hanging  upon  lofty  piers,  a  roadway  is  supported  by  an  arched  rib, 
the  total  distributed  load  being  approximately  uniform,  the  axis  of 
the  rib  takes  the  form  of  a  parabola,  with  the  vertex  high  in  the  wr. 
The  ends  of  the  rib  rest  upon  pins  mounted  in  skew  backs  which  rest 
on  firm  foundations.  Under  changes  of  temperature  the  vertex  of 
the  parabola  rises  and  falls,  and  as  the  radius  of  curvature  at  the 
vertex  changes,  excessive  bending  moments  piay  be  developed  in  the 
upper  and  lower  members,  if  the  depth  of  the  rib  be  large. 

485.  Stress  in  a  hanging  wire  or  rope.  The  writer  was  once 
lowered  into  a  copper  mine,  thru  a  vertical  shaft  pne  mile  deep.  The 
cage  was  suspended  by  a  wire  rope  If  inches  in  diameter,  which  was 
unwound  from  a  drum  some  30  feet  in  diameter.    The  cage,  when 
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loaded  with  a  car  full  of  copper-bearing  rock,  must  have  weighed  about 
six  tons.  Exact  figures  show  that  the  cross-section  of  the  rope  has  an 
effective  area  of  0.88  square  inch,  and  that  the  load  at  the  end  was 
11,500  lbs.  The  steel  rope  weighed  8  lbs.  per  foot.  The  tension  'per 
square  inch  of  the  rope  at  the  bottom,  when  the  fully  loaded  cage 
was  hanging  ready  to  start  from  the  bottom  of  the  mine,  was  about 
13,000  lbs.  The  rope  5280  feet  long,  at  8  lbs.  per  foot  weighed  15,840 
lbs.  Hence  the  total  tension  at  the  top  when  the  loaded  bucket  was 
ready  to  start  from  the  bottom  was  27,340  lbs. 

If  at  the  start,  or  while  getting  under  full  speed  (a  *'mile  per  three 

minutes")»  the  acceleration  was  as  high  as  — ,  the  required  tension  was 

11  .  . 

about  —  of  the  weight  of  car,  cable  and  mineral,  making  7  =  30,074 

„          ^^       80074     ^.^^  .     , 

lbs.,  or  2>=» =34,000  per  square  inch. 

0.88 

While  a  sound  rope  would  probably  hold  under  that  tension,  no 
engineer  ought  to  approve  of  a  working  stress  so  high. 

The  ideal  arrangement  would  be  a  cable  with  increasing  strength 
from  bottom  to  top. 

Before  the  invention  of  high  pressure  steam  engines,  deep  mines 
were  pumped  out  by  force  pumps  operated  by  engines  (atmospheric 
and  condensing)  (see  Newcometi's  engine.  Encyclopedia  Britainica) 
situated  near  the  top  of  the  shaft.  The  connecting  rod  was  built  in 
sections,  increasing  in  size  and  strength  gradually  from  bottom  to 
top,  so  that  the  stress  per  square  inch  was  approximately  the  same 
thruout.  The  problem  then  was  one  of  varying  cross-section, 
rather  than  of  varying  stress.  Nevertheless,  the  problem  is  appro- 
priate here.  Suppose  a  tapering  wire  supports  a  weight 
or  load,  at  its  lower  end,  and  its  own  weight  as  well; 
what  is  the  radius  of  its  ccross-section  at  a  distance  x 
above  the  lower  end  if  the  unit  stress  is  constant? 

If  the  load  at  the  bottom  is  Wi  and  if  the  uniform 
stress  allowed  is  pu  we  find  the  law  of  form  of  the  wire 
or  rod  as  follows: 

At  the  height  z  from  Ay  take  an  element  Sdz  in  which 
S  is  the  cross-section  at  that  point.  The  downward 
action  upon  the  element  is  Spi+wSdz;  the  action  up 
is  pi  {S+dS);  as  these  are  equal,  we  have 

wSdz^PidS 


8 


or 


,  dS 

wdz  =  vi  — 

^    S 
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Integrating  from  0  to  z,  and  from  Sq  to  S 

wz-^pi  log.  —  =2>i  log. ^ 

whence  S=~    ^  ,  or  log,^  =  log„,— +logH,€ ''^ 

Vi  €^  Pi 

log,„S  =  logio  5^  +  !^  (0.484S) 

Pi       Pi 

W 

which  gives  the  cross-section  at  any  height,  Sq—  —  being  the  cross- 
section  in  sq.  feet    at   ^.  ^^ 

Example.  Let  W  the  load  =  4000  lbs.  Let  2>i  =  10,000X144  lbs. 
per  square  foot,  and  tr  =  490  lbs.  per  cubic  ft.;  find  S^,  and  S  at  a  height 
of  5000  feet.     Use  the  formula, 

logioS  =  \ogJV  -  logioPiH-  —  (0.4848) 

Vi 
.         S  at  the  height  of  5000  ft.,  «.19  sq.  inch. 
So  at  the  bottom  0.4  sq.  inch. 

486.  Variation  of  stress  in  liquids.  It  was  shown  in  XII  that 
if  the  stresses  on  two  rectangular  planes  were  normal,  equal,  and  of 
the  same  kind,  the  stress  on  every  plane  was  the  same.  That  is  the 
case  in  fluid  pressure. 

Given  a  mass  of  liquid,  whose  specific  weight  is  tr,  at  rest  in  a  tank. 
Tho  the  density  is  not  strictly  constant  under  varying  pressure,  it  is 
so  nearly  so  that  it  is  unnecessary  for  engineers  to  allow  for  change  in 
density  provided  the  temperature  is  constant.  Consider  a  cubic 
element  dx^  dy^  dz^  at  a  distance  z  below  its  horizontal  upper  surface. 
Let  p  be  the  intensity  of  pressure  on  the  upper  surface  of  an  element 
and  p+dp  the  intensity  upon  the  lower  surface.  The  downward 
pressure  upon  the  upper  surface  then  is  pdxdy.  The  upward  pressure 
on  the  bottom  is  (p+dp)dxdy.  The  pressures  upon  the  lateral  faces 
balance  and  need  not  be  considered. 

The  upward  action  exceeds  the  downward  action  by  dxdyAp.  This 
is  balanced  by  the  weight  of  the  element 

dxdydp  =  wdxdydz 

where  w  means  the  weight  of  a  cubic  unit  of  the  liquid  and  z  measures 

the  depth;  hence  ,  , 

ap  =  wdx 

wz 


dp  =  w  I  dz  =  p—po  =  w  1  d2  = 

Po  fjo  Jo 


p=Po+WZ 
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The  pressure  upon  the  upper  surface  of  the  liquid  (if  there  be  any) 
being  po»  The  pressure  p,  is  called  the  absolute  pressure.  In  ordinary 
steam  and  gas  gauges,  the  pressure  p—poia  shown,  which  is  the  excess 
over  the  atmospheric  pressure.  It  is  seen  that  the  gauge  pressure  is 
proportional  to  the  depth. 

The  normal  value  of  po  is  14.7  lbs.  per  sq.  inch;  this  is  very  nearly 
the  weight  of  80  cubic  inches  of  mercury  at  a  temperature  of  82®F. 
The  normal  pressure  of  air  upon  a  square  foot  is  2116.4  lbs.  At  4^F. 
water  weighs  about  1000  ounces,  or  62.5  lbs.;  hence  at  a  temperature 
of  60^F,  the  absolute  pressure  at  a  depth  in  water  of  about  84  feet  is 
two  atmospheres,  and  the  increase  is  an  added  atmosphere  for  every 
added  84  feet  in  depth.  Hence  when  the  lower  edge  of  a  diving  bell, 
or  of  a  pneumatic  caisson  is  lOS  feet  below  the  surface  of  the  water,  the 
absolute  pressure,  at  the  lower  edge  of  the  bell  or  at  the  floor  of  an  air 
chamber  at  that  depth,  is  four  atmospheres.  The  above  figures  are 
for  pure  water,  and  they  are  suflSciently  exact  for  ordinary  purposes. 

487.  How  bars  are  built  at  the  mouths  of  rivers.  Ordinary  sea 
water  weighs  1.62  lbs.  more  per  cubic  foot  than  fresh  water,  so  that  80 
feet  of  sea-water  would  balance  80  feet  and  9  inches  of  fresh  water,  if 
they  stood  in  separate  tanks  with  a  small  connecting  pipe  at  the  bottom. 
When  a  fresh  water  stream  enters  the  sea,  it  is  forced  to  rise  and  spread 
over  the  surface,  after  the  manner  of  oil  upon  water.  This  is  well 
illustrated  by  the  waters  of  the  Mississipjii  as  they  enter  the  Gulf  of 
Mexico;  they  spread  out  like  a  fan,  carrying  a  load  of  sedementary 
matter  far  out  into  the  gulf  where  it  gradually  drops  its  load  thus 
gradually  extending  the  Delta  of  the  river.  Before  the  jetties  of  the 
** South  Pass**  were  built,  the  far  edge  of  the  fan  was  about  seven  miles 
from  the  point  where  the  fresh  water  met  the  salt.  The  jetties  built 
by  Capt.  James  B.  Eads  conduct  the  water  out  bodily  beyond  the  bar 
which  was  at  the  far  edge  of  the  fan,  and  drops  their  load  in  the  deep 
water.  With  some  help  from  dredges  which  keep  the  heavy  sedemen- 
tary load  from  blocking  the  channel,  the  great  river  is  now  building 
another  fan-like  deposit  with  a  future  bar  some  seven  miles  away. 
Capt.  Eads  estimated  from  the  known  depth  of  the  Gulf  and  from 
the  character  and  quantity  of  the  material  carried  by  the  river,  that 
a  new  bar  would  require  an  extension  of  the  jetties  in  about  120  years. 

488.  Buoyancy.  When  a  body  is  partly  or  wholly  immersed 
in  a  liquid,  the  resultant  action  of  the  liquid  upon  the  body  is  a  vertical 
force,  which  may  partly  or  wholly  balance  the  action  of  gravity  and 
the  atmospheric  pressure  above.  The  horizontal  action  of  the  water 
is  perfectly  balanced,  no   matter  what  the  shape  of  the  body. 
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Suppose   a   hea\'y    prismatic    body,   with  vertical  bases  ABC  and 
a  vertical   lateral  face    AC  ia   held  in   water  as   shown  in  Fig.  456. 
The  horizontal  pressure  of  the  water  upon 
the  face  AC  is  exactly  balanced  by  the 
horizontal  components  of   the   pressure  on 
all  the  elements  of  the  surfaces  AB  and  BC. 
Take  for  example   the   surfaces   between 
two  horizontal  planes  dz  apart.     Letting  p 
be   the   gauge    pressure  wz,   the  horizontal 
action   on  the  strip  at  D  is   j>{ldz).    The 
normal  action  on  the  correspondntg  surface 
Ids  &t  E  \a  wzld».     But  ds  =  dz  sec  0,  and  the 
horizontal  component  of  the  pressure   is 
(wzldz seed) cos 0  —  wlzdzt  the  same  as  at  D. 
The  same  is  true  for  every  horizontal  ele- 
ment, whatever  may  be  the  inclination;  there  is  therefore  no  horizontal 
resultant. 

With  the  action  upon  a  vertical  element  the  vertical  component 
of  the  pressure  at  each  edge  is  wlzdy  times  the  depth.  At  H  it  is 
wlztdy  upward;  at  F  it  is  wlzidy  downward;  the  resultant  is 
wldy(_zt  —  zi)  "dB,  the  differential  of  the  Buoyancy;  hence 


y.f. 


Buoyancy™    I  wl{zs  —  Zi)dy  =  wV  (14) 


in  which  V  is  the  entire  volume  of  the  body.  Hence  the  Buoyancy  of 
an  immersed  body  is  equal  to  the  weight  of  an  equal  volume  of  the 
liquid. 

4SO.  When  a  body  floats.  If  a  body  is  only  partially  immersed, 
the  buoyancy  is  equal  to  the  weight  of  the  liquid  displaced.  If  the 
average  density  of  the  body  is  less  than  the  density  of  the  water  it 
will  float.  When  a  body  floats,  the  forces  balance,  the  buoyancy 
exactly  balances  the  weight.  The  center  of  gravity  of  the  figure  of 
the  displaced  water  is  called  the  Center  of  Buoyancy;  it  is  of  necessity 
in  the  same  vertical  line  with  the  center  of  mass  of  the  body.  If  the 
floating  body  is  a  homogeneous  solid,  its  center  of  mass  is  above  the 
center  of  buoyancy;  consequently  the  equilibrium  may  be  either 
stable,  unstable  or  indifferent. 

If  the  body  be  an  equilateral  triangular  prism,  it  will  be  stable  if  one 
immersed  face  be  horizontal,  (6)  Fig.  457. 

If  the  prism  be  turned  slightly  by  some  disturbing  couple,  the  C.  G. 
of  the  body  G  will  scarcely  move,  while  the  center  of  buoyancy  will 
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Tig.  457    (a) 


move  towards  the  side  of  the  deeper  vertex;  the  result  will  be  a  couple 

which  will  tend  to  restore  the  original  position*      The  equilibrium  is 

therefore  stable.  When,  however  the  position  is  as 

in  Fig.  (a),  a  slight  displacement  converts  the  two 

forces,  W  acting  at   6,  and  B  acting  at  B,  into 

a  couple  which  tends  to  increase  the  displacement; 

hence  the  position  is  unstable.        In  the  case  of  a 

homogenous  circular  cylinder,  solid  or  hollow,  tho 

the  center  of  buoyancy  is  below  the  center  of 

gravity  of  the  body,  it  will  always  be  directly 

below  it  no  matter  how  much  it  is  turned;  hence 

the  equilibrium  is  indifferent. 

The  equilibrium  of  broad  flat  barges  is  stable,  with  ordinary  loads. 
Deep  and  narrow  vessels  usually  carry  ^'ballast/'  or  dense  cargoes, 
near  the  keels,  so  as  to  bring  the  center  of  mass  below  the  center  of 
buoyancy,  securing  thereby  great  stability  in  spite  of  wind. 

490.  The  line  of  immersion  of  a  floating  body.  It  is  sometimes 
very  necessary  to  find  the  line  of  immersion  of  a  body  before  it  is 
actually  launched.  Various  methods,  more  or  less  empirical,  are 
employed  by  ship  builders  for  finding  such  lines,  and  engineers  must  at 
times  launch  very  irregular  bodies,  like  the  pneumatic  caisson  of  a 
bridge  abutment,  calculations  for  which  are  much  complicated. 
Some  simple  examples  will  serve  to  point  the  way  to  a  solution  of  a 
more  complex  problem. 
Problem  1.     A  right  circular  cylinder  whose  average  density  is  J  of 

that  of  water,  floats  upon  still  water.     What  is 
the  unwetted  arc  20?     (Fig.  458.) 

As  the  novice  is  apt  to  be  puzzled  by  a  trigono- 
metric equation,  the  solution  of  this  problem  is 
given  with  some  detail. 

If  I  be  the  length  of  the  cylinder,  and  the  radius 
be  r,  we  have  its  weight  liTr^w'\  and  the  weight  of  the  displaced 
water  is  Zr^(w  —  ^+sin^cos^2/?;  hence 


»s.  408 


IT —  =w  — ^+sin^cos^ 
w 

Assuming  (in  general)  that  C  =  —  we  have 

w 


2^-sin2<?=2w(l-C) 


(1) 


w 


a  general  formula  involving  the  ratio  C=  — . 

w 
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3 

Now  let  C  =  — ,  and  we  have 

4 

2^ -sin  2^  =1.5708  (2) 

Now  knowing  that  if  C  were  — ,  20  would  be  180**  =ir,  we  see  that  a 

fair  estimate  of  0  is  66® J,  so  that  2^=135**.     The  radian  value  of  £^ 

135  3 

is  —  TT  =  -  7r  =  2.3562;  and  sin  135®  =  sin  45®  =  0.707;  hence  we  have 

180  4 

2^ -sin  2^  =  2.3562 -0.707  =  1.649. 

This  is  too  large  as  we  see  from  (2).     If  we  take  a  larger  value  for  the 
angle,  2^  will  be  larger  and  sin2d  will  be  less,  and  our  result  will  be 

more  in  error.    So  we  try  a  smaller  value.  We  let  2^  =  132®  =  132  •  —  • 

180 

We  find  log  —   =8.24188 

180 

log  132  =2.12057 

log  2.3038  =0.36245 
Hence  2^  =2.3038 

and  sin  2^  =  0.74314 

1.56066 

which  is  a  little  too  small.     The  correct  value  of  2^  is  between  135®  and 
132®. 

The  error  for  135®  was  1.649  - 1.5708  =  +0.0782. 

The  error  for  132®  was  1.5607-1.5708=  -0.0101. 

The  change  was  0.0883,  for  3®. 

To  reduce  the  error  to  zero  we  must  increase  the  last  value  of  %d  by 

of  3°  =  20'  nearly.     Hence  the  correct  value  should  be  very  nearly 

883 

2^  =  132®  20'.  =  132®.33. 

If  we  try  this  value  we  get: 

log  132.33  =  2.12166 

log  —  =  8.24188 

180      

0.36354 

2^  =  2.310 

sin  132®  20' =  0.7392 

2^ -sin  2^  =1.5708 
Hence  the  fairly  correct  answer  is  20=  132®  20'. 
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491  •     Problem  2.     To  find  the  water  line  (or  line  of  immersion) 
on  a  solid  homogeneous  prism  of  length 
i,  whose  bases  are    scalene  right   tri- 
angles. 

Let  the  end  (or  front  base)  of  the 
prism  be  the  triangle  ABC^  Fig.  459. 
Assume  a  water  line  ED.  We  are  to 
find  the  intercepts  CD  and  CE.  Let 
CA  and  CB  be  the  rectangular  axes 
X  and  Y  respectively.  Let  CD  —  xu 
and  CE  —  yi*      Let   the  sides  of  the  triangle,  ABC,  be  a,  6,  c.    The 

co-ordinates: — of  the  center  of  gravity  G  are  (""*"")  5  of  the  center 


We  have 


We  have 


-  4-  —  - 1  the  eq.  of  ED. 
xi      y\ 


(1) 


8 


T  _  yi—a 


vzl 

^-T       T-T        ^^'^ 


the  eq.   of  line  GB.    (2) 


from  (l) 


from  (2) 


y 


=  ^Vl 


Xi 


x+y\ 


^     Xi-fcV        3/       8 


(3) 

(4) 


But  the  points  G  and  B  must  be  in  the  same  vertical  line,  while  DE  is 
horizontal;  hence  (3)  and  (4)  are  at  right  angles,  and  by  Analytic 
Geometry,  the  co-eflScient  of  x  in  one  is  the  negative  of  the  reciprocal  of 
the  co-efl5cient  of  x  in  the  other;  hence 

yi^'^jr}  (5) 

xi      yi—a 

A    second    equation    is    necessary;  this  is  found  by  equating  the 
weight  of  the  prism  and  the  weight  of  the  displaced  water. 

labwi 


IXxViW  ,    Wi 

— - —  or  Xiyi  =  ab  — 
2  to 


(6) 


Equations  (5)  and  (6)  suflSce  for  finding   the  values  of  Xi   and   yu 

when  numerical  values  for  a,  6  and  the  ratio  —  are  known.     The 

w 

solution  may  be  effected  by  numerical  approximation,  or  by  graphics; 

the  equations  may  be  taken  to  represent  rectangular  hyperbolas  which 

intersect  in  one  real  point  whose  co-ordinates  are  both  positive. 
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It  will  be  very  instructive  if  the  student  (or  the  class)  can  prepare 
a  prism  (not  too  small)  with  great  accuracy,  paint  or  shellac  the  surface 

so  that  it  will  not  absorb  water,  determine =  W  by    careful 

weighing;  calculate  Xi  and  yi  and  draw  fine  water  lines  with  paint  on 
the  prism;  let  it  dry,  and  then  place  the  prism  carefully  in  water. 
The  degree  of  accuracy  of  the  work  will  at  once  appear.  Wood  with 
knots,  and  mixtures  of  sap  and  heart  are  not  homogeneous;  pure  heart 
from  a  large  log  is  best.  It  is  well  to  utilize  opportunities  for  practice 
in  solving  numerical  equations  of  Sd  and  4th  degrees. 

In  ordinary  sea  water  a  vessel  floats  higher,  or  the  water  line  is  lower 
in  consequence  of  the  greater  density  of  salt  water.  In  the  case  of  & 
swimmer  who  displaces  approximately  2.4  cubic  feet  of  water  (150  lbs.) 
the  buoyancy  in  sea  water  is  about  4  lbs.  more  than  in  fresh  water. 
The  extraordinary  density  of  the  water  in  Salt  Lake,  Utah,  makes  it  sa 
buoyant  that  a  bather  floats  with  one-sixth*  of  his  person  out  of  water. 

492«  Air  pressures.  Unlike  liquids,  gases  increase  in  density  as  the 
pressure  increases  and  special  formulas  are  often  needed  for  the  deter- 
mination of  pressures  and  densities,  but  the  changes  in  tanks,  reser- 
voirs, etc.,  are  so  small  that  they  are  usually  neglected.  In  deep  mines 
and  on  high  mountains,  in  balloons  and  aeroplanes,  the  differences  are 
very  important.  Temperature  is  always  a  modifying  factor  which 
cannot  be  fully  taken  into  account  for  two  reasons:  the  state  of  the 
atmosphere  at  different  heights  cannot  be  known;  and  secondly,  in 
consequence  of  air  currents  the  conditions  are  constantly  changing. 
The  best  we  can  do  is  to  assume  an  unvarying  temperature^  or  a  tempera- 
ture varying  with  the  height  from  the  datum  plane,  or  the  sea  level, 
and  derive  a  formula  for  pressure  on  that  condition. 

Consider  a  cubic  element  of  air,  as  in  the  case  of  liquids,  whose 
volume  is  dxy  dy,  dz,  and  whose  specific  weight  is  w;  and  let  it  be  at  the 
height  z  above  the  datum  plane  of  the  earth's  surface.  Let  p  be  the 
intensity  of  pressure  on  the  lower  base  dxdy,  and  p+dp  the  pressure 
on  the  upper  base.  The  lateral  pressures  balance,  and  the  resultant 
vertical  pressure  balances  the  weight. 

Hence  dxdy.p — dxdy,  {p+dp)  =  dxdydz.w. 

—dp^wdz  (1) 

But  ti7  is  a  function  of  p.  Assuming  that  the  temperature  is  constant, 
we  know  that  pv==R\ii  which  v  is  the  volume  of  a  unit  weight  of  the 
air  under  a  pressure  p,  and  72  is  a  physical  constant  depending  upon 
the  temperature.     See  XXVII.     Let  Vq  and  Wq  be  the  values  of  v  and  w 
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when  p  is  p^.     Now  since  PqVq  also  equals  A,  we  have  'pv  =  j>o%*  ^^^ 

Po^o        R 

P        V 
Moreover,  since  w  is  the  weight  of  a  cubic  unit  and  v  is  the  number  of 
cubic  units  in  a  lb.,  we  have  vw^\\  hence 

t.=-l  =  4.  (2) 

V       R 

Substituting  this  value  of  u?  in  (1),  we  have 

p  R 

Integrating  from  p^Po  and  2=^0, 

log«—  =-—    or    p  =  Po€    *  (?) 

Po        R 

in  which  c  is  the  base  of  Napierian  logarithms,  S.718. 

From  (3)  we  get  p^ 

z=  iJlog.^ 

P 
giving  the  height  when  p  is  known,  by  means  of  a  barometer.     A  type 
of  aneroid  barometers  gives  values  of  z  for  diflfereftit  values  of  p,  with 
corrections  for  temperature. 

For  the  pressure  in  deep  mines,  the  integration  is  from  0  to  —A,  and 
from  Po  to  p.  ,      i>  h 

Po         R 

Table  giving  Pressures  at  Various  Elevations,  at  32°  F,  and  Depths 
at  85°  F. 

Normal  pressures  and  boiling  points  at  different  altitudes. 


Elevation 

Pressure  per  Sq,  Inch 

Temperature  of 
Boiling  Water 

At  Sea-level 

Po  =  14.7  lbs. 

^12^F. 

J  mile 

p  =  14.02  lbs. 

209°.4F. 

i  mile 

13.3  lbs. 

£07".^ 

f  mile 

12.66  lbs. 

204°.F. 

1  mile 

12.02  lbs. 

202°,F. 

1\  mile 

11.42  lbs. 

199°.F. 

1^  mile 

10.88  lbs. 

\9r.v. 

2  mile 

9.80  lbs. 

192°.F. 

-261  feet 

14.86  lbs. 

aia'.sF. 

-511  feet 

15.01 

ais^.F. 
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Since  the  boiling  temperature  of  water  is  raised  by  increasing  the 
atmospheric  pressure  (thereby  making  it  more  difficult  for  the  liquid 
to  spring  into  gas)  so  it  is  lowered  by  a  lower  pressure.  Mountain 
climbers  often  gauge  their  altitude  by  noting  the  temperature  of 
boiling  water. 

493.  Air  currents  in  chimneys.  Just  as  the  heaviness  of  salt 
water  forces  it  under  an  element  of  fresh  water,  by  overbalancing  the 
pressure  of  the  fresh  water  thus  compelling  it  to  rise,  so  heavier  (cooler) 
air  compels  lighter  (warmer)  air  to  rise,  thereby  forming  vertical 
currents  of  air.  When  a  chimney  whose  height  is  A,  is  full  of  hot  gases 
at  a  temperature  ^,  and  a  heaviness  i02>  while  external  air  is  at  a  lower 
temperature  iu  and  a  greater  heaviness  Wu  the  pressure  within  the  base 
of  the  chimney  is  very  nearly  {wi^v)2)h  less  than  the  pressure  near» 
but  wiihouU  the  base  of  the  chimney. 

This  is  shown  as  follows: — Let  Wq  be  the  average  weight  of  a  unit 
volume  of  external  air,  near  the  chimney,  then  if  "Po  be  the  atmospheric 
pressure  on  a  unit  of  surface  on  a  level  with  the  top  of  the  chimney, 
the  pressure  on  a  unit  of  surface  outside  the  base  of  the  chimney  is 

The  pressure  toithifi  the  chimney  at  the  base  is  j?2  =  Po+^A*  the  differ- 

Pl-p2  =  h{Wi-tD2)  (l) 

This  difference  suffices  to  support  the  weight  of  a  column  of  external 
air  of  unit  cross-section 

h(^£lZJ^^H  =  h(l-^).  («) 

Wi  \  Wi' 

H  is  called  the  ''Dynamic  Head"  in  the  study  of  liquids  and  gases, 
and  it  is  used  in  the  calculation  of  the  velocity  of  a  steady  current  of 
external  air  thru  an  opening  at  the  base  of  the  chimney  if  a  clear 
smooth  opening  be  made.  The  relation  of  ff  to  F  is  given  very 
closely  by  the  equation,  if  we  represent  velocity  by  V, 

V  =  2gH  =  2gh(l-'!^)'   SeeXXVI.  (3) 


w 


If  we  treat  the  air  as  a  perfect  gas,  we  have  its  equation  pv=^RT  ^  — 
in  which  T  is  the  absolute  temperature. 


w 


RT 
so  that  m 

wi      piTi 
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Now,  though  the  difference  (j>i — ^2)  is  small  it  is  very  important  and 

can  rarely  be  ignored;  still  we  can  generally    put  the   ratio  ^  ,  as 
equal  to  unity  without  sensible  error.     Hence  we  may  write       '^ 

494  •  For  an  explanation  of  the  "absolute"  temperature  T,  see 
Chapter  XXVII.  It  is  sufficient  now  to  bear  in  mind  the  following 
relations : — 

For  Fahrenheit  thermometers 


2=45r.6+r 
For  Centigrade  thermometers 

r  =  273M+<^ 
Hence  we  get  for  ideal  conditions 


-  -J  ^gh  • 


F=:./q.A.  _AZ^ 


459°.6+<a^ 


If  air  at  the  temperature  of  melting  ice  be  heated  to  528®.6  F,  the 

pressure  remaining  the  same^  a  cubic  ft.  of  air  will  weigh  only  one-half 

1JD9       1 
as  much  as  it  did  at  S2?.     Let  us  then  assume  that  —  =  — ,  and  find 

Wo        2 

the  approximate  velocity  with  which  cool  air  would  force  its  way  into 
the  base  of  a  chimney  where  the  average  temperature  was  524°F. 
Formula  (3)  gives  . — 

If  A  =  200  feet,  F  =  80  ft.  per  sec.  It  is  of  course  assumed  that  the 
inflowing  air  is  immediately  heated  to  524°,  and  that  all  gases  in  the 
chimney  are  approximately  "perfect." 

For  a  "steady  flow,"  allowance  must  be  made  for  friction  within 
the  chimney,  which  always  raises  the  pressure  required  to  maintain 
the  current  in  the  chimney  above  that  due  to  mere  difference  in 
temperature. 

495.  Congestion  of  gases  in  a  chimney  is  harmfuL  The  formula 
derived  above  assumed  that  there  was  no  congestion  of  gases  in  the 
chimney,  but  this  assumption  is  quite  contrary  to  observed  facts. 
Chimneys  are  often  injuriously  contracted  at  or  near  the  top  thereby 
necessitating  a  higher  velocity  and  a  greater  driving  pressure.    Again» 
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the  products  of  combustion,  particularly  if  the  combustion  be  perfect, 
form  a  large  volume,  and  the  cross-section  of  the  chimney  is  frequently 
not  large  enough  to  keep  down  the  congestion. 

496*      Draft      The    diflference    of    pressure,    pi—pi=^h{wi—v>t) 

which  is  popularly  known  as   **draft**   is  readily 

measured   by   means  of  water    in    a    U-tube. 

Fig.  460.     When  the   arms   are   vertical,    water 

stands  at  the  same  level  it  pi==pi;  but  if  the  arm 

C  connects  with  the  chimney  flue,  we  have  pi  — pt 

shown  by  the  difference  of  level  in  the  two  arms. 

If  the  arms  are  graduated  downward  the  "draft" 

is  read  as  so  many  inches  or  fractional  parts  of  an 

inch:  i     »^  •     •     i 

^1—^2  =  draft  m  inches. 


71c.  460 


An  inch  of  water  corresponds  to  about  0.074  of  an 
inch  of  mercury,  or  0.036  lbs.  per  square  inch. 

The  use  of  the  word  **draff*  to  explain  the  jet  of  inflowing  air  thru 
the  furnace  door  or  up  a  chimney,  is  responsible  for  many  miscon- 
ceptions on  the  part  of  even  cultivated  people.  A  writer  on  ventila- 
tion says  that  "an  air  current  in  a  vertical  flue  is  like  a  rope — ^you  can 
puU  it  but  you  cannot  push  it."  Hence,  a  contractor  once  proposed 
to  ventilate  the  Hall  of  Representatives  in  the  Capitol  at  Washington, 
by  building  a  high  flue,  and  maintaining  a  fire  at  the  top  to  draw  the 
foul  air  npl 

What  is  called  **draff'  is  really  a  "blast*'  created  by  the  greater  ex- 
ternal pressure.  If  the  external  pressure  is  shut  oflf  by  air-tight  floors, 
windows  and  doors,  the  only  current  in  the  chimney  flue  will  be  that 
due  to  the  creation  of  additional  gases  by  combustion,  which  are  apt 
to  '^diffuse'*  thru  the  room.  A  closed  cold-air  box  is  often  to  blame 
not  only  for  an  over-heated  and  ruined  furnace,  but  for  insufficient 
ventilation.  Some  knowledge  of  air  pressures  as  related  to  air  currents 
is  a  good  investment. 


CHAPTER  XXV. 
The  Strength  git  Columns — Short  and  Long. 

497.  Short  colnnms.  A  short  column,  either  solid  or  hollow, 
with  a  uniformly  distributed  load  and  an  equally  uniform  support, 
has  the  full  strength  piA^  A  being  the  cross-section  and  jh  being  the 
allowable  working  stress. 

Eccentric  loading  of  short  columns.  When  a  short  column  or  pier  is 
loaded  eccentrically,  its  supporting  ability  is  diminished  and  some- 
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Fig.  461 


times  the  diminution  is  very  .great.  Only  two  simple  cases  will  be 
here  considered,  both  of  which  involve  uniformly  varying  distributed 
forces  almost  identical  with  these  already  discussed. 

When  a  highly  concentrated  load  is  brought  upon  a  column  or  pier 
a  very  rigid  plate  or  shoe  is  used  to  distribute  the  load  over  the  top  of 
the  pier  or  column.  If  the  load  is  properly  placed  upon  a  rigid  plate 
or  abacus,  it  will  be  evenly  distributed,  and  the  supporting  pressure  will 
be  practically  uniform.  If,  however,  it  is  eccentrically  placed,  the 
pressure  varies  uniformly.  Pig.  461  shows  how  an  eccentric 
load  may  be  applied. 

Let  Q  be  the  point  where  the  line  of  action  of  the  load 
W  intersects  the  top  of  the  column.  The  case  is  exactly 
like  the  eccentric  resultant  of  the  action  of  weights  and 
wind  in  the  case  of  foundations  for  derricks  and  chim- 
neys. This  load  must  be  balanced  by  a  distributed  sup- 
porting force  whose  "center"  is  Q. 

All  supporting  material  is  limited  in  its  capacity  to  give 
satisfactory  support.  It  has  been  intimated  more  than 
once,  that  the  limit  for  every  material  has  been  determined 
fairly  by  trial  and  experiment. 

498.  Let  pi  be  the  limiting  intensity  of  pressure  allowed  on  the 
column.  Then  the  normal  load,  well  centered  and  evenly  distributed 
for  a  solid  cylindrical  column  is 

Wo  =  irr^pi 
when  an  eccentric  load,  applied  at  Q,  causes  a  pressure  of  intensity  pi 
at  B,  no  increase  in  W  is  allowed.     The  magnitude  of  the  supporting 
ability  depends  upon  the  eccentricity  CQ. 

Let  CQ^nr  in  which  n<  -•      Let  -4-B  be  the  diameter  of  the  top 

4 

of  the  column,  and  let  the  intensity  of  the  supporting  force  at  B  be  the 
limiting  value  pi.  As  the  "center'*  must  be  at  Q,  the  intensity  at  A 
must  be  less,  for  example  ps-  It  was  shown  in  459  that  in  a  case  just 
like  this  the  magnitude  of  the  support  and,  of  course,  the  magnitude  of 
the  load  PF  was  ^^^^ /Pi±P?^ 

but  JH  must  be  found  in  terms  of  n. 

Since  the  "center"  of  the  supporting  force  is  known  to  be  at  Q,  we 

have 


(1) 


Pi  —  Th    frr 


CQ=-nr^ 


W 


2r 


irr^ 


4 

P1+P2 


alp 
W 


466 


ECCENTRIC  LOADING  OF  SHORT  COLUMNS 


The  moment  M   is  found   as  follows:     The  given  pressure  may  be 

resolved  into :  a  uniform  pressure  whose  intensity 
is  Pof  magnitude  W^  and  moment  zero;  and  a 
uniformly  varying  pressure,  magnitude  zero, 

maximum  pressure  ^ — ~  and  moment 


as  above. 
Hence 

and 


2r         4 


n=     ^'^^ 


Hence 


TTr* 


4(j>l  +  2>2) 

1— 4n 

Pi  = Pi  • 

l+4n 

Wo 


2  l+4n       H-4n 


(2) 


From  (2)  it  appears  that  when  n=  — ,  ^2  =  0;  and  whenn>-,  j^is 

4  4 

negative.     But  as  jh  cannot  be  negative  unless  the  material  is  capable 

of  tension^  the  formula  does  not  hold  for  earth  and  masonry  for  values 

greater  than  -,as  has  been  before  shown.     . 

4 

In  all  cases  of  eccentric  loading  and  a  limiting  value  for  pu  W,  the 

working  load,  is  less  than  the  normal  load,  which  is  perfectly  centered. 

Thus  for  solid  wood,  and  steel  columns  with  rigid  but  separate  caps: 

Ifn  =  i^ff  W^tWo 

n=  J  W=»iWo 

n=  i  W^Wo 

When  the  Cap  or  Plate  Merely  Rests  on  the  Column. 

499.     For  columns  which  do   not   admit 
of  tension  between  the  plate  or  caps,  and  the 

shaft  below,  an  eccentricity  greater  than  n  =  - 

4 

causes,  in  elastic  or  yielding  material,  a  crack  or 

opening  at  A ;  and  the  neutral  axis  becomes  a 

chord  of  the  circular  top. 

In  Fig.  463  the  circle  represents  the  top  of  the 

column.    The  resultant  action  of  the  imposed 

load  is  directly  over  Q.     The  intensity  of  the 

supporting  pressure  at  B    is  pu  the  limiting 


A    VEBT    ECCENTBIC  LOAD  467 

value.  The  intensity  diminishes  uniformly  until  it  becomes  zero  at  EF 
as  shown  by  the  arrows,  which  picture  the  reaction  of  the  column* 
Knowing  that  the  ^'center'*  of  this  support  is  at  Q,  and  knowing  also 
the  intensity  at  £,  we  know  that  the  position  of  the  neutral  axis  EF 
is  determined;  that  is,  the  value  of  k. 
If  TF  is  the  total  support,  we  have 


\CQ^M^  jo 


W.CQ^M-^  I  {^ydx)px 

{^ydx)  being  an  element  of  the  surface  (ZriV),  p  the  intensity  of  pressure 
along  the  element,  and  x  the  distance  from  the  element  to  the 
moment  axis  YY.    The  expression  for  P  is 


Hence 


ypdx 

The  value  of  p  is  found  by  proportion  from  the  figure. 

p       k+x  k+x 

Pi       k+T  k  +  r 

Substituting  the  values  of  p  and  y  and  integrating  we  get 
^=  r^  \{f^-^)Kk+x)xdx 

=  i?Lrfc(^-P)K^-iiV^(^+sin-*)l 
and  W==^  \{r^-x^)i(k+x)dx    • 

k+r\_  6  2  \2  f /J 

Hence  CQ ^-* ^ d 

6  2  U  r/ 
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li  k=^r,we  have  the  case  of  the  neutral  axis  being  a  tangent  at  A,  and 
CQ  =r  - »  as  already  shown,     li  k^O  the  neutral  axis  is  a  diameter  and 

only  half  of  the  top  of  the  column  is  in  use.    This  means  a  very  eccentric 
load  for  then  we  have 

CQ  =  —  Tr=^  —r  nearly, 
16         5 

a  value  which  the  reader  has  met  several  times  in  the  early  chapters. 

Substituting  in  the  value  of  W  the  values  of  k  we  have  used»  we 
get  these  important  results: 


When 


When 


16  Sir 


J 


w 


(. — 


•-- « 


'i 


SOO.  If  the  column  be  square  with  a  square  rigid  plate,  and  the 
load  W  be  placed  on  the  point  Q,and  the  intensity  of  the 
^  supporting  pressure  is  pi  along  the  edge  at  £,  the  pressure 
will  diminish  uniformly  to,  or  towards,  the  edge  at  A,  the 
rate  of  variation  depending  upon  the  eccentricity  of  the 
load  which  we  will  now  call  c. 

Assuming  that  the  pressure  at  A  is  pi^  the  pressure  is  fairly 

represented  in  Fig.  464.     By  the  laws  of  equilibrium, 

®    the  amount  of  this  pressure  equals  W;  and  the  moment  of 

that  pressure  about  FF  is  equal  to  Wc-   The  magnitude 

of  the  pressure  is  evidently 


N*    Y 


1 
1 

1 

t 

A 

1 
1 

1 
1 

• 

1 

1 

0 

Q 

/ 

/       ] 

r 

Cw' 


ilil 


(1) 


Fig.  464 


The  moment  is  evidently  the  same  as  that  of  a  uniformly 
varying  pressure  which  is /+ ^^ — ^  J  on    the  extreme    right,    and 

—  — — —   I  on  the  extreme  left. 


8        12  12 

From  (1)  and  (2)  we  get 

«  — 6c 

Pi  = pi. 

8+6c 


(«) 


(3) 


If  c  =  0,  the  load  is  perfectly  centered,  and  pi  =  pi  and  W^a^pi  =  Wa, 
the  maximum  load  allowed. 


TABIOUS  DEOBEEB    OP  WEAKNESS 

Substituting  for  pt  in  (1)  we  get 

T.7  Wo 


18 

■^-s"^- 

0 

I»'--W. 

'^  (« 


Equations  (I)  to  (4)  hold  so  long  as  pt  is  not  negative,  t.  e.,  so  long  as 

e  is  not  >- 

«      //i.i-         p,.£'  w-tw, 

.18  «  i 

.18  S  S 

'.       »  S  5 

8         7 
8         Q 

When  this  point  is  reached,  the  formulas  fail,  because  an  eccentricity 

greater  than  -  moves  the  neutral  axis,  which  has  been 

at  NN',  or  off  the  plate,  to  a  line  on  the  surface.     Let 
n  equal  the  distance  from  A  to  the  new  axis.    For  such 

a  neutral  line  the  center  of  pressure  is  —  (a  —  n)    from 

the  neutral  line,  or 

|(.-">-(|-»)=o 

\4        2s/ 
Now,  as  c  is  to  be  greater  than     we  proceed,  there  being  no  pt, 
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Ifc=l 


c=  — 


Ca»  — 


8 

5 

^-J"' 

8 

4 

w.\w. 

s 
n=  - 

4 

8 

8 

4 

8 

2 

8 

W^Q 

n=  8 

801*  The  reader  should  not  fail  to  appreciate  these  figures.  He 
must  not  be  misled  by  an  experiment  with  an  eccentric  load*  No 
experiment  is  of  value  unless  one  has  the  means  to  measure  the  intensity 
of  the  pressure  at  £.  In  all  of  the  above  cases  the  intensity  at  B  is  j>u 
and  it  is  taken  for  granted  that  the  pressure  should  not  be  allowed  to 
exceed  that  limit. 

502.    Eccentric  loads  on  the  top  of  a  short  thin  cjiinder  with 

a  rigid  cap. 

Let  the  thickness  of  the  shell  be  U  which  is  supposed  to  be  small, 
and  the  mean  radius  r.    Then  if  the  limiting  pressure  be  j>i  the  maxi- 
wi  mum  load  when  accurately  placed  over  the  axis  of  the 

column,  is 


1 


f 


Wo  =  ^irrtpi 

Let  the  resultant  of  the  eccentric  load  act  at  Q,  a 
distance  nr  from  the  center.  We  shall  find  the  possible 
load  by  finding  the  total  of  the  distributed  pressure 
on  the  thin  ring  of  the  column  top,  when  its  center  is 
at  Q.     Fig.  466. 

If  D  is  an  element  of  the  ring   {rd6)U  and  if  p  be 
the  intensity  of  pressure  on  that  element  its  magnitude 

^^  dP--ptrdd 

and  its  moment  about  FF  is 

dM  =  ptr^  cos  Odd 

From  a  figure,  we  find  by  proportion  that 

,  1+cos^    ,  . 
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_  yi(l  +COS  0)  +P2(l  —cos  0) 
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Hence  integrating  between  0^0  and  d^^ir  and  doubling. 

P-^rtpi  I  {l+coH0)d0  +  rip2  I  (l-co30)d0 

Jo  Jo 

P^mrt(pi+p2)-^W  (1) 

and  My  =  r^tpi  I  (1  +cos 0)  cos  0d0+r^tpi  I  (1  —cos  0)  cos  0d0 

Jo  Jo 

The  folly  of  placing  a  load  away  from  the  center  is  clearly  shown 
above.  Eccentricity  is  even  more  unscientific  when  long  columns  are 
loaded,  for  the  inequality  of  the  stresses  pi  and  pi  causes  a  bending 
which  increases  the  eccentricity  at  the  middle  section  of  the  column. 

The  assumption  is  that  the  column  is  elastic  and  that  the  load 
deforms  the  top  to  a  certain  extent;  that  is,  the  longitudinal  fibers  on  the 
side  nearest  to  Q  are  shortened.  The  amount  of  the  shortening  depends 
upon  the  length  of  the  column,  but   the    length   does  not   modify 

the  varying  pressure  of  the  cap.     So  long  as  the  cap  is  rigid,  if  n  >  -» 

the  neutral  axis  will  be  across  the  top  of  the  column,  and  there  will  be  a 
crack  over  the  unloaded  portion,  tho  it  may  be  exceedingly  small. 
It  is  quite  worth  while  to  derive  a  formula  giving  the  relation  of  the 

line  of  no  pressure  to  the  position  of  Q  when  n  is  greater  than  -  r. 

4 

Now  as  the  "center"  of  this  supporting  pressure  must  be  at  Q,  we 

have  T.^ 


nr^ 


2    pi+p% 


and  P»=r7"^*^^  W 

l-^-xn 

Substituting  this  value  of  p%  in  (l),  we  find  the  value  of  P  and  hence 
the  magnitude  of  the  load  the  column  will  carry  if  centered  at  Q. 

l+2n       l+£n 
By  examining  the  value  of  p^  we  see  that  p^  is  greater  than  zero  if 
n  lies  between  zero  and  —  •    When  n  =  —  >  ©2  =  0. 

If  n>  — »  p%  would  be  negative  if  the  formula  held;  but  the  formula 
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does  not  hold,  for  as  a  rule  the  column  is  not  rigidly  connected  with  the 

plate  upon  which  the  load  is  placed.    The 

values  of  JF  as  n  varies  from  zero  to  —  are 
given  in  the  table  below. 

When  n>-,  the  pressure  does  not 

2 

extend  over  the  entire  ring,  it  ceases  at  a 
''neutral  axis"  £F,  as  in  the  case  of  a  solid 
column. 

503  •     The  practical  weakening   of  a 
thin  short  column,  not  rigidly  attached 
to  the  bearing  plate,  by  an  eccentric  load  -is  shown  in  this  table. 

The  eccentric  load  is  applied  at  Q.     The  pressure  at  £  is   always 

f 

Pi  the  maximum  allowed.     When  nr>  —*  there  must  be  a  crack  or 

•^  2 

gap  at  A.     Se§  Fig.  467. 

Under  no  circumstances  should  the  eccentricity  exceed  — »  no  matter 

how  light  the  load  may  be. 
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The  Magnitudes  of  Eccentric  Loads. 


Eccentricity 
CQ=nr 

Pressure 
htA=p2 

Pressure 
atB 

Neutral 
axis 

Maximum  load 
allowed 

0 

pi 

pi 

none 

W&=2mrtpi 

1 
8^ 

3 
5  PI 

Pi 

outside 

W^jWo 

1 
4^ 

1 
3  pi 

Pi 

outside 

3 

8^ 

1 
7  Pi 

Pi 

outside 

4 

W-ifWo 

1 
2^ 

0 

Pi 

At  A 

w=\wo 

■g  r  nearly 

Crack  at 
A 

pi 

k=^=EF 

0.785  r 

Crack  at 
A 

pi 

k=o 
EFis  YY 

W=22^o 

504.  The  "kemal"  or  limiting  area  for  loads.  It  may  happen 
that  the  thrust  of  an  arch  or  the  weight  of  a  part  of  a  building  comes 
eccentrically  upon  the  skewback  or  cap  of  a  rectangular  bed  or  pillar, 
the  allowable  intensity  of  pressure  being  limited  as  above  to  pu  no 
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tensile  stress  being  possible,  and  no  cracks  being  permitted.     In  such 
a  case  the  center  of  action  is  confined  to  a  central  rec- 
tangle whose  area  is  but  one-ninth  of  the  area  of  the  sup- 
port; see  figure  467 J. 

This  area  is  often  called  the  "kernel."   If  the  center 


A 

V? 


m 


of  the  load  is  on  the   ^perimeter  of   the   kemal,    the         pi^,  ^/^\^ 
strength  of  the  pillar  is  reduced  50  per  cent.,  and  the 
neutral  axis  touches  the  large  rectangle  at  one  of  the  comers: — it  coin- 
cides with  an  edge  if  Q  is  on  an  axis  of  symmetry. 

505.  The  supporting  strength  of  long  columns.  In  the  discussion 
of  Eccentric  Loads  on  the  top  of  Pillars  and  Posts,  in  above  sections  no 
account  was  taken  of  the  tendency  of  the  pillar  to  bend  or  buckle; 
yet  it  is  at  once  evident  that  an  eccentric  load  which  causes  a  varying 
pressure  at  the  top  must  cause  an  unequal  shortening  of  the  fibers, 
and  that  that  alone,  if  uniform  thruoiit  the  length  causes  a  straight 
column  to  become  curved.  The  eflfect  is  the  same  as  the  eflfect  of  un- 
equal shrinkage  due  to  the  drying  or  seasoning  of  wood. 

In  a  long  column,  however,  the  curvature  is  increased  by  a  bending 
moment  which  increases  with  the  curvature.  The  analysis  of  the  problem 
of  strength  is  somewhat  difficult,  and  practical  formulas  are  empirical 
as  well  as  theoretical;  that  is,  they  are  made  to  fit  the  results  of  labo- 
ratory experiments.  They  are  based,  however,  on  a  solution  given 
long  ago  by  Euler. 

Euler's  Formula.  The  column  (or  post)  is  supposed  to  be  ideally 
perfect,  prismatic  or  cylindrical  except  that  the  ends  are  rounded,  so 
th&t  the  points  of  application  and  support  are  centered  on  the  axis. 
It  has  been  found  by  experiment*  that  under  a  light  load  the  erect 
position  is  stable,  that  is,  a  slight  horizontal  action  near  the  middle 
causing  a  minute  deflection  does  not  cause  a  permanent  curvature, 
for  when  the  horizontal  action  ceases,  the  column  springs  back  to  its 
erect  position.  If  the  load  or  pressure  is  increased  to  a  certain  magni- 
tude, the  column  does  not  spring  back  when  the  horizontal  action  ceases. 
If  then  the  load  is  increased,  the  deflection  increases  more  and  more 
until  the  column  breaks  or  collapses.  There  is  therefore  a  load  which 
will  just  hold  the  bent  column  in  a  position  of  unstable  equilibrium; 
a  little  more  load,  and  the  column  gives  way;  a  little  less  load,  and  it 
straightens  itself.     Euler 's  Formula  gives  the  load  at  the  critical  point. 

506.  Let  P,  Fig.  468(a),  be  the  load  or  pressure  on  the  top,  I  the 
length,  /  the  lead  Moment  of  Inertia  of  a  cross-section;  and  c  the  lateral 
deflection  at  the  middle  of  the  column,  which  is  taken  as  the  origin. 


♦  See  T.  C.  Fidler's  'Treatise  on  Bridge  Construction."    London. 
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g 


id)  (b) 

Tig.  468 


At  the  point  F  the  bending  moment  is 

Jf  =  P(c-x) 

As  a  column  is  nearly  straight,  we  can 
use  the  formula 


JPx 


M. 
EI 


Both  E  and  /  are  constant  as  z  varies, 
and  we  have 


Multiplying  by  dxy  and  remembering 
that  d^x  is  the  differential  of  dx,  and  that  the  formula  for  radius  of 
curvature  was  derived  on  the  supposition  that  dz  was  constant,  we  inte- 
grate  into         p,      ^^^^ 


EI 

idz)* 


When 


L-.,(„-|)+c.l.z(|)-. 

dx 
x  =  0, —  =0,  so  that  C  =  0. 

dz 


■Changing  the  form  of  the  equation  to 

dx 


=  ^2\ 


(^x-x^)i 
and  integrating,  we  have  the  general  form 


P^ 
EI 


arc  versin 


.    X  IP 

in  —  =z\i  —  9 

c         ^EI 


(1) 


the  constant  of  integration  being  zero. 


If 


x  =  c,  z=  —y  SO  that 


arc  versin 


in  1=  —  X  — • 


w 


The  arc  whose  vers-sin  is    unity  is  —  ;  hence 

7r  =  l\  —  •  ^^^  P^  — ; — » 


(«) 


EI 


I' 


-which  is  Euler's  Formula. 
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.     X  IP 

If  in  (1)  we  make  d>  =  arc  versin  —  =  z  \j — ,  we  have 


EI 
1— cos^«  — .     .'.  x«c(l— cos^) 


c 


'■*>/f 


(8) 


which  are  the  equations  of  the  elastic  curve  of  the  axis  of  the  column. 
A  column  or  strut  with  pin-joints  is  the  same  as  a  round-ended 
column  provided  the  axis  for  the  moment  of  inertia  I  is  parallel  to 
the  axes  of  the  pins.  The  strut  may  be  regarded  as  having  ''fixed" 
ends  in  the  plane  of  the  axes  of  the  pins. 

S07.  If  one  end  of  the  columii  as  at  C  is  fixed.  Fig.  468(6),  that  is, 
if  that  end  is  so  secured  by  bolting,  riveting  or  merely  squaring,  that 
the  tangent  to  the  elastic  curve  of  the  axis  at  C  is  still  vertical,  the  bent 

column  designated  by  I  in  the  formula  is  only  —  of  the  I  of  the  real 

column.  The  column  being  still  very  nearly  straight  it  is  evident  that 
there  is  a  point  of  inflection  midway  between  0  and  C,  and  that  the 
portion  AB  with  no  moment  at  either  end  is  the  I  of  the  formula. 
Hence  the  limiting  load  for  sitch  a  column  is 

Tt^EI        9n*EI 


P= 


C'J 


4P  (4) 


If  both  ends  are  fixed,  there  are  two  points  of  inflection  where  Jf  =  0, 
and  the  column  of  Euler's  Formula  is  only  the  part  AB  which  has  a 

length  —  •    Hence  the  limiting  load  for  such  a  column.  Fig.  d,  is 


2 


P=*J^.  (5) 


S08.  Practical  formulas  for  strength.  The  formulas  given  above 
do  not  deal  with  fiber  stress,  or  elastic  limits,  or  with  factors  of  safety. 
In  fact  the  P  of  Euler's  formulas  is  the  critical^  and  therefore  the 
dangerous  value,  and  hence  they  are  of  little  use  if  unmodified. 

The  maximum  fiber  stress  in  a  loaded  column  is  made  up  in  two 
parts. 

First,  the  uniform  stress  due  to  the  load  P  applied  at  the  center 

p'=:^;  (1) 

A 
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Secondly,  the  extreme   fiber   stress  due  to  the  maximum  bending 
moment  (load  into  deflection) 


in  which  h  is  the  diameter  of  the  column  in  the  plane  of  the  elastic 
curve;  hence 

(2) 


V  =  —  •  A 


But  A  is  not  known  and  no  fonnula  gives  it.  It  is  known,  however* 
that  the  deflection  varies  as  the  square  of  the  length,  and  inversely  as 
the  least  Moment  of  Inertia  of  the  cross-section.    See  Table.    878* 


Hence 


I  Ah* 


(S) 


P  / 
So  that  the  final  fiber  stress  is/=j>'-|-p'=  — I  1-|- 


or 


P= 


_      Af_ 


1  + 


(4) 


Kq 


The  quantity  K  is  determined  by  experiment;  as  is  the  allowable  work- 
ing stress  /.  There  are  various  modifications  of  the  above  for  the 
purpose  of  fitting  it  to  the  results  of  experiments.  Mr.  Theodore 
Cooper,  in  a  recent  pamphlet  on  ^'Standard  Bridge  Specifications,'^ 
gives  the  following  for  safe  loads  of  steel  columns  and  struts: 


For  horizontal  struts  or  chords 


^P  I 

—  =  8,000  — SO  — for  live  loads  (5) 

P  I 

-  =  16,000  -  60  —  for  dead  loads  (6) 


For  vertical  members 


rP 

A 
P 

A 
P 

A 


=   7,000  —  40  —for  live  loads 

Kq 

I 


(7) 


—  =  14,000  -  80  —for  dead  loads     (8) 

ICq 

I 

—  =  10,000  -  60  —for  wind  stresses  (9) 


SOO.    The  stresses  within  a  bent  cylindriGa!  columii.   The  activity 
of  a  long   column   in   straightening  itself  under  a  light  load,  noted 
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by  Fidler  (See  Footnote  to  SOS)  is  readily  explained.  If  the 
unloaded  column  is  bent  by  a  symmetrical  horizontal  force  H^  either  dis- 
tributed or  concentrated,  the  limiting  stresses,  pi  and  ft  on  the  concave 
and  convex  sides  of  the  section  at  the  center,  have  equal  magnitudes  and 
opposite  signs.  Fig.  469(a).  These  stresses  are  due  to  the  shape  of  the 
column  and  those  magnitudes  are  quite  independent  of  the  forces  which 
cause  the  bending.  The  algebraic  sum  of  the  stress  at  the  middle  sec- 
tion of  the  column  is  zero,  and  there  is  no  ^'center  of  stress,"  or  the 
center  is  at  infinity.  See  Fig.  469(a).  Now 
suppose  a  rigid  and  unyielding  block  is  placed 
above  and  just  in  contact  with  the  rounded  end 
of  the  column,  but  not  pressing  upon  it.  Next, 
suppose  the  horizontal  force  H  is  diminished. 
At  once  the  column  endeavors  to  straighten,  and 
presses  up  against  the  block.  This  pressure  pro- 
duced an  internal  change  at  the  middle  section. 
The  deflection  A  ^  c  is  unchanged,  but  the  alge- 
braic sum  of  the  normal  stress  is  no  longer  zero; 
the  compression  at  B  has  been  increased,  and  the 
tension  at  A  has  been  diminished,  and  there  is 
now  a  "center  of  stress,"  far  beyond  the  line  of 
action  of  the  vertical  forces  at  top  and  bottom. 
The  distance  to  that  "center"  Q  is  exactly 
measured  by  the  quotient 

o«=4 


M  being  the  Moment  of  Resistance  in  the  column,  and  P  the  magni- 
tude of  the  pressure  at  the  top. 

It  is  evident  that  the  resultant  stress  acting  at  Q,  and  the  pressure 
P  form  a  couple  which  has  a  tendency  to  straighten  the  column.  The 
moment  of  the  couple  is 

L^P{OQ-c) 


which  may  be  called  the  straightening  moment..  As  H  is  diminished  P 
must  be  increased  to  preserve  the  moment  and  the  deflection,  and 
the  straightening  moment  becomes  less.  When  finally  H  is  zero, 
OQ  becomes  c,  and  Pc  =  Mq^  and  the  pressure  at  the  top  (or  the  load  on 
the  column)  has  reached  a  maximum  for  the  given  deflection. 

If  P  were  now  increased  in  some  way,  the  equilibrium  would  be 
destroyed.  OQ  would  become  less  than  c,  and  the  couple  Pic  —  OQ) 
would  tend  to  bend  the  column  still  more.     Hence  P  is  the  maximum. 
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pressure  at  the  top,  or  the  maximum  load,  consistent  with  the  given 
deflection  at  the  middle  section. 

If  H  were  at  first  uniformly  distributed,  see  Table,  875, 


d84£/ 
and  as  Pc  =  if  o»  we  must  have 

p-*?^  (1) 

If  H  was  a  concentrated  force  acting  at  the  middle  of  the  column. 

If,.?! 

4 


48  £7 


FT 
and  ^=12^  (2) 

If  H  were  so  distributed  that  the  elastic  curve  of  the  axis  of  the 
column  was  represented  by  the  equations 

a:  =  c(l— cos<^) 

£/ 

P 

we  should  have 


=<^^| 


P  =  7l^^'  (3) 

S10«  It  is  seen  that  in  every  case  the  quantity  c  is  not  found  in 
the  value  of  P,  which  leads  to  the  conclusion  that  c  may  vary  for  the 
same  value  of  P,  provided  the  deformation  is  so  small  that  our  equa- 
tions for  moment  and  deflection  still  hold;  that  is,  so  long  as  the  column 
is  very  nearly  straight.  „- 

A  second  conclusion  is  that  P  is  always  a  function  of  the  fraction  —  • 
Hence  the  form  of  the  empirical  equations  given  in  508«  " 

Note. — The  assumption  that  a  column  bent  by  a  single  concen- 
trated load  or  by  a  uniformly  distributed  load  will  retain  its  exact 
shape  under  the  load  P  when  H  is  reduced  to  zero,  is  untenable,  inas- 
much as  the  shape  would  automatically  change  to  the  cosinoidal  form 
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represented  by  the  equations  (3)  SOO*     In  fact,  the  change  of  form 
is  progressive  from  the  instant  P  has  value  to  the  instant  when 


P  =  7r«  . 


EI 


Nevertheless  the  straightening  phenomenon  is  fully  explained. 


CHAPTER  XXVI. 

The  Enerqt  of  Streams  and  Impinging  Solids. 

511.  The  energy  of  a  stream  of  water.  A  stream  of  water  acting 
upon  mofdng  guides  or  surf  aces,  does  work  and  gives  up  energy.  When» 
however,  it  acts  upon  stationary  guides  or  surfaces,  it  does  no  work, 
and  (omitting  all  friction)  it  loses  none  of  its  energy.  The  two  cases 
will  be  discussed  separately. 

1,     A  current  of  water  acts  upon  stationary  surfaces. 

(a)     In  the  elbow  of  a  pipe. 

When  passing  the  bend  or  elbow,  the  stream  is  deflected  by  a  deviat- 
ing pressure  but  it  loses  no  energy  and  does 
no  work.  We  are  to  find  the  resultant  action 
between  the  water  and  the  pipe.  (When  we 
think  of  the  water  as  acting  against  the  wall 
of  the  pipe,  we  call  it  the  "centrifugal  force"; 
when  we  think  of  the  pipe  as  acting  laterally 
upon  the  water,  we  call  it  the  "deviating 
force.") 

Consider,  Fig.  470,  an  element  dV  of  the 

water.     Its  mass  is  SdV^  —  {pdd)dA=dm,  in 

9 
which  dA  is  an  element  in  the  cross-section 

of  the  stream.     Its  centrifugal  force  is 

ff  P  P 

Its  component  along  the  bisector  OX  is  (PQcos  0=  —  cosOdOdA. 

9 


;nc.  170 


Wf^ 


Since  v*  is  assumed  to  be  constant  for  all  points  of  the  stream,  we 
iiave  the  resultant  along  OX,  the  bisector 


cos 


wv^A 
9 


cos 


OdO 
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THE  SO-CALLED   "'hTDBOBTATIC   PARADOX*' 


Q. 


g 


COS 


eae^ 


2 

9 


The  integration  of  dA  takes  in  the  cross-section  of  the  pipe,  and  then 

•  the  integration  for  6  takes  in  all  the  water  there  is 
in  the  elbow.  It  is  to  be  noticed  that  Qz  is  inde- 
pendent of  JR. 

If  a  fs  a  right  angle 

Q^^-^^<^  (1) 
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9 


and  the  component  of  Qx  parallel  to  the  pipe  at  A  and  at  J3  is 


9 


(2) 


If  this  be  compared  with  the  hydrostatic  pressure  P  which  may  be 
supposed  to  cause  the  velocity  »,  we  have 


p^wh. 


P  =  pA=^wh'!rr^f 


and 


.2 


P  = 


wirrV 


which  shows  that 


Q^  =  2P 


(8) 


F 


It  is  evident  that  the  elbow  may  have  many  sub-divisions  without 

n  affecting  Q^;  in  fact»  the  entire  stream  may  strike  a 

wall  and  be  deflected  90^  in  all  directions,  with  Q^  con- 
stant. The  centrifugal  force  is  still  equal 
to  tvnce  the  hydrostatic  pressurCy  P^^whirr^, 
This  was  formerly  called  the  Hydrostatic 
paradox  because  a  jet  of  water  from  a 
tank  pressed  against  a  vertical  shield 
with  a  force  twice  as  great  as  the  pres- 
sure upon  a  surface  equal  to  the  nozzle  on 
the  wall  of  the  tank  at  the  same  depth.* 


J- 


^M 


rig,  47a 


1 
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*  Writers  have  almost  invariably  explained  the  result  shown  in  the  text,  which 
is  only  a  problem  in  centrifugal  force,  by  assuming  that  there  is  a  change  of 
momentum  (that  is  a  change  in  velocity)  and  they  bring  in  the  element  of  time. 
Omitting  friction,  there  is  no  change  in  velocity,  momentum  or  energy,  and  no 
*'work"  is  done. 
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Had   the  deflection  beea  thru  the   angle  180°,  the  integration  of 
cosddd  above    would  have    been  from 


-  to+  ->  giving.     Fig.  474, 


W) 


In  properly  securing  a  pipe  (or  a  hose) 
which  makes  a  turn  of  much  magnitude,  **'  *'* 

and  conducts  water  at  high  velocity,  the  above  formulas  should  not 
be  neglected. 

Example.     Suppose  a  steel  pipe,  internal  diameter  6*,  has  water, 
with  a  dynamic  head  of  160  feet,passiag  thru  it  at  a  velocity  of  100 
feet  per   second,   and  making  a  turn  of  90°; 
^'  what  is   the  tension    caused    in  the  pipe  on 
'       both  sides  of  theelbow?  or  what  should  be  the 
single  external  support  to  prevent  the  tension? 
The  Formula  gives,  there  being  no  external 
support  at  Pi 

9 

=  -^5^  X  -  X  -  Xa00)*  =  88S61b3. 
16X32        7        16 

512.    The  action  of  a  jet  of  Uqnid  or  gas  opon  s  receding  vane  or 
cap. 

Let  the  current  be  Oi  and  the  velocity  of  the  cup  in  the  same  direction 
be  Vt,    The  relative    velocity,   that   ia, 
the  velocity  with  which  water  enters  and 
leaves   the  cup,   is  ci— vs.     Hence  the  ' 
thrust  given  the  cup  is  by  formula  (4)  of 


Sir 


ZAw 


(ci— Pi)*,  in  which  A  is  the 


sectional  area  of  the  jet  at  the  nozzle.     The  rate  at  which  work  is 
done  on  the  cup  is  the  thrust  times  v^  or 


f7'=- 


-(pi— Pi)*!)!  per  sec. 


This  work  is  zero  when  tit  =  0  and  also  when  Pi  =  Pt-     It  is  a  maximum 
whenri^  —Vi.    So  that  the  maximum  work  upon  a  single  receding  cup  is 
8  Aw 
9 


Maximum  V'=  - 


•  Pi'  per  sec. 
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This  is  a  low  velocity  of  the  cup»  and  a  small  amount  of  work.     The 

energy  of  the  jet  per  sec  is  ( )  —  •  =  — -  *  a  large  portion  of  which 

\    g    /  ^  % 

is  lost,  partly  because  one-third  of  what  issues  in  a  second  fails  to  reach 

the  cup,  during  the  second;  and  what  does  reach  it,  leaves  it  with  a 

(backward)  velocity  of  -  vi.     Assuming,  as  we  have  done  all  the  while, 

3 

that  the  energy  lost  by  external  and  internal  friction  is  negligible,  the 

energy  lost  (or  not  employed)  in  driving  the  cup  is: — 

1.  The  Kinetic  energy  of  one- third  of  the  jet  which  does  not  reach 

the  cup,  ,  .         ^2        .3 

I I  —  = per  second. 

\  g    SI  St  6g    "^ 

2.  The  Kinetic  energy  still  in  the  two-thirds  when  it  leaves  the  cup. 


( 


M. 


Aw  ^vi\\S     J       Awvf 


g     3  /      ^  %lg 

Adding  these  losses  to  the  work  done,  we  have 

AxjDVi^  /  8    ,   1    ,    1  \      Awv^ 


U?      6       27/  2(7 


g     V27      6       27/         %g 

In  order  to  utilize  all  the  energy,  we  must  have  a  coniinuoiis  row  of 
cups  so  closely  arranged  that  the  jet  enters  cups  as  fast  as  it  issues. 
When  a  jet  Vi  feet  long  enters  cups  every  second  instead  of  a  jet  (fi— »i) 

feet  long,  the  work  done  will  be  — ^—  times  as  much.     Multiplying  the 

V1—V2 

work  shown  in  (U')  by  this  fraction,  we  have 

TJ—  — ^—  ( {vi—v^Yvi )  = {vi—V2)viV2  per  second. 

V1—V2  ^    g  ^9 

Now,  the  velocity  of  the  cups  must  be  so  regulated  that  TJ  will  be  a 

maximum,     rutting  —  =  0,  we  get  t^  =  —  vi. 

-  dv2  2 

When  »2  =  —  ri,  the  absolute  velocity  of  the  water  on  leaving  the 

cups  is  zero,  which  is  the  ideal  condition,  and  no  energy  is  lost,  since 

jj     2Atovi  (Vi  ^vi\       Awvi^  .      ,    , 

U  = -  X  -  I  =  per  unit  of  time, 

g      \^       %)  %g     ^ 

which  was  the  energy  of  the  jet. 
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The  '"Pelton  Water  Wheel.'*  Fig.  476.  In  the  water  jet  wheel 
aa  DOW  used,  the  cups  are  so  constructed  that  the  current  is  deflected 
180°  with  the  least  possible  losa  from  eddies  and  friction,  and  so  close 
together  that  all  the  current  is  caught,  and  the  hnear  velocity  of  the 

cups,  OUT,  is  kept  as  near  to— Ci  aspossiMe,  and  theefficiency  approaches 
closely  to  100  per  cent. 

513.  The  vdodty  of  b  flnid  jet.  The  two  fundamental  formulas 
of  Hydraulics  are  _    , 

in  which  h  is  the  "Dynamic  Head."  The  first  was  derived  during  our 
study  of  hydrostatics.  The  second  will  now  be  derived  from  the  doc- 
trine of  the  conservation  of  Energy. 

Assume  a  tank,  with  a  closed  orifice  at  the  bottom,  to  be  filled  with 
water.  The  atmospheric  pressures  above  the  tank  and  at  the  orifice 
balance  each  other.  If  the  orifice  is  opened,  the  volume  of  water 
escaping  at  the  velocity  i"  in  the  time  dt  is  dV  =  avdt,  in  which  a  is  the 
cross-section  of  the  jet  at  its  minimum  poira.     The  mass  of  the  volume 

dKis  J        ">     J. 

dm  =  —  avdt, 
9 
and  its  Kinetic  Energy  is 

0*    w       ,, 
diK.E.)  =  --~o.vdi- 
i   g 
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Now  this  discharge  is  caused  by  a  lowering  of  the  entire  mass  within 
the  tank  above  the  orifice.  If  the  average  cross-section  of  the  tank 
be  A^  and  the  height  be  A,  the  weight  of  the  water  moved  downward  is 
W^wAh\  the  distance  moved  is  dA,  and  the  work  done  by  gravity  is 

dU'^wAhdh; 

hence,  by  our  law,  d(K.  E.)  =d(?7) 

—  •  —  avdt  =  wAhdh 

2    g 

But  of  necessity  A{dh)=av{dt)=dV  the  volume  of  the  discharge. 
Hence 

^g 
v^  =  igh.  Q.E.I. 

2.     If  a  gas  is  escaping  thru  an  orifice  from  one  region  to  another 

where  the  pressure  is  less,  the  dynamic  head  is  A  =  — — —  and  v^  =  igK 

w 

V  and  w  being  measured  before  expansion  takes  place. 

51 4.  The  energy  of  air  jets.  If,  instead  of  water,  an  air  or  gas 
jet  strikes  cups  or  vanes,  the  same  principles  apply  for  moderate  pres- 
sures (and  densities),  since  the  changes  in  density  due  to  different 
pressures  are  so  small  compared  with  the  uncertain  co-efficients  of 
friction,  that  they  may  be  neglected.  A  gas  jet  may  change  in  tem- 
perature and  volume  without  any  change  is  mass,  and  it  is  mass  alone 
which  is  involved  in  problems  of  centif ugal  (or  deviating)  forces. 

It  would  be  out  of  place  in  an  elementary  book  to  go  into  a  discussion 
of  steam  and  water  turbines,  tho  they  are  based  on  the  principles 
already  given.  The  student  is  referred  to  Special  Treatises  on  these 
subjects. 

515.  The  actton  between  air  currents  and  screw  propellers. 

1.  Preliminary.  Air  under  ordinary  conditions  is  perfectly  elastic. 
As  we  saw  in  Chapter  XXIV,  an  increase  in  the  pressure  in  general, 
increases  the  temperature  and  decreases  the  volume  of  a  given  mass,  and 
as  the  mass  of  an  air  current,  and  not  its  temperature,  is  the  matter  to 
be  considered  here,  and  as  changes  in  pressure  are  small  during  the 
revolution  of  a  propeller,  we  omit  all  thermodynamic  matters,  as  well 
as  friction  and  irregular  eddies. 

The  normal  pressure,  due  to  impact,  of  an  air  current  upon  a  smooth 
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plane  surface  of  a  stationary  object  is 
found,  as  is  the  pressure  due  to  a  jet  of 
water,  as  follows: 

Let  A  be  the  cross-section  of  a  stream 
of  air,  or  of  the  air  current  which  has  a 
velocity  Vi.  8  is  the  plane  surface  of  the 
stationary  vane  BC,  The  angle  which  the 
current  makes  with  8  is  0.  Let  dra  be  an 
element  of  the  curving  current;  its  volume 
being  dApda,  p  being  the  radius  of  curva- 


w 


^\^\f 

4 

^  ^ 

y 

"1        A 

Vj 

477 

^ 

r\8. 

^ 

ture  of  itspath,  its  mass  is  —  pdAda;   and 

9 

djnvi^      w 
its  centrifugal  force =»  —  Vi^dAda.     The  component  of  this  force 

P  9 


w 


along   the   normal    to  the    plane   is  —  ri^  cos  adAda.    Hence 

9 


w 


d^Q=  —Vi^dAcosada. 
9 

Now,  every  element  in  the  curved  stream  which  has  dA  for  its  cross- 
section,  whatever  may  be  its  radius  of  curvature,  has  a  component  part 
in  Q  according  to  a. 

Integrating  for  a  from  0  to  0y  we  get 


dQ 


0 


W 


cosada  =  —  vi^  sin  6dA, 
9 


Next  integrating  for  A^  so  as  to  include  all  such  curved  jets  or 


elements,  we  get 


w 


Q  =  —  Vi^A  sin  0 
9 


(1) 


which  is  the  total  normal  pressure  on  the  surface  iS  which  is  in  the  path 
of  the  current  A.  But  A==S  sin^,  substituting  this  value  of  A  and 
dividing  by  S,  we  have        q 

=  p„  =  —  vi^  sin*  0  (2) 

9 


S 


The  pressure  p^  is  the  intensity  of  pressure  on  the  exposed  surface. 
This  quantity  p^  ought  rather  to  be  called  the  average  pressure, 
since  it  is  well  known  that  on  a  finite  plane  surface  exposed  to  the  wind, 
the  pressure  is  far  from  uniform. 

However,  since  the  entire  current  A  is  deflected,  perhaps  some  parts 
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more  than  d  and  others  less,  the  resultant  pressure  cannot  vary  much 
from  Q.* 

516.  An  air  current  acting  upon  a  receding  plane  or  vane,  having 
a  velocity  v^  in  the  same  direction  as  V\. 

The  relative  velocity  is  the  difference  f?i— 1^2,  which  must  take  the 
place  of  Vi  in  the  former  case.     Hence  Q  in  this  case  is 

Q^'!^{vi-V2YAsind  (1) 

9 

The  component  of  this  pressure,  in  the  direction  of  motion  is 

Q  sin  ^  =  ^  (n  - V2yA sin*^  (2) 

9 


so  that  the  work  done  by  the  air  current  per  unit  of  time  is 

J  J        (Vi  —  V2yV2W         .     .    j/1 

9 


(S) 


Given  Vi  constant,  this  amount  of  work  done  per  unit  of  time  is  a 

Vi 

maximum  when  ©a  =  — .     But  this  gives  the  amonut  of  Work  done  as 

4     to  /I 

only  —  •  —  Avi^  sin^  v,  while  the  energy  of  the  air  current  per  second  is 

27    g 

Therefore,  is  —  =  —  sin^^. 

E      27 

The  loss  is  partly  due  to  the  fact  (as  in  the  case  of  a  water  jet)  one- 
third  of  the  current  flowing  per  second  fails  to  reach  the  retreating 
vane.     If  additional  vanes  appear  with  sufficient  frequency  to  catch 

A.tD 

the  entire  current^  the  mass  in  action  continually  is  not  (vi—v^) » 

but  »  so  that  the  work  done  is 


9 


LI  2  = {v\ — ^2)2^2  sin*  u 

9 


*  For  a  full  discussion  of  wind  pressures  upon  stationary  surfaces  by  Prof.  F. 
E.  Nipher,  see  Proceedings  of  the  St.  Louis  Academy  of  Science.  Vol.  8,  No.  1, 
pp.  1-24. 
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This  is  a  maximum  when  fs  =  — '  and 

Maximum  U%^  ^- — sin*^ 

g       4 

so  that  the  eflSciency  is • 

If  ^=90^ 

E       2 

This  is  for  the  ideal  case  in  which  there  is  no  loss  from  eddies  and 
friction. 

517.  The  action  of  an  air  current  upon  a  screw  propeller,  or  the 
reverse.    Fig.  478. 

Let  BC  (with  the  width  dr)  be  an  element  of  the  helicoid  bounded  by 
two  consecutive  helices,  and 
two  horizontal  differentials  d^ 
dr.  If  the  propeller  were 
stationary » the  action  of  the 
air  current  striking  it  would 
be  the  case  of  515  over 
again. 

Since  the  propeller  is  & 
revolving  with  an  angular 
velocity  o>,  the  entire 
*Vane/*  BC,  is  receding  with 
a  velocity  depending  upon  oi,  and  the  "pitch"  of  its  screw  surface. 
In  the  time  dt  the  element  moves  fordt  in  its  circle  of  rotation  to  the 
position  B'C.     Fig.  (6). 

This  movement  causes  it  to  retreat  or  recede  in  the  direction  of  the  air 

current  ds  =  cjrdt  cot  0  so  that  Ui  =  —  =  ow  cot  &.     By  the  law   of   the 

dt 

helix.  Fig.  478(c),  cot  ^=  -^,  hence  t;2  =  — —  (in  which  pi  is  now   the 

pitch  of  the  screw). 

This  "velocity  of  receding,"  V2y  is  independent  of  r,  and  hence  is  the 
same  for  all  points  of  the  helicoidal  vane,  a  fundamental  property  of  a 
screw  surface. 

The  normal  pressure  of  the  air  upon  the  element,  BCXdr^dS,  is  by 
(1)  in  -the  last  section 


(6) 


(a) 


Tig,  478 


(c) 


d^Q'^^(v,^?^ydAsme 
g\         27r  / 


(1) 
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THE  MOMENT  REQUIBED  TO  TURN  THE  PROPELLER 


Since  the  propeller  has  no  motion  of  translation  the  component  of 
€PQ'  parallel  to  Vi  does  no  work.  The  component  perpendicular  to  Vi  does 
work  by  turning  the  wheel.     This  component  is 


a  \ 


and  its  moment  is 


dW  =  (PQ'rcos^= -ff;i- 

a  \ 


—  I  sin^cos^d^ 
^^  I  r sin  ^cos  ddA 


(2) 


(8) 


But  dS  sin  6  —  dA  the  cross-section  of  the  current  which  acts  upondS. 

If  dS  be  projected  upon  a  circle  of  rotation,  we  have  a  clear  idea  of 

dA  as  an  element  of  a  circular  sector.  See  Fig.  470* 
The  arc  HK  depends  upon  the  width  of  the  blade. 
Evidently  dA^idr^d^) 


Moreover,  from  Fig.  478(c) 


sin 


e^ 


V47rV+(pi)« 


cos 


e^ 


Vi 


yl4tii^r^  +  {jpiY 


and 


sin  6  cos  6  = ^- —  >  so  that  we  have 

477^  +  ^1* 


rHr 


47r«r2+p 


Decomposing  the  rational  fraction  and  integrating 


2wj   L«       477*  J\  «ir/ 


(4) 


in  which  di  is  the  angle  between  the  axis  of  the  propeller  and  a  tangent 

to  the  outermost  helix.     Taking  the  factor —  from  the  parenthesis^ 
we  have 


9,Trg 


(«) 


—    -  is  the  area  of  the  sector  A,     If  the  number  of  blades  is  -^ » their 

combined  area  of  their  projections  will  be  ttB?,     In  such  a  case  the 
continuous  return  of   the  blades  would  utilize  all  the  current  within 
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the  circle  iri?»  so  that  instead  of  being  acted  upon  by  the  volume 
irlP(  t?i—  ^^  I  every  second*  that  volume  would  be  trBhi. 

The  turning  moment  produced  on  such  a  propeller  would  be 

Assuming  that  cd,  vi  and  R  are  constant,  it  may  be  found  by  plotting 
the  curve  for  M\  for  various  values  for  pi  it  is  found  that  if  is  a  maxi- 
mum for  a  definite  value  of  pi. 

Now  to  find  the  Thrust  of  the  Propeller  parallel  to  the  au:  current* 
which  thrust  must  be  balanced  by  the  bearings. 

Referring  to  the  value  of  cPQ 

^  V  2ir  / 

we  note  that  the  component  parallel  with  the  air  current  is 

d»Qsin^=-/f;i^^Vsin»^d^=d«r 

As  before,  substituting  dA  =:rdrdq>  and  sin*  ^= we  have 

4wV+2>i* 

Thrust  T=*^(n-?1^)'  r   '^^'-       Pi 


9 


\  2ir/  [2       2ir«iP    *  J 

and  r:=  ^iriPcxfri-  ^\  fi  +  ^logcos^x 

g  \         217/ 1_       ifiR* 

when  -^- —  becomes  tt/J*,  and  all  the  air  current  is  utilized. 

S18«     The  Propeller  moves  in  still  air,  with  a  velocity  V\, 

The  actions  between  the  air  and  the  propeller  are  exactly  the  same 
as  when  the  conditions  were  reversed:  the  air  moving,  and  the  propeller 
supports  stationary;  the  relative  velocity  is  just  the  same.  What  was 
necessary  in  the  last  two  sections,  to  resist  the  rotation  of  the  propeller. 
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and  to  resist  the  thrust  of  the  propeller  upon  its  bearings,  is  now 
necessary  to  turn  the  propeller,  and  to  keep  the  machine  in  forward 
motion.  In  other  words,  M  now  measures  the  constant  moment  which 
the  motor  must  apply  to  the  propeller  shaft;  and  T  is  the  thrust  which 
the  propeller  must  give  to  the  machine  in  order  to  maintain  the  velocity 
f^i.     This  thrust  is  due  to  the  reaction  of  the  air  which  is  set  in  motion 

and  sent  to  the  rear  with  a  component  velocity  v^  =  ^^  parallel  to 
the  axis  of  the  propeller. 

IMPACT. 

519«     Only    simple  ideal   problems  will  be  here  discussed.    The 

Cabe  I.  Direct  central  impact  of  homogeneous  spheres  or  prisms, 
weights  are  supposed  to  be  balanced,  as  tho  each  moved  on  a  smooth 
horizontal  plane.  Both  bodies  are  supposed  to  be  somewhat  elastic; 
their  centers  move  along  the  same  straight  line. 

The  masses  are  mi  and  m^;  their  velocities,  both  positive,  are  U\  and 
Ui'y  m\  overtakes  and  impinges  against  Tn^.  There  are  three  epochs: 
before,  during,  and  after  the  impact.  The  respective  velocities  after 
impact  are  V\  and  v%. 

There  is  all  the  while  a  '^center  of  mass/'  which  moves  as  the  bodies 
move,  with  a  constant  velocity  Wo»  which  is  found  as  follows: — The 
resultant  momentum  before  impact  is  miUi-\-m2U2.  During  impact 
their  mutual  action  changes  the  momentum  of  each,  but  one  gains 
exactly  as  much  as  the  other  loses,  since 

Fdt  =  midui  =  (Z  (77121x2)  =  ~  midui  =  —  d(miUi) 

hence  d(miUi-\-7n2tii)  =  0 

miUi+m2Ui  =  a  constant. 

F  is  the  magnitude  of  their  mutual  action  at  any  instant. 
At  the  instant  at  the  end  of  their  deformation  while  in  contact,  mi 
and  7n2  have  the  same  velocity,  viz.:  Uq.     Hence  the  "constant,"  is 

(mi + m2)  Wo  =  miWi+ 7/12^2  , 

miMi-fm2M2  /,x 

1/0=^ ■*  (1) 

mi+m2 

As  soon  as  the  deformation  of  the  bodies  has  reached  a  maximum, 
restoration  begins,  since  the  material  is  more  or  less  elastic.  Let  k^  be 
the  "co-efl5cient  of  restitution."  Before  impact  the  kinetic  energy  of 
mi  relative  to  the  C.  G.  of  the  system  was 

£1=  — (m-ixo)^ 
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After  the  separation  the  energy  is 

Hence  the  velocity  of  mi  relative  to  the  C,  G.  is  (being  back  words  and 
therefore  negative)  , ,  \     » /  \ 

Hence  the  absolute  velocity  (relative  to  the  earth)  is 

vi-Uo+k(uo—Ui)  =  (l+k)uo  —  lcUi  (i) 

In  like  manner  with  reference  to  ms,  except  that  the  rebound  is  forward 
and  therefore  positive, 

Vi^Uo+k{uo—Ui)  =  {l+k)uo'-ku^  (S) 

Cor.  1.     Since  Ml  >!*(,,  it  is  evident  from  (2)  that  Vi  maybe  zero,  or 

l+k 
even  negative.     If  Mi  =  — -—  Vo*  1^1  =  0;  and  V2  =  k(ui  —  u^). 

k 
Cor.  2.     If  i  =  1  (for  perfectly  elastic  balls) 

(4) 


Vi  =  ^Uo  —  Ui 


©8=21*0  —  ^2 

Cor.  8.  If  7712  is  initially  stationary,  A:  =  1,  and  mi  =  7712,  we  have  from 
(1)  Mo=— »  ^^^  from  (2)  ri  =  0,  and  ^2  =  2^0  =  ^1  which   means   that 

mi  stands  still,  while  m^  moves  of  after  the  contact  is  over,  with  the 
velocity  which  mi  had  before  the  impact. 

Cor.  4.  If  the  balls  meet,  the  initial  velocity  of  the  one  having  the 
smaller  momentum  should  be  taken  as  negative,  so  that  Uo  may  be 
positive.     All  the  formulas  involving  the  negative  velocity  hold. 

Cor.  5.  If  m2  is  infinite  and  stationary  (that  is,  an  immovable 
rigid  wall)  then  Uo  =  0,  and  U2  —  O  and  »i  =  —  ujc. 

Cor.  6.  The  value  of  k  in  the  case  of  a  billiard  ball,  or  golf  ball, 
dropped  upon  a  solid  marble  or  metallic  floor,  may  be  found  by  measuring 
the  heights  of  fall  and  rebound.     The  reader  may  prove  the  formula 


-# 


if  Ai  is  the  height  of  fall,  and  ^2  that  of  rebound. 
520.    Impact  oblique  of  sphere  and  wall. 
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OBLIQUE   AND   ECCENTBIC   IMPACT 


Case  II.  Suppose  an  elastic  sphere  strikes  a  rigid  wall  obliquely 
making  the  angle  6  with  the  normal.  The  angle  of  rebound  rarely 
approximates  the  angle  of  incidence,  for  two  or  more  reasons: — 

1.  The  ball  is  not  perfectly  elastic. 

2.  Friction  causes  retardation  and  rotation. 

3.  An  initial  angular  velocity. 

4.  The  attraction  of  the  earth. 

The  degree  of  elasticity  may  sometimes  be  found  as  explained  above, 
by  experiment. 

The  friction  may  be  reduced  to  a  minimum  by  polishing  and  oiling. 

The  action  of  gravity  is   neutralized    if  the  plane  of  d  and  ^  is 

horizontal. 

Let  us  first  suppose  that  the  supporting  plane  of 
6  and  (f>  is  horizontal,  that  there  is  no  friction,  no 
rotation^  and  that  k  is  known.     Fig.  480. 

Let  AO  he  the  velocity  of  approach,  and  Ofi,  of 
the  rebound.     The   tangential  components  of  AO 
and   OB  are  equal  as  there  is  nothing  to  modify 
motion  parallel  to  the  plane;  that  is  DB  =  v  sin  (f>  —  AC^u  sin  ft 

The  normal  components  follow  the  law  given  in  Cor.  5  of  the  last 


section;  that  is 


and  hence 


OD  =  k(u  cos  d)==v  cos  <!>  =  k.OC 

I      tan  0 
tan  9  = • 


(1) 


t;  = 


u  sm 


0 


sin<^ 


=  u  (cos  ^ V  fc*+  tan* 0) 
=  u  Vsin*  $  +  k^  cos*  d 


(«) 


If  i  =  1  (perfect  elasticity) 


If  A:  =  0  (inelastic) 


v  =  u,  and  (l>  =  6. 


t;  =  w  sin^,  and  <i=  — 

2 


and  the  body  glides  along  the  plane. 


Example  1.    It  k=  —  and  tan d= ^  —  prove  that  the  incident  and  the 


2  ^2 

reflected  paths  are  at  right  angles. 
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Example*  S.  If  an  ivory  ball  lying  within  a 
ligid  metallic  circular  hoop»  both  resting  on  a 
smooth  plane,  be  driven  along  a  chord  making 
such  an  angle  d  with  the  two  radii  OA  and  OB  that 
after  two  rebounds  it  returns  to  Ay  prove  that 
the  relation   between  6  and  k  is  given  by  the 

equation  : 

tan^  =  ^ ^! 

Example  8.     Prove  that  if  the  ball  rebounds  three  times  and  returns 

to  A.  the  relation  is  ^       .— 

tan^=Vfe». 


521. 


Eccentric   impact      An    ideal    problem.    Both    balls    are 

smooth  and  A;  is  1.  The  mass  ms  is  at 
rest  when  struck  by  mi.  The  velocity 
of  mx  along  the  common  normal  is 
i^icos^;  the  tangential  velocity  is 
Or  =  Msin^,  which  is  unchanged  by  the 
collision.  The  consequent  normal  velo- 
cities of  mi  and  m2,  are  found  from  for- 
mula (4)  (519)  by  changing  ui  to  Ui  cosd, 
and  making  A:  =  l,  Us  =  0>  and 


ns.  4BS 


Un  — 


m\U\  cos 


e 


mi-|-m2 


The  consequent  velocities  along  the  line  of  centers  are 


ri'  = 


t?2= 


%m\UiCo^O 

mi+m2 
2mi 


—  Ui  cos 


e^ 


fill — mj  /i 

.  UiCOSi/ 

mi-|-ma 


mi-|-m2 


til  cos 


e 


(1) 


The  resultant  velocity,  t?i,  and  direction,  BR,  of  mi  are  found  by 
combining  »/  with  ui  sin  ^,  i.  e.:  TR  with  OT,  as  seen  in  the  figure. 
The  path  of  mi  has  been  deflected  thru  the  angle  JB0-4  =  90— (^-f-<^), 
and  its  velocity  has  been  reduced  from 


ui  to  Ui 


(sin*^+ 


(mi  — ma)' 
(mi+ma)* 


cos*  0  ) 


*  In  these  examples  no  allowance  is  made  for  sliding  along  the  hoop  during  the 
period  of  contact. 
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Corollorary.     If  mi  =  mj,  we  have 

Vi  =  Ui  COS  0 

Vi  =  Ml  sin  ^ 
and  the  final  directions  of  mi  and  m2  are  at  right  angles. 


CHAPTER  XXVII. 
The  Efficiency  of  Compressed  Air.* 

S22.  In  this  chapter  the  aim  has  been  to  present  the  principles 
in  as  simple  and  intelligible  a  form  as  possible.  Every  engineer  or 
architect  has  occasion  to  deal  with  compressed  air,  and  it  is  well 
worth  while  to  master  the  Thermodynamic  laws  involved  even  if 
he  omits  the  study  of  Imperfect  gases.  No  attempt  is  made  to  present 
anything  new,  but  an  eflPort  is  made  to  show  the  extreme  simplicity  of 
the  fundamental  laws. 

1.  If  vf  is  the  volume  of  a  unit  weight  of  a  perfect  oas  which  is 
thruout  under  a  uniform  pressure  p,  and  at  a  uniform  absolute  tem- 

perature  T,  then  the  value  of  the  expression  -^  is  constant.  If  this 
constant  be  called  R  we  have 

r"*  (1) 

The  pressure  p  is  given  in  pounds,  kilograms,  or  atmospheres  as  may  be 
desired,  upon  a  unit  of  surface,  and  v  gives  the  volume  in  cubes  of  the 
unit  of  length.  The  temperature  may  be  given  in  degrees  Fahrenheit  or 
Centigrade;  if  in  the  former,  T  is  459.58  degrees  more  than  shown  by  a 
Fahrenheit  thermometer;  if  the  degrees  are  Centigrade,  T  is  273.10 
degrees  more  than  shown  by  a  Centigrade  thermometer;  that  is 

^°(F)=<*'+459^58 
2^(C)=<°+283M0 

d.  Equation  (1)  shows  that  if  the  pressure  is  constant,  the  volume 
increases  and  decreases  with  the  temperature,  or,  more  exactly,  that 

*  This  chapter  is  substantially  as  presented  in  a  paper  read  before  the  Engineers' 
Club  of  St  Louis,  Feb.  13,  1884,  and  printed  in  the  Journal  of  the  Association  of 
Engineering  Societies,  in  1884. 

t  In  this  chapter  v  is  volume,  not  velocity. 
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the  volume  is  proportional  to  the  temperature.  Hence,  if  the  tempera* 
ture  increases  by  equal  increments,  or  degrees,  the  volume  will  increase 
by  equal  amounts.  Again,  if  p  is  constant,  the  equal  increments  of 
volume  show  that  equal  amounts  of  external  work  are  done  by  the 
expanding  gas  as  the  temperature  increases  by  regular  degrees. 

S.  If  we  consider  next  the  amount  of  heat  required  to  raise  our  unit 
weight  of  gas  through  one  degree  of  temperature,  and  then  another, 
and  so  on,  the  pressure  being  all  the  while  constant,  we  shall  see  that 
a  certain  part  of  it  is  used  to  do  the  external  work,  which  is  the  same 
in  each  case,  because  the  increments  of  volume  are  equal,  and  that  the 
remainder  is  used  to  increase  the  temperature  of  the  gas  itself,  that  is, 
in  making  the  gas  hotter.     Now  it  has  been  found  by  experiment: 

First.  That  for  all  ordinary  attainable  temperatures  air  is  a  perfect 
gas. 

Second.  That  that  portion  of  the  heat  required  to  merely  heat  the 
lb.  of  air  one  degree  (not  including  that  spent  in  doing  the  external 
work)  is  constant. 

Third.  That  this  last  constant  amount  of  heat  is  precisely  the  same 
as  that  required  to  heat  from  any  one  degree  to  the  next  a  unit  weight 
of  air  which  is  so  confined  that  it  cannot  expand,  and  consequently 
can  do  no  external  work. 

4.  This  last  amount  of  heat,  required  to  heat  a  unit  weight  of  air 
through  one  degree  at  constant  volume  is  therefore  constant^  whatever 
be  the  temperature  and  pressure;  this  amount  of  heat  will  be  designated 
by  Cv,  and  will  be  read:  "Specific  heat  at  constant  volume."  If  in 
addition  to  being  heated,  the  air  is  allowed  to  expand,  the  pressure 
being  constant,  more  heat  is  required  on  account  of  the  external  work 
to  be  done;  but  as  this  amount  of  work  is  also  constant,  the  sum  is  con- 
stant, and  the  total  is  denoted  by  Cp^  and  is  read:  "Specific  heat  at 
constant  pressure."  It  is  evident  that  Cj,  is  greater  than  C„  by  the 
heat  required  to  do  the  external  work  involved  in  the  expansion  while 
the  air  is  heated  thru  one  degree. 

5.  It  is  now  easy  to  show  that  this  difference  between  Cj,  and  C„  is 
just  the  quantity  R  given  in  equation  (I).  For  let  us  suppose  that,  p 
being  all  the  while  constant,  the  temperature  is  reduced  to  absolute 
zero,  where  T  becomes  zero.  In  this  ideal  state  of  things  all  heat,  and 
hence  all  energy,  has  gone  out  of  the  air;  and  it  is  therefore  without  the 
power  of  physical  manifestation,  shown  by  the  logical  necessity  of 
writing  the  volume  equal  to  zero  also. 

Next  let  us  suppose  that  the  air  receives  heat  and  expands  at  con- 
stant pressure  till  the  volume  is  v  and  the  temperature  T.  It  is  evident 
that  the  whole  work  done  by  the  air  as  it  expands  from  no  volume  till 


496  THE   EFFICIENCY   OF  COMPBEBSED    AIB 

its  volume  is  v,  is  vp^  and  since  this  is  the  work  done  while  the  tempera-  Q 

ture  is  increasing  from  zero  to  T,  we  find  the  work  done  during  the  r 

raising  of  the  temperature  one  degree,  by  dividing  the  whole  work  by  T,  is 

the  number  of  degrees.     Hence  it  is  —  ;  but  this  is  A;  so  that  the  dif- 
ference between  the  two  specific  heats  is  A,  and  we  have  the  equation 

Cp-C^-/J  (II) 

523.  The  measure  of  work  done.  It  may  be  well  to  show  that 
if  a  pound  of  air  expand  from  Vi  to  Vt  against  a  constant  pressure  p,  the 
work  done  by  the  air  is  (v2—Vi)p.  Suppose  the  air  to  be  in  a  cylinder 
with  unyielding  sides  and  one  fixed  end,  and  that  as  the  air  is  heated  and 
expands  it  slowly  drives  along  a  piston.  Let  A  be  the  area  of  the  piston. 

Then  ^the  length  of  the  cylinder  of  air  before  expansion  must  be  — 

A 

and  after  expansion  —    Hence,  the  piston  has  been  forced  along  a 

A 

distance  -^ -'    The  pressure  on  the  piston  is  pA,  so  that  the  work 

A 

done^  or  the  energy  exerted,  during  expansion  is  Vj  —  Vi         j  ._  /    _    \ 
which  was  to  be  shown.  A 

If  the  pressure  during  an  expansion  is  not  constant  the  work  must 
be  computed  for  small  parts  of  the  expansion  separately  and  the 
results  added.  In  other  words,  make  the  difference  between  V2  and  Vi 
very  small  (denoted  by  dv)  so  that  an  element  of  work  will  be  repre- 
sented by  pdv^  and  then  sum  the  series  (or  integrate  the  differential). 
Hence,  the  general  expression  for  work  against  a  varying  pressure  is 

I  pdv.     If  the  pressure  is  constant,  and  if  Vi  is  zero,  we  have 


pdv  —  p  \dv  — 

o  c/0 


pv 


where  U  stands  for  the  work  done,  as  was  assumed  in  522« 

In  equation  II.  we  have  the  difference  between  two  amounts  of  heat 
placed  equal  to  a  certain  number  of  foot-pounds  or  to  a  number  of 
kilogram-meters.  This  shows  that  we  are  measuring  heat  by  the  work 
it  can  do,  or  in  dynamic  units.  Heat  is  often  measured  in  thermal 
units,  as,  for  example,  by  the  amount  of  water  it  can  heat  one  degree 
or  in  the  weight  of  ice  it  can  melt.  These  units  are  convertible,  but 
the  simplest  unit  for  our  use  is  the  dynamic. 

If  our  units  are  the  foot,  the  pound,  and  the  degree  Fahrenheit,  the 
numerical  value  of  R  is  thus  found :  Let  p  be  the  atmospheric  pressure, 
or  d,116.3  pounds  per  square  foot;  T  the  absolute  temperature  of 
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melting^ice  under  normal  pressure,  or  491.58  degrees;  then,  by  measure, 
V  for  air  is  known  to  be  12.S87  cubic  feet.  Hence  the  value  of  A,  which 
is  always  equal  to 

vp    .    12.387  X 21 16.S      .«  ««  •    ^  , 

~  *  IS « 58.33  foot-pounds. 

T  491.58 

Had  the  units  been  the  kilogram,  the  meter  and  the  degree  Centigrade, 
the  value  of  R  would  have  been  numerically  29.27. 

The  values  of  C^  and  C^  are  183.33  and  130.00  foot-pounds  respect- 
ively. 

The  ratio  of  Cp  to  Cv  is  approximately  1.41. 

S24«  Let  us  now  suppose  that  one  pound  of  air  receives  a  small 
amount  of  heat,  which  we  will  denote  by  dQ;  and  that  in  consequence 
the  air  becomes  slightly  warmer,  indicated  by  dT;  and,  at  the  same 
time,  that  it  increases  a  little  in  volume,  denoted  by  dv;  in  other  words, 
that  a  part  of  the  heat  is  used  to  increase  temperature,  and  a  part  to 
increase  the  volume.  To  merely  increase  the  temperature  one  degree 
would  require  C„  units  of  heat;  to  increase  the  temperature  dT  requires 
C^dT  units;  to  do  the  external  work  requires  pdv;  the  general  equation 
for  a  perfect  gas  is  therefore 

dQ^C^T+pdv  (III) 

It  should  be  understood  that  no  waste  heat  is  included  in  dQ  of  this 
formula.  Either  we  must  suppose  that  the  heat  escaping  into  or  through 
the  material  of  the  cylinder  is  left  out  of  the  account,  or  we  must 
assume  that  the  cylinder  is  non-conducting,  so  that  there  is  no  waste 
heat.  Whichever  way  we  regard  it,  the  assumption  is  not  to  be  for- 
gotten. 

Equations  (I),  (II)  and  (III)  lead  to  all  the  formulae  we  shall  use. 
If  (III)  be  integrated  from  the  condition  vu  Tu  Pu  to  r2,  T2y  p^y  we 
shall  have 

Q-c,(r2-ri)+ 


we  cannot  integrate    1  pdv  unless  we  know  the  relation  of  p  to  r  for 

every  condition  intermediate  between  Vu  Pi  and  t?2,  p^. 

If  there   is  no   change  of    temperaturey  then   Ta— ri  =  0,  and  since 

TR 

p= from  (I),  we  have 

2 

Q=TR  I- =rfi(iog.p,-iog.Pi)  =  rBiog.^-        (IV) 
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This  is  the  quantity  of  heat  used  in  ''Isothermal  Expansion."  As 
there  is  no  change  in  the  temperature  of  the  expanding  air,  all  the 
heat  Q  is  used  in  doing  work.  Another  way  of  saying  the  same  thing 
is:  Q  is  the  quantity  of  heat  used  to  keep  the  air  from  cooling  while  it 
is  doing  work. 

525  •  In  the  ordinary  operations  of  compressing  or  using  com- 
pressed air  there  is  little  or  no  direct  transfer  of  heat;  we  shall  there- 
fore derive  the  equations  for  such  operations  by  putting  dQ  =  0,  and 
by  integrating  equation  (III)  by  means  of  equation  (I). 

To  find  the  relation  between  p  and  T  when  there  is  no  transfer  of 
heaty  we  let  dQ  =  0  in  (III) :  whence 

CJT+pdv  =  0.  *  (V) 

Differentiating  (I)  we  have  pdv+vdp  =  RdTy 

RT 
or  pdv  =  RdT-vdp-^RdT-  ^^  dp, 

V 

Substituting  in  (V)  we  have 

(C^+/Z)dr=— dp, 

V 


or 


C^+R^dT  _  dp^ 
R  T        p* 


,      /^^x  C„  dT      dp         k         dT 

or  by  (II)  TT^  X  -^  =  —  =  , X  — 

Cj,-C^        T        p       Jk-1        T 

C 

in  which  we  denote  by  k  the  ratio  of  the  two  specific  heats,  or  — ^  =  fc. 

Integrating  our  last  equation  from  pu  Ti  to  p2,  T%  we  have  * 

i     I        T2     .       P2. 
log.  —  =  log.  — 


Ar-l  Ti  pi 

whence  log.  (^^)  =log.(^j 

II  =  (?l\^.   nr2?  =  (IlV^"^  (VI) 


Ti      \pj  pi      \tJ 


or  ^ 

""       *  pi/  pi 

This  equation  gives  the  ratio  between  the  absolute  temperatures  when 
the  pressures  are  known,  and  the  value  of  T2  when  Ti,  pu  P2  are  known. 

520  •     To  find  the  relation  between  p  and  v  when  dQ  =  0,  we  have, 

eliminating  dT  from  (V)  by  substituting  the  value  of  dT  obtained  by 

differentiating  (I),  j    ,    j 

i-»  pdv+vdp  ,     , 

R 
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Whence  (C^+R)  Xpdv=  -C^vdp 

C«      dv      ,  dv  dv 

C^       V  V  p 

Integrating  from  vu  Vi  to  Va,  p2  we  get 

Mog.?l  =  -iog.^=iog.£-^; 

Vi  Pi  Pi 

whence  f^)'=  ??.  and  ^  =  (^'f. 

Combining  (VI)  and  (VII)  we  readily  get 


(VII) 


1 


(^)=(r'-'^(t) 


V2_  ^  (Ti\^i; 


or 


—  =  (-) 

Ti         \V2/ 


(VIII) 


This  could  also  be  found  from  (V)  by  eliminating  p  and  integrating. 

In  section  522  we  spoke  of  the  work  done  by  the  expanding  air  as  a 
positive  quantity.  To  be  consistent  we  should  then  prefix  the  negative 
sign  to  the  work  done  (by  an  engine,  for  instance)  in  compressing  the 
air.  It  will  be  more  convenient,  however,  to  denote  the  work  done  by 
whatever  motor  as  positive;  so  that  for  jpdv  in  (V)  we  shall  write  —  U 
and  (V)  leads  to  r, 

U^  Ipdv^   I  C^T^C^iTi-Ti)  (IX) 

This  equation  gives  the  total  work  done  in  compressing  one  pound  of 
air  from  the  condition  t?i,  pu  Ti  to  the  condition  v^,  pi,  T^. 

527«  Now  let  us  find  the  work  done  by  the  engine  while  com- 
pressing a  pound  of  air  from  pi  to  2>2,  and  then  forcing  it  out  of  the 
cylinder  into  a  reservoir  where  the  pressure  is  constantly  p2.  As  has 
just  been  seen,  the  work  of  compression  is  C^  (Ta—  Ti)*  the  volume  of 
the  air  is  now  v^^  so  that  the  work  of  forcing  the  air  out  of  the  cylinder 
iavipii  hence  the  total  work  is 
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But  this  is  not  wholly  due  to  the  engine;  the  pressure  on  the  outside  of 
the  piston  is  uniformly  pi  throughout  the  whole  stroke^  so  that  the  work 
v\pi  is  actually  done  by  the  atmosphere.  Substracting  this  from  the 
total  work  and  we  have  as  the  work  of  the  compressing  engine 

But  when  the  volume  was  v%  and  the  pressure  2>29  the  temperature 
was  Tj,  so  that  by  (I)  v^p^,  =  RT%.    Similarly  v^pi  =  RTu  so  that  we  have 

t7,=c^(r,^ri)+B(r,-ri)=(c.+/j)  (r2-rx)=c,(r,-.ro.  (X) 


This  shows  that  the  work  of  the  compressor  is  directly  proportional  to 
the  change  of  temperature  of  the  air  while  in  the  compressor. 

528.  The  work  of  compressioii.  Graphics. — Our  results  may  be 
illustrated  very  fully  by  diagrams.  Equation  (I),  being  an  equation 
between  three  variables,  may  be  regarded  as  the  equation  of  a  surface 
referred  to  rectangular  co-ordinates,  the  axes  being  OP,  0  F,  and  0  T.  It 
is  readily  seen  that  the  surface  is  a  hyperbolic-paraboloid.     If  during  a 

change  in  volume  and  pressure,  T 
is  constant,  we  get  a  curve  of  the 
surface  which  is  called  an  "iso- 
thermal" curve;  its  projection 
upon  the  plane  of  volume  and 
pressure  axes  is  represented  by 
the  equation  pr=jRr=a  constant. 
This  is  the  equation  of  an  equi- 
lateral hyperbola.  The  three 
dotted  lines.  Fig.  483,  are  "iso- 
thermal lines,  the  temperatures 
being    respectively     Tu    T29    and     T4. 

Every  point  in  the  surface  represents  a  separate  condition  of  the 
pound  of  air,  as  regards  v,  p  and  T.  Any  change  in  the  condition  of 
the  air,  whether  arising  from  expansion,  compression,  heating  or  cool- 
ing, will  be  accompanied  by  a  change  in  the  position  of  its  representa- 
tive point  on  the  surface;  so  that  a  connected  series  of  changes  of  con- 
dition is  always  represented  by  a  line,  straight  or  curved,  on  the  sur- 
face. An  isothermal  curve  represents  a  series  of  conditions  which 
our  pound  of  air  can  be  made  to  pass  thru  only  by  the  direct  transfer 
of  heat  to  or  from  it  as  it  expands  or  is  compressed.  If,  however,  it 
expands  or  is  compressed,  without  any  transfer  of  heat,  the  change  is 
said  to  be  isentropic,  and  the  curve  of  the  surface  representing  the 
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successive  conditions  is  called  an  isentropic  curve.  [Professor  Rankine 
called  it  an  culiabatic  curve.]  Equation  (VII)  gives  the  projection  of  an 
isentropic  curve  on  the  plane  of  volume  and  pressure,  if  in  the  place  of 
Vt  and  j>2  we  write  the  general  values  v  and  p;  thus: 


-(?) 


^  „,  y.  »'  (XI) 

v" 


In  Fig.  483,  ABC  is  a  portion  of  an  isentropic  curve,  and  RBTt  an 
isothermal.*  Let  A  denote  the  condition  of  the  pound  of  air  in  the 
cylinder  of  a  single-acting  air-pump,  when  r,  p  and  T  are  Vu  pu  Tu  In 
like  manner  let  B  denote  the  condition  92,  P29  T2  after  compression 
OJfi.  =  f?i,  OJf2  =  r2;  AMi=^pi,  BM^^pi.  Then  the  total  work  during 
the  compression  is 

C^iTt-  Ti)  =  the  area  AMiM%B. 

Since  pdv  in  the  figure  represents  an  element  of  the  area\  and  in  the 
formula  it  represents  an  element  of  work.  The  work  of  forcing  the  air 
out  of  the  cylinder  into  the  reservoir  is  p^v^  =  the  area  BM%ON%.  The 
work  done  by  the  external  air  during  the  whole  stroke  is  Vipi  =  the  area 
AMiONi.     Hence 

f^c  =  CpCfa-  Ti)  =the  area  A  Ni  iV,  B. 

529.  The  temperature  with  which  the  air  leaves  the  compressor 
is  not  maintained.  In  the  reservoir  tank  and  in  the  pipe  leading  to  the 
air-engine,  where  the  air  is  to  be  used,  the  temperature  generally  falls 
nearly  if  not  quite  to  the  original  temperature  Ti,  while  the  pressure  is 
not  measurably  diminished.  This  loss  of  heat  involves  a  loss  of  volume, 
so  that  the  condition  of  our  pound  of  air  as  it  enters  the  cylinder  of  an 
air-engine  is  i?8,  2>2,  Ts,  represented  by  the  point  F,  These  are  simul- 
taneous values  and  hence  satisfy  equation  (I),  as  does  every  other  set 
of  simultaneous  values.  Tz  may  not  differ  measurably  from  Tu  but  in 
general  it  will  diflFer  several  degrees.     In  the  figure  Tz  =  Ti. 

In  the  use  of  the  air  in  the  engine  it  will  be  assumed  that  it  enters  the 
cylinder  under  full  pressure,  and  then  expands  without  diiect  transfer 
of  heat  till  the  pressure  falls  to  pu  The  work  done  will  be  by  the  air, 
so  that  no  change  of  sign  is  needed  in  this  case. 

*  The  curves  in  the  figures  are  drawn  to  scale  from  their  equations.  They  were 
made  by  a  student  of  the  class  to  whom  this  discussion  was  first  presented,  Mr. 
Wm.  S.  Love.  Their  proportions  are  very  nearly  correct  The  range  of  pressures 
is  from  one  to  five  atmospheres.  The  graphical  results,  therefore,  appeal  to  the 
eye  with  their  proper  force. 
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On  entering  the  cylinder  under  full  pressure  the  work  done  by  our 
pound  is  V9  pi»  represented  by  F.MzON^.  It  then  expands  till  the 
pressure  falls  to  p\  and  the  temperature  to  T^.  The  work  done  by  the 
air  in  expanding  is  Cy(Tz—  Ti)  in  accordance  with  (IX).  But  a  part 
of  this  work  is  done  upon  the  external  air  which  resists  the  motion  of 
the  piston  by  the  constant  pressure  pi.  To  get  the  available  work  of 
the  air  engine  we  must  subtract  from  the  workd  one,  the  product  Va'Pu 
Va  being  the  final  volume  of  the  air  which  leaves  the  cylinder  at  a  tem- 
perature T^.    The  work  of  the  air-engine  is  then 

C7^ = c^(  r,  -  ro +t?8Pi  -  t^4Pi 

But  VzTp^^RTz^  and  V4j>\  =  RTij,  so  that 

tr,=c,(r3-  T,)+R{Tz-  ro =c,(r,-  ro         (xii) 

This  result  might  have  been  inferred  from  equation  (X). 

530«  We  are  now  able  to  compare  the  work  done  by  the  air- 
engine  per  pound  of  air  with  the  work  done  by  the  compressor.  Divid- 
ing (XII)  by  (X),  we  have  for  the  eflBiciency  E. 

rt     Ug       Tz — T^      Tz  v^         Tz      Tz 

U,      T2-T1      T2      ^_Ti      Tt  ^^^^ 


jfc-i 


for—  =  —  since  each  is  equal  to  (  —  ^       by  (VI.). 

Tz       T2  ^P2/ 

This  shows  the  utility  of  keeping  the  temperature  Tz  up  as  near  as 
possible  to  T2f  or  at  least  of  raising  the  temperature  in  the  service  pipe 
to  Ti,  or  above. 


k~l 


If  p=ri,  E= 


=  ii  =  (?!)*  (XIV) 


k-i 


Since  by  (VI.)  Tj  =  Ti  (  ^ )  *  *  we  find  that  E  of  (XIII.)  becomes 

\pi/ 

k-l 

E=  —  X  (^)  *  (XV) 

Ti       \p2/ 
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which  shows  that  for  a  given  range  of  pressure  the  efficiency  will  be 
increased  by  increasing  Tt  or  by  decreasing  Ti. 

531  •  Graphical  Representation  of  Work  Lost. — In  Fig.  484  as  in 
Fig.  483,  let  A  represent  the  condition  of  the  air  at  pu  ^u  T\'y  and  B  at 
P2,  t^2,  Ta.  The  area  ANiN^B  was 
shown  to  represent  the  work  of 
the  compressor.  While  in  the 
reservoir,  or  in  the  engine  sup- 
ply pipes,  the  pressure  being 
constantly  2>2,  the  temperature 
falls  to  Tz,  and  the  volume  is 
reduced  to  v^;  this  condition  is 
represented  by  the  position  of  F.  In  the  figure,  Tt  is  assumed  to  be 
the  same  as  Tu  In  the  condition  F,  the  air  enters  the  cylinder  of  the 
air  engine.  The  work  it  does  at  full  pressure  is  represented  by  the 
area  FMzON^  =  Vzp^,  The  air  then  expands  till  the  pressure  is  reduced 
to  pu  the  volume  is  t?4,  the  temperature  is  Ta^  and  the  condition  of  the 
exhaust  is  represented  by  the  point  Z).  Hence  the  work  done  during 
expansion  is  represented  by  the  area  FDM^Mz,  After  subtracting  the 
work  V\pi  done  in  overcoming  the  atmospheric  pressure,  the  twe/wZ  work 
remaining  is  represented  by  the  area  FDN1N2;  and  as  the  work  by  the 
compressor  was  ABN^Nu  the  work  lost  thru  the  cooling  of  the  air 
between  the  compressor  and  the  air-engine  is  fully  represented  by 
the  shaded  area  ABFD.  The  object  of  all  modifications  of  the 
processes  we  have  followed,  should  be  to  diminish  this  loss,  or 
graphically,  to  reduce  the  area  ABFD. 

532*     This  loss  may  be  diminished  in  several  ways: 

(a.)  Reduce  the  temperature  T\  of  the  air  entering  the  compressor  as 
much  as  possible.  This  will  bring  the  point  A  nearer  D  (and  conse- 
quently B  nearer  F),  thus  reducing  the  area  on  the  outside.  This 
reduction  can  be  made  by  drawing  the  air  through  cold  vaults,  caverns, 
or  cellars,  where  the  volume  of  a  pound  of  air  is  less  than  that  of  air  at 
the  average  temperature. 

(b.)  Raise  the  temperature  Tz  of  the  air  entering  the  air-engine  as 
much  as  possible.  This  will  shorten  the  line  BF,  and  also  the  line  DA, 
and  so  save  much  that  was  lost.  If  the  compressed  air  supply-pipe  can 
be  heated  by  what  would  otherwise  be  waste  heat,  such  as  solar 
heat,  chimney  gases,  or  hot  refuse-water,  it  should  be  done.  Some- 
times the  service  pipe  can  pass  through  the  combustion  chamber  of  a 
gas  or  gasoline  burner,  in  a  coil,  whereby  the  temperature  can  be 
materially  raised,  and  the  efficiency  be  increased. 
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(c.)     Divide  the  work  of  compression  into  two  parts,  allowing  the 

temperature  to  fall  to  Tu  after  the 
work  of  compression  is  partly  done 
in  one  cylinder,  and  then  complet- 
ing the  work  in  a  second  cylinder. 
The  saving  thus  effected  is  shown 
in  Fig  485  by  the  quadrilateral 
xyzB^  which  is  saved  on  the  work 
of  compression.  This  will  involve 
a  second  tank,  and,  generally,  arrangements  for  rapid  cooling  of  the  air» 
and  the  saving  will  be  a  maximum  when  the  intermediate  pressure  is  a 
mean  proportional  between  the  extreme  pressures.  Thus,  if  pa  the 
highest  pressure  is  9pi,  the  intermediate  pressure  should  be  Spi;  and 
it  will  be  as  much  work  to  compress  the  pound  of  air  from  one 
atmosphere  to  three^  as  from  three  to  nine^  the  temperatures  at  the 
two  compressors  being  the  same.  The  volume  of  the  second  cylinder 
should  be  to  the  volume  of  the  first  in  the  ratio  of  OJf  6  to  OMu  Thus,  if 
the  air  is  to  be  compressed  from  one  to  nine  atmospheres  by  a  com- 
pound compressor,  the  intermediate  cylinder  should  have  0.46  of  the 
volume  of  the  larger.* 

(d.)  In  a  similar  manner  the  air  could  be  used  in  a  compound  engine, 
the  air  being  heated  up  to  Tt  after  escaping  from  the  first  cylinder. 
This  would  increase  the  useful  work  of  the  engine  and  diminish  the 
area  of  loss  in  the  diagram  by  a  quadrilateral  x'yz'D.  The  inter- 
mediate pressure  should  correspond  to  the  intermediate  pressure  during 
compression. 

(e.)  Withdraw  the  heat  from  the  air  as  rapidly  as  possible  during 
compression  by  a  cooling  jacket 
or  otherwise.  The  curve  which 
represents  the  condition  of  the 
air  under  these  circumstances  is 
intermediate  between  an  isen- 
tropic  and  an  isothermal  curve, 
as  is  shown  in  Fig.  486  by  the  curve 
AH.     This  effects  a  great  saving. 

(f .)  Supply  heat  to  the  expanding  air  in  the  air-engine  cylinder  by  a 
hot  jacket.  This  result  is  shown  by  the  modified  curve  FK  in  Fig.  486, 
which  exhibits  a  clear  gain. 

Two  or  more  of  these  methods  of  saving  may  be  adopted  at  the  same 
time. 


SAVINO  EFFECTED  BY  HEATING  AND  OOOLINO 

JACKETS. 


*  The  proof  of  these  several  statements  is  left  to  the  student. 
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588.     Namerical  results.      When  Ts »  Ti  and  none  of  the  methode 
given  above  for  diminishing  the  loss  are  used.    Equation  (XIV)  gives 


E 


-(^) 


^  and  from 


equation  (VI.)  we  have  Ti=^Ti(^\ 


e' 


k~\ 


and  T^^TiiEl.\  *   ^T^E^ 

,]fc-l      0.41     ^^^ 
and = =  0.29. 

k         1.41 
If  the  temperature  of  the  air  at  first  is  60  degrees  Fahr.» 

ri  =  60+459+519.* 

The  following  table  gives  the  Efficiency  and  the  Temperatures,  both 
of  the  high-pressure  air,  and  at  the  exhaust,  for  various  ranges  of 
pressure: 


fedeg. 

<4  deg. 

£i 

P% 

E 

r. 

T, 

Fahr. 

Fahr. 

Vi 

Pi 

Degrees 

Degrees 

1-2 

% 

0.815 

634 

423 

175 

—  36 

1-S 

3 

0.727 

714 

377 

255 

—  82 

1-4 

4 

0.669 

776 

347 

317 

—112 

1-5 

5 

0.627 

828 

325 

369 

—134 

1-6 

6 

0.595 

873 

309 

414 

—150 

1-7 

7 

0.569 

912 

295 

453 

—164 

1-8 

8 

0.547 

949 

284 

490 

—175 

1-9 

9 

0.529 

981 

275 

522 

—184 

Numerical  Results  for  Compound  Cylinders, — Since  the  results  of 
the  table  just  given  do  not  depend  on  the  absolute  values  of  pi  and  p2> 
but  only  on  their  ratio,  it  is  evident  that  the  efficiency  of  a  compressor 
and  engine  working  between  three  atmospheres  and  nine  atmospheres 
is  the  same  as  between  one  and  three  atmospheres.  It  will  therefore 
be  seen  on  a  moment's  reflection  that  the  efficiency  of  a  compound 


*  The  table  was  prepared,  omitting  the  fraction  of  459'*.  58,  since  at  the  time  the 
calculations  were  made  the  value  of  T^  was  given  as  459^.4.  The  omission  does 
not  affect  the  results  materially. 
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compressor  and  compound  engine  as  described  above  working  between 
the  extreme  pressures,  one  and  nine  atmospheres  will  be  the  same  as 
for  a  single  compressor  and  engine  between  one  and  three  atmospheres; 
and  that»  in  general,  the  efficiency  of  a  compound  system  (using  the 
proper  intermediate  pressure  and  always  bringing  the  pumped  or  the 
exhaust  air  back  to  Ti)  working  between  two  given  extreme  pressures, 
is  equal  to  the  square-root  of  the  efficiency  with  a  single  system.     Thus: 


Katio  of  extreme  pres- 
sures   •■• 

2 

3 

4 

5 

6 
.595 

.77 

7 

8 
•547 

9 

Efficiency  of  single 
svstem 

.815 

.727 
.85 

.669 

.627 
.79 

.569 
.76 

.529 

.90 

Efficiency  of  compound 
svstem ...   ...... 

.82 

.74 

.78 

An  examination  of  the  table  will  also  show  that  the  efficiency  in  the 
column  headed  6  is  the  product  of  the  efficiencies  in  columns  2  and  3; 
so  the  efficiency  under  8  is  the  product  of  the  efficiencies  under  2  and  4. 

In  a  large  compressing  station  a  compound  compressor  is  well  worth 
while. 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

.9 

D 

\? 

0000 

043 

086 

128 

170 

212 

253 

294 

334 

374 

42 

414 

453 

492 

631 

569 

607 

645 

682 

719 

755 

38 

12 

792 

828 

864 

899 

934 

969 

1004 

1038 

1072 

1106 

35 

13 

1139 

173 

206 

239 

271 

303 

335 

367 

399 

430 

32 

14 

461 

492 

523 

553 

584 

614 

644 

673 

703 

732 

30 

15 

1761 

799 

818 

847 

876 

903 

931 

959 

987 

2014 

28 

16 

2041 

068 

095 

122 

148 

175 

201 

227 

253 

279 

26 

17 

304 

330 

355 

380 

405 

430 

455 

480 

604 

629 

25 

18 

553 

577 

601 

625 

648 

672 

696 

718 

742 

766 

24 

19 

788 

810 

833 

856 

878 

900 

923 

945 

967 

989 

22 

?? 

3010 

032 

054 

075 

096 

118 

139 

160 

181 

201 

21 

222 

243 

263 

284 

304 

324 

345 

365 

385 

404 

20 

22 

424 

444 

464 

483 

502 

622 

541 

560 

679 

598 

19 

23 

617 

636 

655 

674 

692 

711 

729 

747 

766 

784 

19 

24 

802 

820 

838 

856 

874 

892 

909 

927 

946 

962 

18 

25 

3979 

997 

4014 

4031 

4048 

4066 

4082 

4099 

4116 

4133 

17 

26 

4150 

166 

183 

200 

216 

232 

249 

266 

281 

298 

16 

27 

314 

330 

346 

362 

378 

393 

409 

426 

440 

466 

16 

28 

472 

487 

502 

518 

533 

548 

664 

579 

594 

609 

15 

29 

624 

639 

654 

669 

683 

698 

713 

728 

742 

767 

16 

^ 

4771 

786 

800 

814 

829 

843 

857 

871 

886 

900 

14 

914 

928 

942 

955 

969 

983 

997 

6011 

6024 

5038 

14 

32 

5061 

065 

079 

092 

105 

119 

132 

146 

169 

172 

13 

33 

185 

198 

211 

224 

237 

250 

263 

276 

289 

302 

13 

34 

315 

328 
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353 

366 

378 

391 

403 

416 

428 

13 

^ 

5441 

453 

465 

478 

490 

602 

614 

527 

539 

651 

12 

563 

575 

587 

599 

611 

623 

636 

647 

658 

670 

12 

37 
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694 

705 

717 
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776 
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12 

38 
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809 
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832 

843 

855 

866 

877 
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11 

39 
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11 

1? 
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053 
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085 
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11 
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201 
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222 

10 

42 

232 

243 

253 

263 

274 

284 

294 

304 

314 

326 

10 

43 

335 

345 

355 

365 

375 

385 

395 

405 

416 

425 

10 

44 

435 

444 

454 

464 

474 

484 

493 

503 

513 

522 

10 

45 

6532 

542 

551 

561 

571 

580 

590 

599 

609 

618 

10 

46 

628 

637 

646 

656 

665 

675 

684 

693 

702 

712 

9 

47 

721 

730 

739 

749 

758 

767 

776 

785 

794 

803 

9 

48 

812 

821 

830 

839 

848 

857 

866 

875 

884 

893 

9 

49 
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9 

f? 
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7007 

7016 
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7033 

7042 

7050 

7059 

7067 

9 

7076 

084 

093 

101 

110 

118 
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135 

143 

152 

8 

52 

160 

168 

177 

185 

193 

202 

210 

218 
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235 

8 

53 

243 

251 
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316 

8 

54 
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348 
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8 
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